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Gravitational wave detection 

Very large Michelson interferometer, 
e.g. LIGO, VIRGO, GEO, TAMA, LISA 
sensitivity     δL = 10-18 m    or    δL/L = 10-23 
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Gravitational wave detection 

Very large Michelson interferometer, 
e.g. LIGO, VIRGO, GEO, TAMA, LISA 
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Shot noise 
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pressure 

thermal  
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Gravitational waves from black hole 
mergers 
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Gravitational wave detection 
Search for gravitational waves from binary black hole inspiral, 
merger and ringdown. Phys. Rev. D 83, 122005 (2011) 

LIGO + VIRGO 
25'M�'x'25'M�'@'100'Mpc'
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Shot noise in an interferometer 

δφ'
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Shot noise in an interferomter 
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Michelson and other interferometers 
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Michelson and other interferometers 
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Shot noise in an interferometer ( y < 1980 ) 

A'
B'

D'

C'

F'

E'

φ 

Mach-Zehnder 

!'
2π'

nE'
nA'



Quantum and Nonlinear Optics, Sørup Herregaard 2015 Morgan W. Mitchell 

Shot noise in an interferometer ( y < 1980 ) 
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Poisson distribution 
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Shot noise in an interferometer ( y < 1980 ) 
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Shot noise in an interferometer ( y < 1980 ) 
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Beating shot noise in interferometry 

Carlton M. Caves 
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Quantization of light 

2.2. QUANTIZATION OF THE ELECTROMAGNETIC FIELD 5

More generally, if we have a multi-dimensional system with several coordinates qi and their
conjugate momenta pqi , then we assume the commutation relations [qi , qj ] = [pqi , pqj ] = 0 and
[qi , pqj ] = i h̄�ij where �ij is the Kronecker delta. This implies there is an uncertainty relationship
only between canonically conjugate variables.

2.2 Quantization of the electromagnetic field

2.2.1 Classical equations of motion

We start with a description of light in empty space, either vacuum or the (empty) inside of an
optical resonator defined by reflecting surfaces such as mirrors. The equations of motion are
the source-free Maxwell equations

r · E = 0 (2.11)

r · B = 0 (2.12)

r⇥ E = �@B
@t

(2.13)

r⇥ B = µ
0

"
0

@E
@t

(2.14)

These are simpler in terms of the vector potential A (taken in the Coulomb gauge r · A = 0)
which satisfies

B = r⇥ A

E = �@A
@t

(2.15)

Substituting into 2.14, we find the wave equation for A
 

r2 � 1

c2
@2

@t2

!

A = 0 (2.16)

It is convenient at this point to expand the spatial part of the vector potential in vector spatial
modes uk,↵ defined by

r2uk,↵(r) = �k2uk,↵(r) (2.17)

where k is the wave-number and ↵ = 1, 2 is an index for the polarization. If we choose these
modes well, they will be orthonormal,

R

d3r u⇤k,↵(r) · uk 0
,↵0(r) = �k,k 0�↵,↵0 . Thus the vector

potential is
A(r, t) =

X

k,↵

qk,↵(t)uk,↵(r) (2.18)

where the qk,↵ are time-varying mode amplitudes. Substituting into equation (2.16), we find

q̈k,↵ = �c2k2qk,↵ ⌘ �!2

kqk,↵ (2.19)
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Light as harmonic oscillators 

X'

P'
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Light as harmonic oscillators 
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Multi-mode light 

single'mode'
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Shot noise in an interferometer ( y < 1980 ) 
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Shot noise in an interferometer ( y < 1980 ) 
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the heart of Caves’ insight 
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Beating shot noise in interferometry 

Carlton M. Caves 

Laser 

δφ'

Vacuum + 

pump 

vacuum 

parametric amplifier 

squeezed vacuum 
Caves,  

PRD 1981 
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Proposal for squeezing (C. Caves, 1981) 

C. Caves, “Quantum Mechanical Noise In an Interferometer” Phys. Rev. D 23 1693 1981  
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Proposal for squeezing (C. Caves, 1981) 

C. Caves, “Quantum Mechanical Noise In an Interferometer” Phys. Rev. D 23 1693 1981  
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“squeezed vacuum” 

Parametric amplification 

Phase-sensitive amplification 

sine – amplified 
 
cosine - deamplified 

 χ(2) 

vacuum fluctuations parametric amplifier 

cos'

sin'



Quantum and Nonlinear Optics, Sørup Herregaard 2015 Morgan W. Mitchell 

parametric amplifier 
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parametric amplification 
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optical parametric amplifier 

electron position 

Energy 
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Saleh'+'Teich'“Fundamentals'of'Photonics”'p.'914''
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Reducing the vacuum fluctions 
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Squeezed-light in Barcelona 
External cavity diode laser   
795 nm (Rb D1 line) 

Shot-noise limited 
balanced polarimeter 

PPKTP OPO 
cavity bandwidth 8 MHz 
Parametric gain 4.6 

Quantum 
noise lock 

L,R' 45,'M45'φ
H,V'
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Squeezing experiments at ICFO 
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Construction of OPO: Pump system 

Blue output: 100 mW at 
397,5 nm 

Laser is stabilized by 
saturated absorption 
spectroscopy to D1 line of 
atomic rubidium. 

