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Phase measurement
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Quantum picture
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Shot noise

No phase shift 0¢p = O Phase shift 0¢p 7= O
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Estimation procedure
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Fisher information

2
F(o) =§ij(fr|¢) (%lnp(ﬂgb))

p(r|p + d¢)

Cramér-Rao bound:
for unbiased estimators
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Proof of the Crameér-Rao bound

o Start from the Cauchy-Schwarz inequality:

(s42) (£52) = (£ )

Take:

Ar = \/p(r|®) [®(r) — ¢]

1
By = \/p(fr ) 8(/5p( |¢)

and use on the right hand side the unbiasedness condition:

> p(r[@)®(r) = ¢
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Additivity
For statistically independent variables
p(ra,mp|@) = p(ral@)p(ry|d)
Fisher information is additive:
F(¢) = Fa(®) + Fip(9)
One photon sent into the Mach-Zehnder interferometer
Fi1(¢) =1

Hence for N independently used photons F ar(¢p) = N
and precision is bounded by shot noise limit:

A >

2=
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Interferometer with photon pairs
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Two-photon interference

Probability amplitudes:

LY.V VA
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11) - 15(|20) - 02))

Only if photons are indistinguishable!
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Two-photon interferometry
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Different ports:

= %(1 + Cc0s2¢)
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Same port:

%(e2i¢|20) — 102)) pg = (1 — Cos2¢)
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Fringe spacing

A

Two photons sent Two-photon
one-by one: F' = 2 interference: ' = 4
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Nonlinear susceptibility

P(E) =xUVE+(2E2 4+

o WAL

Fourier decomposition:

Second
harmonic
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Second harmonic generation

P.A. Franken et al., Phys. Rev. Lett. 7, | 18 (1961)
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FIG. 1. A direct reproduction of the first plate in which there was an indication of second harmonic. The
wavelength scale is in units of 100 A. The arrow at 3472 A indicates the small but dense image produced by the
second harmonic. The image of the primary beam at 6943 A is very large due to halation,



Three-wave mixing

Sum frequency generation: Parametric down-conversion:
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Type-l process

Energy conservation: Wp — Ws T~ W;

Momentum conservation: kp ~ ks T kz
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Two-photon interference
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Experiment

). G. Rarity et al, Phys. Rev. Lett. 65, 1348 (1990)
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General picture

»
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Local (inifinitesimal) phase estimation:

\|3¢¢)5¢
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Quantum Fisher information

f
=

Probability of outcome r: p(’l“|¢) — W¢|MT"¢¢

M, >0
Z’I“MT_]I

For any measurement

F(¢) < Fgo(¢)

where quantum Fisher information

Fo(9) = 4((0s10p0) — [{(()|041)]?)
depends only on |1,b(¢)>




Uncertainty relation

Ns Phase measurement:

4an $(¢)) = els9[y)

Explicit expression FQ(cb) = 4(An5)2
yields:

1

Ans — photon number uncertainty
in the sensing arm

A$ — precision of phase estimation

Task: maximize AN g for a fixed total number of [N photons.



Optimal precision

Total N photons:
f P

Al

N
N independently used Maximum possible Ang
photons (shot noise limit): defines the Heisenberg limit:

VN N

J.]. Bollinger et al., Phys. Rev.A 54, R4649 (1996).




NOON state

Q Optimal N photon state:
W) = L(INO) — o)

> 75(eV?INO) —[ON))
\
n \ f AN
/ /U °
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No photon lost: \/ﬁNeiN¢|NO> — |ON)
One photon lost: eiN¢|N —1, O>

More photons...

UNIVERSITY M.A. Rubin and S. Kaushik, Phys. Rev.A 75,053805 (2007)
CLUiAS A G. Gilbert, M. Hamrick,Y.S.Weinstein, J. Opt. Soc. Am. B 25, 1336 (2008)



Attainable precision

One-arm losses Two-arm losses

80
N N
n = 90%
Optimal U. Dorner, R. Demkowicz-Dobrzanski et al,,

Chopped n00n Phys. Rev. Lett. 102, 040403 (2009)

UNIVERS [Ty R. Demkowicz-Dobrzanski, U. Dorner et al.,
or warsaw  —— NOON state Phys. Rev.A 80, 013825 (2009)



Two-photon states

1Y) = |20) 4 B[11) + ~+[02)

No photon lost:

nal20) + /nB|11) + ~]02)

One photon lost:

V2n(1 = n)al10) + /1 —7B[01)

Two photons lost:

