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OVERVIEW OF TUTORIAL and RESEARCH TALK:

PART 1: Tutorial on Quantum Nonlinear Optics

EM field quantization; Wigner distribution;
Homodyne detection; Quantum tomography;
Temporal modes; Beam splitter; Basics of NLO;
Parametric amplification; Squeezing;
Quantum frequency conversion;

PART 2 : Discussion on Quantum Nonlinear Optics

PART 3: Photon Temporal Modes: a Complete
Framework for Quantum Information Science

Pulse-code multiplexing; TMs as qubits and qudits;
Quantum pulse gate; Completing the tool kit for
photons as an information resource;

Unifying Theme: Temporal Modes of Photons




GENERAL REFERENCES for PART 1

1. R Loudon, "The Quantum Theory of Light”
2. L Mandel, E Wolf, "Optical Coherence and Quantum Optics”

3. M Raymer, "“Measuring the quantum mechanical wave
function,” Contemporary Physics 38, 343 (1997).

4. A Lvovksy and M Raymer, Rev. Mod. Phys., 81, 299 (2009),
“Continuous-variable optical quantum state tomography,”

5. B Smith and M Raymer, New J. Phys. 9, 414 (2007).
(advanced treatment of wave-packet quantization)



E obeys classical Maxwell’s equations: (Vz +60_2 u.(r)=0
50 the modes obey Helmholtz equation: { c B

An imaginary box with side lengths L has allowed
MONOCHROMATIC modes with frequencies w, = jx/L(j=12,3..)

modes: zj(z)=V_l/2§jeXp(il_cj-l_f); V = L3 = polarization

~ (+) . ha)j A .
expand: E (K,t)=lz e 4 u;(r)exp(—iw;t) (,>0)
J 0

photon annihilation and A
. P9
creation operators:

commutator: [a.,a,']1=0.



MONOCHROMATIC*PHOTON": A single-frequency
excitation (state) of the quantum EM field.

for a particular mode: u,(z) AT
. 1.0 )
one-photon state: ‘1w>= awT‘vac> N1
p(n)
0 - 1 g L 2 - g - g .—1.0-

n-photon state: ‘nw> =(a," vac>

http://www.rp-photonics.com/gaussian_beams.html



Almonochroma;cjlc. £ he,  exp(ik,z) i
plane-wave mode: £ 2, 7 p(—iw,
quadrature operators:  §=(a+a")/2" b=(a-a")/i2"

/S XXX
RSYARNTYENY2

E®(z,f) o< gcos(m,t —k,z)+ psin(w,t—k,z)

phase space Uncertainty .
relation: l9, Pl=1

std(q) std(p) =2 1/2




quadrature operators: g=(a+a'")/2" b=(a-a")/i2"
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E®(z,0) =< gcos(w,t —k,z)+ psin(w,t—k,z)

quadraturg- G=(a+a") /2" p=(a—a")/i2"
squeezed light:
A t
q fluctuation P -
:zj:‘ A
reduced > std(p)
Wi
fluctuation Y =
P | std(q)

increased




E®(z,0) < gcos(w,t —k,z)+ psin(w,t—k,z)

vacuum state:

W(q) =exp|—q" /2 |

p
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SN q
—f std(q)

1 std(p)

squeezed-vacuum state:

w(g)=exp|~¢*/2¢™ |

P

&
%
¥
\

.
>
v
A

.‘,‘
"
-
i
>y
3
W

std(p)

9

r
1'

[ std(q)



represent the state of a single mode in (q, p) phase space.

E™®(z,1) o< §eos(m,t — kyz) + psin(o,t — k,z)

projected distributions: Pr(q), Pr(p)
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Underlying Joint Distribution?

W(q,p)= %JZ (W(g+q'2)y (q-q'2))exp(~ipq')dq’
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W(q,p)= %IZ (W(g+q'2)y (g—q'2))exp(=ipq')dq’

projected distributions:

Prg=| wq.p) dp . Prip)=] wiq.p) dq

W(q,p) acts like a joint probability distribution.

But it can be negative.




