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Abstract
Computational materials science plays an important role in the discovery and design
of new materials. With accurate and efficient methods for computing the properties of
materials it is possible to search through large compositional spaces with the purpose
of screening for materials with specific properties. In recent years, the use of machine
learning methods in materials science has become increasingly useful. This is a result
of the vast amounts of materials data generated using first-principles methods such as
density functional theory (DFT), but also the development of new machine learning
methods for materials science has had an impact.

Finding good representations or fingerprints of materials as inputs to machine learn-
ing models is essential. This thesis presents novel fingerprint methods utilizing ad-
ditional information from the electronic density and wavefunction obtainable from
standard DFT calculations besides the atomic structure. More specifically, the energy
decomposed operator matrix elements (ENDOME) fingerprint is constructed using
matrix elements of quantum mechanical operators, e.g. the position and momentum
operators. Additionally, the radially decomposed projected density of states (RAD-
PDOS) fingerprint is developed using projections of DFT wavefunctions onto atoms
and angular orbitals. The presented methods differs from other fingerprints by encod-
ing individual quantum states.

The ENDOME and RAD-PDOS fingerprints of individual states are then applied
in a machine learning model. The model predicts the difference in state eigenenergies
between a low-fidelity DFT calculation and a high-fidelity G0W0 calculation for 2D
materials. The model predicts the G0W0 correction energies for individual states with
a mean absolute error (MAE) of 0.11 eV. This converts to a MAE of 0.15 eV on the
G0W0 band gap by using the model to compute full G0W0 band structures.

Additionally, the RAD-PDOS fingerprint is used to evaluate the dynamical stability
of 2D materials. This is done by training a binary machine learning classification model
predicting the stability. The model achieves an excellent receiver operating character-
istic with an area under the curve of 0.90, and the model can thus be used to screen
materials for dynamic stability without performing expensive phonon calculations.

The dynamical stability is further investigated by developing approximative methods
for calculating electron-phonon coupling matrix elements. The methods are based on
replacing the DFT effective potential with a potential set up from atomic potentials.
With this approximation, the matrix elements are quantitatively similar to the true
DFT matrix elements. The approach is further improved by using machine learning
to reconstruct the DFT potentials from the atomic potentials, which reduces the error
by a factor of ≈ 2.





Resumé
Databaseret materialevidenskab spiller en vigtig rolle i opdagelsen og design af nye
materialer. Med nøjagtige og effektive metoder til beregning af materialers egenskaber
er det muligt at gennemsøge store kompositionsrum med det formål at screene for
materialer med specifikke egenskaber. I de senere år er brugen af maskinlæringsme-
toder i materialevidenskab blevet mere og mere nyttig. Dette er et resultat af de
enorme mængder af materialedata, der er genereret ved hjælp af ab-initio-metoder
såsom tæthedsfunktionalteori (DFT), mens også udviklingen af nye maskinlæringsme-
toder indenfor materialevidenskab har haft en indflydelse.

Det er vigtigt at finde gode repræsentationer eller fingeraftryk af materialer som input
til maskinlæringsmodeller. Denne afhandling præsenterer nye fingeraftryksmetoder,
der anvender yderligere information fra den elektroniske tæthed og bølgefunktion, der
kan opnås ved standard DFT-beregninger, udover atomstrukturen. Mere specifikt er
fingeraftrykket for energi-dekomponerede operatormatrixelementer (ENDOME) kon-
strueret ved hjælp af matrixelementer af kvantemekaniske operatorer, f.eks. positions-
og momentum-operatorer. Derudover er det radialt dekomponerede projekterede til-
standstæthed (RAD-PDOS) fingeraftryk udviklet ved hjælp af projektioner af DFT-
bølgefunktioner på atomer og angulære orbitaler. De præsenterede metoder adskiller
sig fra andre fingeraftryk ved at beskrive individuelle kvantetilstande.