(1 —n)a|00)
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Experimental scheme
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coinc

Interference pattern

2_5 ~ 1 1 1 I 1 | [ [

3 x
x
J x 2 4
.. x x .
> x . =
: Z x x * s




\‘)‘,"
UNIVERSITY
OF WARSAW

Optimal state

Coincidence counts (x10%)
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Phase estimate distribution
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Phase estimate uncertainty

n=0.2 n=0.361 n=0.4 n=0.547
ey ® Optimal H 2-NOON € Shot noise
NS
o
0 M. Kacprowicz et al.,
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General picture

s [ > b0 = Nol19) (W)
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Classical simulation

iy [ ve@) > A

Estimation uncertainty §¢ — /\gb(|1/)> <¢|)

from classical Cramer-

Rao bound: Q

~ €_|_€_
AP 2\ —x p(r|)
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Estimation precision
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Asymptotic bounds

Table 1| Precision bounds of the most relevant models in
quantum-enhanced metrology.

Channel Classical simulation Channel extension
considered

Depolarisation

Ja=mas3m/an?  Ja-ma+2m/2n?

Dephasing 1= 772 /In h— ?72 /n
Spontaneous NA (1/2) - n/n

emission

Lossy NA h_nfn

interferometer

NA, not available.
The bounds are derived using the two methods discussed in the paper. All the bounds are of

the form ﬂq:-N > (const/+/N), where constant factors are given in the table. Classical
simulation method does not provide bounds for spontaneous emission and lossy interfero-
* N meter, as these channels are g-extremal. For the dephasing model, it surprisingly yields
)% an equally tight bound as the more powerful channel extension method.

N
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Undefined photon number

When no external phase reference is used:
®.@,
0= @ PnON
N=0
Convexity of Fisher information:

F(o) < Z pnF(§N)
N=0

Using the bound for a fixed photon number:

0
< Y pn-const- N = const-: (N)
N=0
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Two-arm losses

Preparation
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For a quantum state with <N> average photon number

Shot noise limit Ultimate quantum limit

AF > ¥ o — Y
V(N - ()

*Assuming no external phase reference is available
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Shot noise revisited

Im(a) = p/v?2
Re(a) = q/v2
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Quadrature uncertainties

Conjugate variables: AP
g, p] =i
Uncertainty relation: .
N
1
. Aq - Ap > 5

-
V2

For classical light (laser sources + noise)

1 1
ANg > — AND Ap > —
Q@ 2gz 5 mo Ap>



Squeezed states

Q Signal (Y (Z)

h Strong pump 7Y X(z)

Amplitude evolution: — — RYX (Z)
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Gravitational wave detection

10720
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Theoretical model

=I Y cos Qt
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Noise analysis
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Overall interferometer R. Demkowicz-Dobrzanski,

NLig . 0 K. Banaszek, and R. Schnabel,
Qi transmission 1) RS 62 /0 Phys. Rev. A 88,041802(R) (2013)



Optimality of squeezed states

50%

A¢0|otimal
40% AGbsqueezed

10%

1%
10! 10?2 10° 10* 10° 10% 107 10® 10° 10'°10!! 102

number of photons, N

R. Demkowicz-Dobrzanski,

RG] K. Banaszek, and R. Schnabel,
OF WARSAW Phys. Rev. A 88,041802(R) (2013)




Operating point
probability

pp(P) pa(d)

Uncertainty of phase estimated from (na,np)
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A(Z)/AU)

Relative uncertainty &

-
o

o
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Residual distinguishability

1 Fraction of indistinguishable

photon pairs V:

probability
o
W

=
N

—dh
N

------- 93%
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Imaging experiment

Collimator ‘*/ %
(O) hwp

*optional H
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Joint output position distribution

op = —0.1 o¢p =0 o0¢ = 0.1 Input mode:
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Imaging experiment

Collimator ‘*/ %
(O) hwp

*optional H
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Joint output position distribution

5 =0

5 = 0.1

Input mode:

5= 0.1

wu) Lriqeqord
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Phase shift estimation

Fisher information

1 (9pg)°
p— FC I
F(#) (@) pa(9) ( ¢ )

Contribution from spatial distribution:

2
Fo) = [ des (pcosw))

Local estimator:

F©) Ope(€lo)
o] Cotelony 80 S0

P[f] = ¢o -
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Residual distinguishability

1

Fraction of indistinguishable
photon pairs V:

probability
o
W

3

e=]

=
s
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Relative uncertainty e=A® /A"
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