LO Output: 10 mW at 795 nm 
Measured linewidth: 400 kHz 
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Construction of OPO: OPO and locking 

Cavity is stabilized to laser 
wavelength.   

Measured cavity performance: 
Losses = 0,4 % 
Crystal SHG efficiency > 1% / Watt 
OPO gain 3 @ 45 mW 
Linewidth 8 MHz 
Free-spectral range 504 MHz. 

     
Balanced 
homodyne 
detection: 
98% mode-
match. 

- 
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Construction of OPO: detection 

Quantum efficiency 95% 
Shot-noise limited by 12 dB 
at 2 MHz. 
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Polarization beyond the shot noise limit 
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Nature Physics 4, 472 (2008)  

Squeezed-light GW detector 

related work from ANU, Hanover 
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GEO 600 sensitivity boost 

N.Phys'2011'

Roman'Schnabel'
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LIGO sensitivity boost 

N.Phot'2013'

Nergis Mavalvala 
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GEO 600 sensitivity boost 

N.Phys'2011'



Squeezed light magnetometer 
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Squeezed-light magnetometer 
External cavity diode laser   
795 nm (Rb D1 line) 

Shot-noise limited 
balanced polarimeter 

PPKTP OPO 
cavity bandwidth 8 MHz 
Parametric gain 4.6 

Quantum 
noise lock 

L,R' 45,'M45'φ
H,V'
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Prototype optical magnetometer (2010) 

87Rb cell 

~ 
AR AR 

� 

F’=2 
F’=1 

F=2 
F=1 

87Rb 

5P1/2 

5S1/2 6.8 GHz 

0.8 GHz 
0.7 GHz 87Rb purity  > 99% 

Temperature:      21° 
Atomic state:  thermal 
Buffer gas:  none 
Cell coating:  none 
Optical losses:  4% 
Probe power:  620 µW 
Probe waist:  950 µm  

HWP 

PBS Input polarization 

atomic sensor 

FZ 

FY 

FX 

Spectrum 
analyzer 

2 10^-6 Torr = 7 x 1010 cm-3 
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Improved SNR with squeezing 

3.2 dB 

polarized probe 

squeezed probe 

Wolfgramm, Cerè, Beduini, Predojević, Koschorreck, MWM Phys. Rev. Lett. 105, 053601 (2010)  

squeezer OFF 

squeezer ON 

3.6 dB 



Atoms 
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Collective variables description 

|Ψ> = cH |H> + cV |V> |Φ> = cg |g> + ce |e> 

S = ∑i si  J = ∑i ji  

Single 
particles 

Ensembles 
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Cold atom magnetometer 
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angle  
� FZ 

Linear'and'nonMlinear'polarisa6on'interferometers'

1 effective OD > 50!
2 Sensitivity 512 spins, < SQL!
3 QND measurement!
4  spin squeezing!

1 Kubasik, et al. PRA 79, 043815 (2009)!
2 Koschorreck, et al. PRL (2010) !
3 Koschorreck, et al. PRL (2010),!
   Sewell, et al. N. Phot. (2013)!
4 Sewell, et al. PRL (2012) PRX (2014) !
!

1µs long pulses!
linearly polarized!

“mode matched” to atoms!
0.7 GHz from D2 line!

!
~106 87Rb atoms at 25µK!

f=1 ground-state!

cold 87Rb ensemble 
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Hot atoms as a quantum system 

cell'@'80M170'°C'
densi6es'1014'cmM3'

N2'buffer'gas'
OD'in'the'100s'
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Collective variables description 

|Ψ> = cH |H> + cV |V> |Φ> = cg |g> + ce |e> 

S = ∑i si  J = ∑i ji  

Single 
particles 

Ensembles 
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Commutation relations 

harmonic'oscillator'

angular'momentum'
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Robertson (-Schrödinger) relation 
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fX fY fZ 

Macroscopic quantum variables 

5P3/2'

5S1/2' F=1'
F=2'

F’=0'

F’=3' “spin'orienta6on”'

“spin'alignment”'

jX jY 
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Macroscopic quantum variables 
5

Figure 1. Contribution dW/d�̄i of the f and j operators to the Wigner
distribution W⇢(✓, �) representing the state ⇢ = 1

3I + 1
2

P
i �̂i �̄i , as described

in [28]. Radius indicates magnitude, warm (cold) colours indicate positive
(negative) contributions. Axis markers indicate unity.

With quantization axis along z, |̂m describes the population imbalance between m F = 0 and
other states, while |̂ x,y describe m F = ±1 coherences. |̂ k,l represent m F = ±1 coherences in
other quantization axes.