ENDOME- og RAD-PDOS-fingeraftrykkene for individuelle tilstande anvendes derefter
i en maskinlæringsmodel. Modellen forudsiger forskellen i tilstandsegenenergier mellem
en mindre nøjagtig DFT-beregning og en mere nøjagtigG0W0-beregning for 2D-materialer.
Modellen forudsiger G0W0 korrektionsenergierne for individuelle tilstande med en gen-
nemsnitlig absolut fejl (MAE) på 0.11 eV. Dette konverteres til en MAE på 0.15 eV på
G0W0-båndgabet ved at bruge modellen til at beregne hele G0W0-båndstrukturer.

Derudover bruges RAD-PDOS-fingeraftrykket til at evaluere den dynamiske sta-
bilitet af 2D-materialer. Dette gøres ved at træne en binær maskinlæringsklassifika-
tionsmodel, der forudsiger stabiliteten. Modellen opnår en udmærket ROC med et
areal under kurven på 0.90, og modellen kan således bruges til at screene materialer
for dynamisk stabilitet uden at udføre dyre fononberegninger.

Den dynamiske stabilitet undersøges yderligere ved at udvikle approksimative metoder
til beregning af elektron-fonon-kobling-smatrixelementer. Metoderne er baseret på at
erstatte det effektive potentiale fra DFT med et potentiale sat op fra atomare po-
tentialer. Med denne tilnærmelse svarer matrixelementerne kvantitativt til de sande
DFT-matrixelementer. Fremgangsmåden forbedres yderligere ved at bruge maskin-
læring til at rekonstruere DFT-potentialerne ud fra de atomare potentialer, hvilket
reducerer fejlen med en faktor på ≈ 2.
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CHAPTER 2
Theory: Machine learning

in materials science
In this chapter, the basic concepts of machine learning is explained to support the
understanding of the results and applications in later chapters. Additionally, machine
learning in a context of materials science is introduced by giving an overview of some
of the most frequently used structural fingerprints.

In the context of this project, machine learning is interpreted as the study of al-
gorithms that learn from experience in form of data in an automated way. Within
machine learning several fundamental terms exist and sometimes multiple terms are
used interchangeably for similar concepts, with this thesis being no exception. There-
fore, a thought example of a machine learning application is used to explain some of
the terminology.

Consider an algorithm that predicts the price of a house. Some data is needed to
build such algorithm using machine learning. This data should consist of observations
of houses and their corresponding prices, which is the target variable of the algorithm,
i.e. the variable being predicted by the algorithm. Each observation needs to repre-
sented by a set of features, e.g. construction year, size in square meters, number of
floors, postal code, distance to different points of interest etc. These features can be
both continuous, integers or categorical. The set of features may also be called the
fingerprint or representation of the houses. The key element of this algorithm is the
model or mathematical function, that takes the features as input variables and returns
the predicted price as the output variable. This model could for instance be a simple
linear model, which needs to be trained or fitted to the data. The training involves
determining the optimal set of model parameters, i.e. the coefficients and intercept
of the linear model. Depending on the choice of model, some hyperparameters are
introduced which cannot be determined by fitting to the data. This could for example
be the order of a polynomial function. These hyperparameters can be determined by
comparing an objective or evaluation metric such as the average prediction error for
multiple models with different hyperparameters. Finally, we have a machine learned
model for predicting house prices.

In the following sections, some important concepts of machine learning will be intro-
duced with perspectives to applications in material science.







2.1 Supervised learning 7

shows a simple schematic of a feed-forward neural network (FFNN) with one input
layer with a neuron per input feature, two hidden layers and one output layer. The
FFNN maps from M input features to D output variables, but the hidden layers can
have more neurons.

Information is passed through the network using the forward pass algorithm. In the
input layer, the activities for the neurons are simply the value of the input features x.
The j-th neuron in the first hidden layer has activity

a
(1)
j = xT w(1)

j (2.7)

where w(1)
j holds the weights of all input neurons. This is then passed through an

activation function h(x) giving

z
(1)
j = h(a(1)

j ), z(1) =
[
z

(1)
1 z

(1)
2 . . . z

(1)
H

]
(2.8)

Neuron k in the next layer then has activation a
(2)
k = (z(1))T w(2)

k . In general

z(l) = h(l)
(

(z(l−1))T W(l))
)

(2.9)

where W(l) is the weight matrix connecting all neurons between layer l− 1 and l. The
activation functions h(x) play an important role in the ANN since these are responsible
for introducing the non-linearity to the models. There are endless options for the
activation functions, but two commonly used functions are the hyperbolic tangent
h(x) = tanh(x) = ex−e−x

ex+e−x , which maps any number x to the interval [−1, 1], and the
rectified linear unit h(x) = ReLU(x) = 0 if x < 0 else x.