Some Wigner Distributions

vacuum coherent state number state
n=2
7 NGRS AR
0 0 0 |
, — z 4 A .
' > -2 \~ P -2
* - 0 Oq ? 2 0 - P o q 2 2 a
- 2 ) Y 2 "2
P 4 4 P 4 4 P

solid curves show projected distributions,
which are measurable

from S. Haroche lectures

http://www.quantumlah.org/highlight/120301_haroche_lectures.php

12



3. QUANTUM-STATE TOMOGRAPHY: MEASURING THE
WIGNER DISTRIBUTION

P |> 2W<q,P) P 2W<<:|,P>

1. measure a set of projected distributions:

Pr(q,,.0)=[ | W(q.p)d(q,,—qcos6— psind) dgdp
2. invert using a tomography kernel K:

W(g.p)=]_| Pr(q,.0)K(q,,.0:q.p) dq,,dO
3. invert to obtain density matrix:

! ' ' B — How t
(w(g+q'/2)y (q—q/2)>=j_ W(q.p)exp(ipg'ydp O =7
" measure

Pr(q)?



Measuring Quadrature Distributions using

BALANCED HOMODYNE DETECTION

D. T Smithey, M. Beck, M. G. Raymer and A. Faridani, Phys. Rev. Lett. 70, 1244 (1993).

Es(t) Signal
<q. .0 cos(w,t—0)

E,(1) I il ;
< A (f)cos(wt—6) | = ]

e|lOcal oscillator

otemporal slice selection




Measuring the Wigner Distributions using
Balanced Homodyne Detection

| J dt Set of projected

|

Z{\ CA:BS '—> C_|ua.drat_ure
i % ’{}J.dt B distributions

6 — Phase Space
— Tomography
W(q,p)
uadrature if -
9 o Thure density

wave function
w(q)

Trace(p®)=1 matrix




D. T Smithey, M. Beck, M. G. Raymer and A. Faridani, Phys. Rev. Lett. 70, 1244 (1993).

OPA PBS1 PBS2
—> - > '
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201 .
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n 0.0
-1.0¢
20 -1.0 0.0 1.0 20 2'— 0 -1.0 0.0 1.0 2.0



Sing|e_Photon quadrature samples
Fock State pulsed laser trigger beam ,|vacuum, - Fock
TO m Og ' P h y doubler spatia|+spectra| KOy
\/ . down / filter : 1 e
converter
e trigger 5

Lvovsky, et al, Phys. Rev.
Lett. 87, 050402 (2001)

<. ;A detector
N 0.6
0.4 P(n)
oy
=

local oscillator

signal beam "
homodyne *» 0123456789
detector n
reconstructed
projected Pr(q):
vacuum
Fock state e a1y
\ 1
1 P’

ontinuous-variable optical quantum-state tomography
| Lvovsky, MG Raymer - Reviews of Modern Physics (2009) C|




In free space, frequency is continuous

e Replace discrete mode sum by frequency continuum integral.
o Consider 1D propagation, as in a wavequide with area A.

§jexp(il_€j'r) L

ha)J i i )
a . exXp(—Iim . t A
280 J /V P J

E7(rn=1Y
J

. how. €. exp(ik z) . H HH‘
%l; 28’ a, J\/ZJ exp(—i®, 1)

0

 Use k=w/c and L— 'y 1

A (+) i ¢
E"(z)=—]dw
27r0 80

hw

a(w)e(w)exp[—iw(t—z/c)
C

where [d(w),a" (@] =27n6(w - "



5. QUANTIZATION OF EM FIELD IN TERMS
f OF TEMPORAL MODES '

MOTIVATIONS:

1. quantum mechanics deals with discrete degrees of freedom.
2. how do | define a single mode from within a continuum?
3. a homodyne detector measures a ‘temporal slice.’

4. a good pulsed laser creates an isolated, transform-limited
(coherent) pulse.