We note that the above operator definitions are spin-independent, and that the results in this
paper follow from these operator definitions, not from the spin-1-specific matrix representations.
As we shall see below, the most important coherent interactions: Larmor precession, Faraday
rotation and tensorial light shifts, can be fully described using the above operators, even for
larger spin. The formalism developed here is thus applicable to some scenarios involving
spin-3/2 and higher. Not all processes can be explained using just f̂ and ĵ operators, however.
For example, with spin-2 atoms modulated optical pumping in the presence of a B-field has
been used to produce hexadecapole moment due to coherence between Zeeman states with
1m F = 4 [27].

2.3. Spin visualization

From the orthogonality relation Tr[�i� j ] = 2�i j , an arbitrary single-atom density matrix ⇢ can
be expressed as

⇢ = 1
3

I +
1
2

X

i

�̂i �̄ j , (2)

where �̄i ⌘ Tr[⇢�̂i ]. This suggests a visualization in terms of the spin Wigner distribution W (⇢),
which is efficiently calculated as in Dowling et al [28]. In figure 1 we show the differential
contribution to the Wigner distribution dW/d�̄i . This shows, for example, that any of |̂ x , |̂ y , |̂ k

and |̂ l can be obtained by rotation of |̂ x , whereas |̂m cannot.

New Journal of Physics 15 (2013) 103007 (http://www.njp.org/)

Wigner'distribu6on'
representa6on'

G.'Colangelo'et'al.'NJP'2013'
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“Phase space” for atomic spin ensembles 

[Fx,Fy]'='i'Fz'

δFx'δFz'≥'½'|<Fy>|'

and'cycl.'permuta6ons 

coherent'
spin'state 

FX'

FY'

FZ' standard'quantum'limit'
(F=1) 

Stokes'operators 

coherent'
polariza6on'state 

SZ'

SX'

SY'
standard'quantum'limit'
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Coupling of atoms and light 

Faraday'rota6on'

AlignmentMtoMorienta6on'
conversion'
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Coupling of atoms and light 

QND' AOC'
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Kubasik, Koschorreck, Napolitano, de Echaniz, Crepaz, Eschner, Polzik, MWM, PRA 79, 043815 (2009)  

non-destructive Faraday rotation probing 
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Faraday rotation spin measurement 

φ 

shot noise 

FX'

FY'

FZ'

SZ'

SX'

SY'

signal 

FX'

FY'

FZ'
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Measurement-induced squeezing 

Prep 

Evolve 

€ 

⇒

€ 

⇒
Evolve 

Measure Measure Measure 
€ 

⇒
Etc. 

Kuzmich, Mabuchi, Polzik, Vuletic, Takahashi, Thompson 
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Y 

Clocks 
Magnetometer 
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To boldly go where others have gone 
before 
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Measurement-induced squeezing 

Prep 

Evolve 

€ 

⇒

€ 

⇒
Evolve 

Measure Measure Measure 
€ 

⇒
Etc. 

X 

Z 

Y 

Sewell et al. PRL 109, 253605 (2012)  
Sewell et al. PRX 4, 021045 (2014)  
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Spin squeezing is different than light squeezing 

X'

P'

X'

P'
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Planar squeezed states 

coherent'
spin'state' squeezed'

R.'Sewell'PRL'2012'

planar'squeezed'state'
G.'Puentes'et'al.'NJP'2013'
G.'Colangelo'et'al.'NJP'2013'

Optical: Korolkova, Leuch, Schnabel, Bachor, Lam 
Atomic: He, Peng, Drummond and Reid PRA 2011  

He, Vaughan, Drummond and Reid NJP 2012 
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Planar squeezed states 

G.'Puentes'et'al.'NJP'2013 'G.'Colangelo'et'al.'NJP'2013'
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G.'Toth,'MWM,'NJP'12'053007'(2010)'
Phys.'Rev.'A'87,'021601(R)'(2013)'

Beyond planar squeezing 

Fx

Fy

Fz

macroscopic'spin'singlet'
Behbood'et'al.'PRL'113''
093601'(2014)'
'

squeezed'
R.'Sewell'PRL'2012'

planar'squeezed'state'
G.'Puentes'et'al.'NJP'2013'
G.'Colangelo'et'al.'NJP'2013'

coherent'
spin'state'
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MeasurementMinduced'squeezing 

angle  
� FZ 

measure'FZ''(FZ)' measure'FZ''(FX)' measure'FZ''(FY)'

(wait)'

G.'Toth,'MWM,'NJP'12'053007'(2010)'

vector'QND'spin'measurement'

ini6al'“thermal”''
spin'state'

vQND2'

'M1'''''''0''''''+1''''mF'



Quantum and Nonlinear Optics, Sørup Herregaard 2015 Morgan W. Mitchell 

Vector non-demolition measurements 

first vector measurement second vector measurement 
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Squeezing by selection 
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Unconditional squeezing 

|ΔF|2  (1st measurement) 

|ΔF|2  (2nd measurement) 

conditional variance 

standard quantum limit 

3dB'

Behbood'et'al.'PRL'2014 

!  at'least'550'000'atoms'are'entangled'
'''''''(maybe'pairwise)'
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