Training a neural network involves finding the optimal set of weights W∗. This
is typically done by defining an objective function for the output values and then
using gradient descent backpropagation. In backpropagation, the partial derivatives
(gradients) of the objective function with respect to the parameters are propagated
backwards through the network from the output layer through the hidden layers to the
input layer, and the weights are then updated using gradient descent. The details of
backpropagation are elegant but out of scope for this introduction.

So far, only the most simple architecture of an ANN has been considered, i.e. the
feed-forward neural network, but there is a lot of flexibility in the design of neural
network architectures. One specific design, which has also been used briefly in this
project, is the convolutional neural network (CNN). CNNs are often used for image
processing. The key difference from a FFNN is that weights are shared across neurons
in a layer, typically by sliding a filter of weights across the feature space. This can
extract information that is invariant to the position in feature space, which is often
useful in image processing, where e.g. the specific location of an object in an image is
not relevant, but only the presence of that object is relevant.

2.1.2.3 Decision trees and ensembles

Another frequently used family of algorithms is those based on decision trees such as
classification and regression trees (CART). In a CART classes or values are assigned
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So far, the complexity has been only vaguely introduced, since no universal measure
of the complexity of a decision tree exists. In XGBoost it is defined as:

ω(f) = γT + 1
2
λ

T∑
j=1

w2
j (2.17)

where T is the number of leaves in the tree, and wj is the value assigned to leaf j. This
resembles the L1 and L2 regularization of a linear model.

By using the defined complexity and changing the summation to sum over leafs, the
objective is rewritten as

obj(t) =
T∑

j=1

(
∑
i∈Ij

gi)wj + 1
2

(
∑
i∈Ij

hi + λ)w2
j

+ γT (2.18)

=
T∑

j=1

[
Gjwj + 1

2
(Hj + λ)w2

j

]
+ γT (2.19)

where Ij is the set of observations in the j-th leaf, and this objective has the optimal
set of leaf scores wj given by

w∗
j = − Gj

Hj + λ
(2.20)

and the objective value

obj∗ = 1
2

T∑
j=1

G2
j

Hj + λ
+ γT (2.21)

This is used to determine how good a specific tree is, and in principle all possible trees
should be examined. In practice, this is intractable and therefore a tree is build one
branch at a time. By looking at one leaf, it is to be split if the gain of splitting the
leaf is larger than some threshold value. The gain is given by:

Gain = 1
2

[
G2

L

HL + λ
+ G2

R

HR + λ
− (GL +GR)2

HL +HR + λ

]
− γ (2.22)

where the subscripts refer to the left and right parts of the split. This way the tree is
build one step at a time until no more gain is achievable and the tree is pruned.

The reason for choosing XGBoost for many of the machine learning models in this
thesis is a combination of its ability to handle large amounts of data and that the
importances of features can be interpreted. Compared to neural networks which also
handles large amounts of data, XGBoost is easier to tune in terms of hyperparameters.

2.1.2.4 Gaussian process regression

As an alternative to the previously described machine learning algorithms, Gaussian
process regression (GPR) is also used throughout this project. GPR has the main
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Figure 2.4: Schematic of a train-test split strategy for training machine learning models.
First, the data set is split in train and test sets. The train set is then further split using k-fold
cross validation.

has the advantage that statistics can be calculated based on the k prediction accuracy
scores.

In this project, the standard approach is to split the data set in a 80% train and 20%
test set, and then perform 5- or 10-fold cross validation on the train set.

2.3.1 Prediction error metrics
A key element in machine learning is choosing a metric to evaluate the prediction errors.
The choice of such metric will depend on the learning task (classification or regression)
but also more specifically on the nature of the problem being solved, e.g. how sensitive
the metric should be to outliers in a regression setting or how to deal with imbalanced
classes in a classification setting.