5. we know from Fourier Analysis that wave packets are
made by adding monochromatic waves



TMs are Non-Monochromatic optical wave packets

By analogy with transverse

‘spatial mode’ uj(x,y) Fl(:ww \’ M

(1) /,(@)

~f-—
A temporal mode (TM) is

one of a discrete set of E (1) MM fi(@)

orthogonal functions F;(t). | w W

time — frequency —»




But are still orthogonal!
Jﬁ(r)Fm (Hdt=9,,

time

frequency

temporal modes

time-freq
distributions



narrow band A ]
E (z,0)= dwa(w) exp|—iw(t—z/c
scalar field: — (z:0) 2 ngCJ (@) expl-ia )
N\ J \. ~/ _J/
EO u,, (t—z/c) =monochromatic mode
=u, (T) where:
T=t—-2z/c

EV(z,0)=E, Jda) a(w) exp[—ioT]

0
. . fi(@)
introduce f (@), which form a complete, orthonormal set |
~ = z F.(t
EC(z,)=E, ), AF(7) (W“WMWWW
j

now we have where F (T) = FT{fJ(a))}

found a discrete i -

basis in the and A, =— [do f(@)a(w) = TMannihilation
: J 27T J

continuum! operators



annihilation creation

T
J

>
]
=

A = i Ida) 1 (@)a(w) i ]jda) /. (@)é'(w)

[a(w),d" (0")] = 276(w - ") QZMW
TM operators —
L A

are bosonic:

F (1)
recap:  [EW(z,t) = EOZ faij(T) MWW uw WWW
J

time —»

A

AkJr creates a non-monochromatic single-photon state in TM k

q
4,

vac> = %Ida)fk(a))&f(a))‘vad = %J.da)fk(a)) 0,0,..1 ,0, O>



4" operator creates one photon in TM £, (7) = FT{f (@)}

A T‘vac J.da)f (a))aT(a))‘vac>

F.(7)
detector
array

PELLEI Y,

(b i d it dddd

prism

any one pixel
can click

F (1)

k

fast /\
detector X n

one click

Ao At =21/2



Joint two-photon states of spatially separated beams

one photon packet in each beam /A,

1. Separable: ¥(w,0")= f(0)- f,(@" \B,

“P(2)> _ IZIJT ék’r

vac>A X ‘ vac> 3

=[dof ()i (0)|vac), ® [do' f,(0"b'(@")|vac),,

"\ /

creation operators on distinct mode subgroups

2. Entangled: spatially separated and non-separable:

Y= |do|do'¥Y(w,0")a (w)|vac ®I;T(a)') vac
A B

¥(0,0) % [ () f,(0)



Theorem: Any 2D object (function or matrix) admits a

Singular-Value Decomposition (SVD):

M, EU N EU A

jn~ “nm jn’"n

if M is Hermitian

this reduces to an U and V are unitary matrlces
e-val decomp. T =5, Vv o=
with V=U Z L Z

2. Function: M(x,y)= Y U,(x) 4,V (x)

U and V are separate orthonormal function sets:

[ uwdr=6, [V V(x)dx=34,




Entangled: spatially separated and non-separable:
g > Yy s€p P \B>

)5

“P(2)> = Jda)jda)"lf(a),a)') &(w)*|vac>A

SVD: ¥(w,0")= ZU(w)l (o

“P(z)> = Z A IZIHT| vac>A ® l§j‘vac>B

where A' = [doU(w)d' (@) B'=[do'V ()b (0

The photon states are seen to be perfectly correlated pairs
of TMs {U,(w),V, (@)}

The double continuum integral has been replaced by a
single discrete sum.

Law, Walmsley, Eberly - Phys Rev Lett, 84, 5304, 2000



SVD: | )= 34, 4 ac), @ B oac), <

where 4= [doU(w)d'(@) B,=[do'V ()b (o

Temporal Mode pairs: B
®
% &/\

Law, Walmsley, Eberly - Phys Rev Lett, 84, 5304, 2000



What happens if a quantum field hits a partially reflecting surface?

Define the a, b, ¢, d beams:

how

A (+) I
EF (z,t)=i|ldw
E, (z,0) J T

0

S
/N

&
N

pe)!

Vo

L
=
S
~
3k

IS}

g

l

Q
/=
&
| —r

>
7> c(w)

a(w)e(w)exp[—iw(t—z/c) etc.

Unitarity requires for
each frequency:

c(w) (@) pw) |[a(w)
(c?(a))jz[ p(@) (o) ](é(a))]

a(w)
:U(a))[lg(w))

Uw)'Uw)=1=1p+p T=0
& 1Tl +1plP=1FP+1pP=1



If a single TM hits a beam splitter for which the reflectivity is frequency-
independent, the TM shape will be preserved.

VN

EO(z)=E AF(t—z/c) —'ePresentby 4

if all four TMs are identical then:

wy
7~ X\
o> O»
N—

I
7~ X\
C5 T A

I
o
oy
\ 4
@
N
> >
~__
|l
L,
SN
A~
> Oy
~___

g

(c.c. implies time reversal)

>

>
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signal  p (+) k ; AN =n, —n,
S : |

oc qrot,@
local _ J\
oscillator EL("
quadrature
~ f
E® TE L E.® operator o
= L ’LZ > |, forlplP=1tP=1/2: TM defined by
E ) \pE"+TE™ the LO
AN = 1| dr {\E;“e” +EM —|E, e 2}
=n[di{e?E, Y (OE (1) + e E, O (DEY (1))
R . shows the
if E,"(@#)=E, F,,(t) for some LO mode F,,(t) then time slicing or
........................................................................................................ WlndOW|ng by

AN =nE, [di{e'°F, (0E" () + ¢ "°F,, (0E," (1)} BHD




putting together beam splitter and BHD concepts

local

interference with the LO projects out a single temporal mode
(TM) from the multimode input signal




E(r,t)=€e&(r,t)explik,z—im,t]+cc.

electrons respond in a nonlinear manner to driving field:

2
o d, P (scalar)  qlectronic polarization

¢ 0

P=nonlinear
(Vz—%af)E: :

P=eg 3" {El+e y”{EE}+¢e j ' {EEE}+...

1" = nonlinear polarizability integral operator of order n

)v(m{E} = jdf' x(t—tYE(t")  linear response function

t ¢ _
)?(2){E} — J dt' J dt"Z(z)(t,t',l‘")E(lﬂ)E(l‘"), elc. nonlinear
o e response



incorporating the linear dispersion explicitly,
and the nonlinear response as instantaneous:
1 ¢ .
E(z,t)=E®(z,H)+ E7(z,1) whereE(+)(z,t):2—deE(z,w)eXp[—iwt]
7[0

EY(z,0) = E(z,t)explik,z — iw, ]
keep only terms like exp[—i®,¢]
i

1182'/

. 2 2 ° NL
2ik, g,c ot

0 .. 0 . k(Y o
$3+kogg+’§l ! (})1! (at] 2]exp[lkoz—za)ot] ~

o

Zeo @ (3)
and P, =g Yy "EE+€e y EEE+..




EW(z,0)= £ explikz—iw t]+ £, explik,z—iw, ]+ E," explik,z — iw,1]

where 0, +@, =0, and k =k(®w)=nw/c etc. @ 3 —>
0

PNL = SOZ(z)EE — goZ(z) (E(+) 4+ E(—))(E(+) + E(—))

consider the field at w,

;=0 +0,

il

0

where phase mismaich Ak =k, —(k +k,)

5 KO (0
(+) k (+) ntl 73 (+) | —
5.5 kg B+ A (azjg }

o,

— P £ exp[-iAkz]

2nc




consider waves 1 and 2 :
.6?.1.) Y
603% D S T

oe 1v

( (n) .
L g (+) +k2 atg (+) _I_Z n+1 kz ( J ) gz(+)]_ 60 Z(Z)g (+) g( )CXp[ZAkZ]

\az 2n,c

K g +k ag(”+2 L K 2“) “ We Mg expliAkz]
- - 1 = LAAKZ
\az : ‘ot - n! \ot) ! 2n,c ne” P

These are the fundamental starting equations.
Let’s simplify them to make solving easier.



consider group velocities to be equal;
go into moving frame, with: T=t—k,z

)]
153("_) (Z,T) = l’}/3 5I(+)52(+) eXp[—iAkZ] (OR —> ::::;

aZ @,

Z

d _. e (e ()l
5, &7(=0) =iy, EE, explidiz] Ak =k, = (k + k)

W,

1?2, etc.
2n,c

where: 7, =



divide spectrum into bands

field operator for BAND j

[ a hok, t+ik -
E, (z )_2”BAND,- 0] 28(—)\(60) exp[—iwt+ik(w)z] (j=1,2,3.)