2.3.1.1 Regression metrics

For regression, mainly two metrics are used in this project. The mean absolute error
(MAE) for a prediction ŷi and the corresponding true value yi:

MAE = 1
N

N∑
i

|yi − ŷi| (2.33)
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Here Zi is the atomic number of atom i and Rij is the euclidean distance between
atoms i and j for atoms in the unit cell. Thus, the Coulomb matrix is not very
suitable for periodic systems, since no interactions with neighboring cells are included.
An extension of the Coulomb matrix for periodic systems is the Ewald sum matrix.
The basic idea here is to represent the full Coulomb interaction energy corresponding
to all infinite repetitions of the periodic lattice, i.e. the matrix element is a double
infinite sum over all atoms:

xij = 1
N
ZiZj

∑
k,l,k ̸=l

1
Rkl

(2.44)

This type of sum has some convergence issues, and therefore it is split into parts of
two rappidly converging sums and one constant:

xij = x
(r)
ij + x

(m)
ij + x0

ij (2.45)

where x(r)
ij is the short-term interaction calculated in real space, x(m)

ij is the long-term
interactions calculated in reciprocal space and x0

ij is a constant. The short-term part
is given by

x
(r)
ij = ZiZj

∑
L

erfc(a||ri − rj + L||2)
||ri − rj + L||2

(2.46)

where the sum runs over lattice vectors L within a sphere defined by Lmax. The
long-range term is

x
(m)
ij = ZiZj

πV

∑
G

exp
(

−||G||2
2

(2a)2

)
G||22

cos (G · (ri − rj)) (2.47)

where the sum runs over all reciprocal lattice vectors G in a sphere of radius Gmax and
V is the unit cell volume. The last constant term is

x0
ij = − a√

pi
(Z2

i + Z2
j ) − (Zi + Zj)2 π

2V a2 (2.48)

where the first part is the Ewald self-terms and the second is a background compensat-
ing term. The Ewald sum matrix components are defined by the screening parameter
a which affects how quickly the sums converge.

A common artefact of the Coulomb and Ewald matrix representation methods is
that the size of the matrix depends on the number of atoms in the unit cell, which is
generally not suitable for machine learning algorithms. Therefore, the matrix size is
defined by the system with the highest number of atoms in the unit cell, and for all
other systems the matrix is simply padded by zeros. Also, to make the fingerprints
invariant to the change of atom indexing, the matrix rows/columns can be sorted
according to e.g. their L2 norms.
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such that the non-interacting system has the same ground state density as the inter-
acting system. The exchange-correlation potential is given as the functional derivative
of the exchange-correlation energy functional

vXC(r) = δEXC[ρ]
δρ(r)

(3.13)

and the Hartree potential is simply

vH(r) =
∫
dr′ ρ(r′)

|r − r′|
(3.14)

The non-interacting Kohn-Sham states ϕi(r) are the eigenstates of the one-particle
Schrödinger equation[
− ℏ2

2m
∇2 + veff(r)

]
ϕi(r) = εiϕi(r) (3.15)

from which the density of the system with N electrons can be calculated as

ρ(r) =
N∑

i=1
|ϕi(r)|2 (3.16)

This closes the circle of the Kohn-Sham formalism as the effective potential depends
on the density which depends on the Kohn-Sham states calculated using the effective
potential. This means that the solutions are to be determined self-consistently using
the following algorithm:

1. Initial guess of the density ρ(r)

2. Calculate the Hartree potential vH(r) =
∫
dr′ ρ(r′)

|r − r′|
and then the effective po-

tential veff(r) = vext(r) + vH(r) + vXC(r)

3. Solve the one-particle Schrödinger equations
[
− ℏ2

2m
∇2 + veff(r)

]
ϕi(r) = εiϕi(r)

4. Recalculate the electronic density ρ(r) =
∑N

i=1 |ϕi(r)|2

5. Compare the new and old densities. Restart from 2 until converged

3.1.4 Exchange-correlation functionals
Using the Kohn-Sham equations in practice comes down to selecting a suitable ap-
proximation to the exchange-correlation functional. The simplest example is the local
density approximation (LDA), where the exchange-correlation energy is calculated us-
ing:

ELDA
XC [ρ] =

∫
drρ(r)ϵhom

XC [ρ(r)] (3.17)
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displacements of all atoms us to second order is given by:

E({us}) = E0 + 1
2
∑
ss′

usFss′us′ , (3.33)

where

Fss′ = Fs′s = ∂2E

∂us∂us′
(3.34)

is the force constant matrix. The first order contribution is zero since the system is
assumed relaxed in the unit cell making the forces on the atoms zero.

The potential induced by displacements us is

V =
∑

s

Ws =
∑

s

∂V (r −Rs)
∂us

, (3.35)

i.e. Ws is the gradient of the potential with respect to displacement of atom a in
direction i in cell N . Considering V as a perturbation, the second order energy is then:

E(2)({us}) =
∑
ss′

usus′

∑
nk

∑
mk′

fnk(1 − fmk′) ⟨nk|Ws |mk′⟩ ⟨mk′|Ws′ |nk⟩
εnk − εmk′

(3.36)

=
∑
ss′

usus′Mss′ (3.37)

and the force constant matrix is given as
Fss′ = Mss′ +Ms′s (3.38)
The dynamical matrix is the Fourier transform of the force constant matrix:

Dai,a′i′(q) =
∑
NN ′

exp(iq · RN )FaiN,a′i′N ′ exp(−iq · RN ′) (3.39)

= Mai,a′i′(q) +Ma′i′,ai(q) (3.40)
with

Mai,a′i′(q) =
∑
nk

∑
mk′

fnk(1 − fmk′)
εnk − εmk′

⟨nk|
∑
N

exp(iq · RN )WaiN |mk′⟩ ×

⟨mk′|
∑
N ′

exp(−iq · RN ′)Wa′i′N ′ |nk⟩

=
∑
nk

∑
mk′

fnk(1 − fmk′)
εnk − εmk′

⟨nk|Wai(q) |mk′⟩ ⟨mk′|Wa′i′(−q) |nk⟩

=
∑
nk

∑
mk+q

fnk(1 − fmk+q)
εnk − εmk+q

⟨nk|Wai(q) |mk + q⟩ ⟨mk + q|Wa′i′(−q) |nk⟩

(3.41)
By diagonalising Dai,a′i′(q) the electron-phonon coupling frequencies can be retrieved.
The eigenvalues of the dynamical matrix ultimately gives the dynamical stability of
the system, with negative eigenvalues indicating instability since the energy can be
decreased by translating atoms along a phonon mode.
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the all-data-model. The bottom panels show the weighted MAEs of the entire test
set, which yield that for both properties there are significant improvements in the test
MAEs when increasing the number of clusters. This is a quite interesting conclusion,
since the general machine learning thesis is that more data gives more accurate models.
Obviously, the full amount of data is used to generate the clusters, but even with
the reduced amount of data within the clusters, the cluster-specific models are better.
This means that training models on data that are more uniform is better than adding
more data. Of course, this analysis is limited to only the MBTR fingerprint, k-means
clustering and Random Forest regression, so a more thorough analysis should be carried
out to determine if this conclusion is merely an artefact of e.g. the chosen fingerprint.
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Figure 4.4: The number of materials per cluster vs. the number of clusters found using
k-means clustering of materials from C2DB. For low number of clusters, the materials group
in one large majority cluster and few minority clusters. As the number of clusters is increased,
the majority cluster is split and the cluster sizes become more similar.
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Figure 4.5: Scatter plots of the mean vs. standard deviation of the six properties in the
case of 10 clusters.
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Figure 4.6: Mean absolute errors for the prediction of the heat of formation vs. the number
of clusters when fitting a model per cluster. The bars in the top panel shows the MAEs of the
single clusters with the black dot showing the corresponding MAE when using the 1-cluster
model. The bottom panel shows the MAEs weighted over all clusters.
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Figure 4.7: Mean absolute errors for the prediction of the PBE band gap vs. the number of
clusters when fitting a model per cluster. The bars in the top panel shows the MAEs of the
single clusters with the black dot showing the corresponding MAE when using the 1-cluster
model. The bottom panel shows the MAEs weighted over all clusters.
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Figure 5.14: Examples of DOS fingerprints for two molecules with reference codes PUGDAX
and BASWOI. a) and b) show the PBE energies of the two molecules with 3 states highlighted
for each molecule. c) shows the corresponding DOS fingerprints of the six states.