\
dk| 1

where (@) =g,\1+ 7 (@) . £ =2r =—
()] \"

®, gJ
and [a/(®),a,"(0"]=276 6w~

5j(+)(27f)= Ej(+)(ZJ)eXP[—ikJ-Z+iwjf] = slowly varying field
N hao k' do .

£z =i \/ 28(6; ;A . iD = (@) explith(@)~k )z —i(@—w )1

= éj(z,t) = annihilation operator



creation, annihilation operators obey:

d . A A :
8—63(2,7:) =—(k/2) e e, exp[—iAkz]
z
0 . B A oAt ,
gez(z,f) =(x/2) e e exp[iAkz]
9 5 = A Ak
gel(z,’c) =(x/2) e e, exp[iAkz]
three conserved quantities:
0 . tn A ta A A
energy : a—Z(ha)3e3Te3 + ha)ze;e2 + ?’wolefe1
difference number - i(A fo _¢ofe ) =0
aZ 2 72 I 71
sum number'i(2é fe. +[67e +¢é'e ]) =0
.aZ 373 2 72 I 71

2
Ak =k, —(k +k,)

K NXONO) 1
=~ A, (2) 1o tWs

3.3
nn,n, & °cA

T=t-k,z

) =0

photon pair generation




1. treat pump as a classical, undepleted field:
6,(2,7) = &(7) = [ey(7)|exp[~ig,(7)]

0)3%

2. idealize fields as single temporal modes (TMs):

é(z,71) = A(z,7) where [A(z,7),47(z,1)]=1, etc.
flf creates a photon in TM  F(¢)

3. consider perfect phase matching: Ak=0

94 —an 914"
5z 2 )8 expl=ig, ] 4 the mixing of A with A

non-classical effects

) - "y
gAl =1/2)g eXp[l¢3] AZT

where gain coefficient: g(7) = K‘e3(1')‘



E;j)(z,t) = Eoﬁj F(t—z/c) represent by - AJ.
A2
A : l5 S R 2 t A2
1
A s T > B
TP +1pP=1
T
W
;



a)3
9 x —
gAzz(l/z)g exp[—ip,] 4, A, » | | eeeeeeas > EI
L cssssss > sssscsely -
0 ~ ~ A, B
oS4 =g explig] 4 o L 2
solution:

[Bl _ gV ( Al the mixing of A with A
- * 1t non-classical effects
Bz v H Az

u=cosh[gL/2] , v=—exp[—i¢,]sinh[gL /2]

lul? —lvIk =1

note



U =cosh[gL/2] , v=—exp[—i¢,]sinh[gL /2]

phase-sensitive gain, if inputs are strong coherent states with set phases
and amplitudes: |y, )=|aexplig,1), ®| o explig,]),

N =(B'B) = Glaf + |

where gain= G = |1’ +M2 + 2,LtM sin(p, + ¢, — 9,)




Gain

9, B,
2.0
1.5 & T
” " - -
.t
1.0 —
*pm-
Vit vy
0.0 I
0.0 0.2

M. Anderson

G =(1-¢&)+ exp[£/ Pump]
& =0.7 (mode — matching eff .)

M. E. Anderson, M. Beck, M. G. Raymer, and J. D. Bierlein, Opt. Lett. 20, 620 (1995)
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Mode-Locked, Q-Switched - — [\ Ry s ]
Cavity-Dumped Nd:Yag  [qoea L n ol
et r 532
_ T PZT e
integrator % - HWP PBS
AmpIN
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L2 IRWP
i\p ot (11 — ]
PBS OPA

FIG. 1. The experimental setup for whole-pulse detection of
sub-SNL intensity correlations.