5.7 Excursion: G0W0 energies of molecules 54

0

10

20

No
rm

al
ize

d 
co

un
t H

a)

0

5

10

15 Li
b)

0

5

10

15 B
c)

0

5

10

15

No
rm

al
ize

d 
co

un
t C

d)

0

2

4

6 N
e)

0

2

4

6 O
f)

0
5

10
15
20

No
rm

al
ize

d 
co

un
t F

g)

0.0

2.5

5.0

7.5

10.0 Si
h)

0

2

4
P

i)

0

2

4

No
rm

al
ize

d 
co

un
t S

j)

0

5

10

15 Cl
k)

0

5

10

15

20 As
l)

0.50 0.25 0.00 0.25 0.50
Atomic Hirshfeld charge [qe]

0

2

4

6

8

No
rm

al
ize

d 
co

un
t Se

m)

0.50 0.25 0.00 0.25 0.50
Atomic Hirshfeld charge [qe]

0

5

10

15
Br

n)

0.50 0.25 0.00 0.25 0.50
Atomic Hirshfeld charge [qe]

0

5

10
I

o)

Figure 5.15: Histograms of Hirshfeld charges for the chemical elements present in the
molecules in the OE62 database. Some of the elements have somewhat distinct charge distri-
butions.
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Figure 6.3: Electron-phonon matrix elements between the six lowest states of GaF2 versus
the expansion factor d. The solid lines refer to matrix elements calculated using the DFT
potential while the dashed lines refer to matrix elements calculated using the atomic potentials.
The two methods are qualitatively similar and approaching each other as the expansion factor
is increased.
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Figure 6.4: Electron-phonon matrix elements between the six lowest states of C2H4 versus
the expansion factor d. The solid lines refer to matrix elements calculated using the DFT
potential while the dashed lines refer to matrix elements calculated using the atomic potentials.
The two methods are qualitatively similar and approaching each other as the expansion factor
is increased.
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Figure 6.5: Analysis of total energy and sum of eigenenergies of occupied states as function
of the expansion factor d. The two left panels show the total energy of C2H4 and the sum of
eigenenergies while the right panels show the corresponding finite difference derivatives. The
total energy is found to have a minimum at d = 1, but the sum of eigenenergies are monoton-
ically increasing. This highlights that the sum of eigenenergies is not a good approximation
to the total energy.

the first is to improve the approximated matrix elements by learning a mapping be-
tween the DFT effective potential and the atomic potential using a local fingerprint
in real space. In this way, the potential is set up from the atomic potentials and then
corrected by the machine learning model before calculating the electron-phonon matrix
elements. The second approach is to use the matrix elements to generate an ENDOME
fingerprint and then learn the dynamical stability using a classification model.

6.4.1 Learning the DFT effective potential
Since a DFT for the primitive cell is required to calculate the electron-phonon matrix
elements, the true DFT effective potential is already available. The difference between
the DFT effective potential and the potential set up by atomic potentials for the
primitive cell is used as the target variable for a machine learning model. In this
way, a relatively cheap mapping between the atomic potentials and the DFT effective
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Figure 6.7: Contour plots of the potentials for GaF2. The top left plot shows the DFT
potential. The top right plot shows the atomic potential, which is shifted down in energy
compared to the DFT potential. The bottom left plot shows the atomic potential corrected
by the ML model and the bottom left shows the residual of the ML model.
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Figure 6.8: Plots showing the gradients of the DFT potential (left), atomic potential (center)
and atomic potential corrected by the ML model (right) when moving an atom located at
(x, y) = (0, 0). Even though the gradient of atomic potential is already a good approximation
in this case, the gradient is still improved slightly by the ML model.
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can be improved, since the electron-phonon ENDOME fingerprint does not use the ap-
proximative electron-phonon matrix elements calculated without the correction of the
potential using the neural net. Therefore, the hope is to gain some synergy between
the electron-phonon ENDOME fingerprint and the RAD-PDOS fingerprint resulting
in even better classifications of dynamical stability.