D. T Smithey, M. Beck, M. Belsley, and M. G. Raymer, Phys. Rev. Lett. 69, 2650 (1992).



3;
Ay [ ] B L }
JICEEIIEY S R (e .A.)%:@—ANZA;AZ—/ATAI :
’ O L B 1V

_ _ _ var(AN) 1 1
variance of difference number: TN G o

11 ¢
10 P mmm e m o e e -

Q
©

theory = 1-n, + nDé (detector efficiency 1, =0.8)

# \

Noise Variance, AN?/AN%,,

P— — — — — — — — — — —— — — — a— — e———

Electronic Noise

o 2 4 6 8 10 12 14 16 18 20
Gain, G

D. T Smithey, M. Beck, M. Belsley, and M. G. Raymer, Phys. Rev. Lett. 69, 2650 (1992).



11. Quantum Frequency Conversion (QFO):
complete or partial exchange of quantum
states between two spectral bands.

AV
O > w,=0+0,-0, ;i :
w2w3....; ....... I: |
VR VR
Vo> lvac) jvacy ¥, )
| 1 /_\ | /I\
o, W, |}f\g> 7/\,,} o, W,
@, w,

wolv,) = alw)w,)+Blv,)|v,)



Methods for Quantum Frequency Conversion

Three-wave mixing

In N LO crystal Huang and Kumar, PRL (1992)
Langrock, Optics Letters (2005)
. " M1 large frequency shift

signal N



Frequency Conversion of single-photon states by
four-wave mixing in optical fiber

green photon blue photon

(in) third-order NLO medium &
(silica fiber)

Pump 1 Pump 2

Strong Pumps

Signal 1 Signal 2

v

frequency
mpl (Dp2 wsigl 60Sig2
I
Hayden McGuinness Aw A

and Wallace



(O
0o0®

Modeling QFC by Four-Wave Mixing in Optical Fiber

dispersion pumps

—A —12,3 —A +17/Ap*AqAb

M1

e

a N . " <2 TN
— b:lZﬁ aTA +l’}/ApAqA

8

The equations are linear in Ag and Ay signal field operators

[ a o) , NEAVEPYNA
A () _ jtdt' G, (t,t) G, (1,1 A (")
Ab (f) Gbg (t,t ') be (t,f ') Ab (t v)

\ Jour \ IN

No mixing of Aand A* : Like a Beam-Splitter transformation (background-free)

All quantum correlations can be calculated from Green functions.

McGuinness, MR, CM, Opt. Express 19, 17876 (2011)



Pump 1

Experiment 1. Pair Creation 908 v |
Idler Signal
PRL, 105, 093604 (2010) 989 nm “ 683 nm
J y perp. pol. perp. pol. y
Generate heralded single photon <~ -
le
Pu m PS 34 m BR PCF, ZDWs~796 nm PC F
808 nm ((( > Idler
P1/100 ps .|_() - J\)_%>_’989 _

683 nm




In Signal Out Signal

2. Conversion

Pump 2 Pump 1 S1 S2
845 nm 808 nm 683 nm 659 nm
par pol
i w
-~ | <
Aw, Aw,
34 m BR PCF, ZDWs~796 nm PC F
808 nm
P1 100 ps

@ 3 Flber2

20 m PM PCF, ZDW~750 nm

|dler
Flb 7989 nm ' \

683 nm

I
Signal, S1
T

S2
DCM I 659 nm
S1
% I 683 nm

Conversion efficiency = 29%

@ = N apcNc

Heralded N AC N BC

herald

g®»=0.2

'_

g®»=0.2

PRL, 105, 093604 (2010)



Singular-Value Decomposition of the Green functions

AW | [ar L0 09, ) AP iy, @) || AW
AM ) n -p, ¥, 00, ) TY O, () || A

2 . 2 .
for each mode pair: p,f + T}f =1 p, = conversion, T, =nonconversion

Temporal Schmidt Modes reduce the problem to low-dimensional state space:

(A A n
i A, (¢ ) - a,p (t D)
LA ) an@) TN e
a A ( ) AV N
A, (1) (7, &g +p,a,) O (1) v, (1) Y. (1)
then A = X X i
\ A4, (1) Jour \ =p, 4, 7T ) ¥, @) ) green OUT has same

shape regardless of its

Operators undergo pair-wise beam-splitter-like transformat . _
 origin =» 2-photon interf.

MR, HM, SVE, CM Opt. Commun. 238, 747 (2010)



Summary of PART 1:

1. Field can be quantized in monochromatic
modes (Dirac), or non-monochromatic temporal
modes (Glauber)

2. A single TM can be excited into photon-number
states, coherent states, or squeezed states.

3. Quantum state tomography can determine the
properties of these TM states.

4. Nonlinear optics can be used to create and
manipulate quantum states of TMs.