Figure 6.10: Examples of ENDOME fingerprints using the approximated electron-phonon
matrix elements for GaF2 for q = [0, 0, 0] and q = [0.5, 0, 0].
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Figure 6.11: Preliminary results for the prediction of dynamical stability using the electron-
phonon ENDOME fingerprint. The left panel shows the test ROC-AUC scores for models
trained with the RAD-PDOS fingerprint, the electron-phonon ENDOME fingerprint and both
fingerprints. The right panel show the feature importance of the model trained with both
fingerprints.



CHAPTER 7
Conclusion

The application of machine learning methods in materials science is a fascinating re-
search field. It combines theories of physics and quantum mechanics with computa-
tional concepts and mathematical algorithms from the field of machine learning. This
Ph.D. project aimed to contribute to the active research by developing new methods
useful for the computational materials science community.

After laying the theoretical foundation by reviewing the most fundamental concepts
of machine learning and electronic structure methods applied in the project, the Com-
putational 2D Materials Database (C2DB) was introduced as the primary dataset of
the project. An initial machine learning application of C2DB was presented by com-
bining unsupervised and supervised machine learning models. Based on a structural
fingerprint, the materials were clustered using a k-means clustering method. Since the
optimal number of clusters is ill-defined, the range from 1 to 10 clusters were exam-
ined. In the 10-cluster case, the clusters were found to differ in the distributions of
selected material properties. The unsupervised approach was combined with super-
vised regression of the heat of formation and electronic band gap. By fitting Random
Forest models for each cluster in the range from 1 to 10, it was found that increasing
the number of clusters decreased the weighted mean absolute error of the clusters.

Next, the main contribution of this Ph.D. project was presented in terms of new
fingerprint methods. The novelty of the fingerprint methods is that they encode an
individual quantum state, and that they use information extracted from the electronic
density and wavefunctions obtained by a DFT calculation. The energy decomposed op-
erator matrix elements (ENDOME) fingerprint was constructed using matrix elements
of quantum mechanical operators. Additionally, the radially decomposed projected
density of states (RAD-PDOS) fingerprint was developed using projections of DFT
wavefunctions onto atoms and angular orbitals. The ENDOME and RAD-PDOS fin-
gerprints were applied in a machine learning model predicting the G0W0 correction
energies to PBE eigenenergies for individual states using data from C2DB. The model
was able to predict the correction energies with a MAE of 0.11 eV and G0W0 band
gaps with a MAE of 0.15 eV. An analysis of the importance of different features in the
fingerprint was performed. This showed that the fingerprint contains some redundant
information but also that synergy effects between different features occurred.

The RAD-PDOS fingerprint was also used for machine learning the dynamical sta-
bility of 2D materials. The dynamical stability was based on phonon calculations, and
a classification model was trained yielding a ROC-AUC score of 0.90. Additionally,
the RAD-PDOS fingerprint was benchmarked against structural fingerprints across
multiple properties from C2DB. This showed that the electronic fingerprint outper-
forms general structural fingerprints when used for machine learning different material
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vidual q-points. This means that a classification model predicting the stability for a
given q-point is achievable. In that way, the amount of data points can be increased
which hopefully improves the model.



CHAPTER 8
Publications

8.1 Publication 1: Representing individual electronic
states for machine learning GW band structures of
2D materials
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Representing individual electronic states for
machine learning GW band structures of 2D
materials
Nikolaj Rørbæk Knøsgaard 1✉ & Kristian Sommer Thygesen 1

Choosing optimal representation methods of atomic and electronic structures is essential

when machine learning properties of materials. We address the problem of representing

quantum states of electrons in a solid for the purpose of machine leaning state-specific

electronic properties. Specifically, we construct a fingerprint based on energy decomposed

operator matrix elements (ENDOME) and radially decomposed projected density of states

(RAD-PDOS), which are both obtainable from a standard density functional theory (DFT)

calculation. Using such fingerprints we train a gradient boosting model on a set of 46k G0W0

quasiparticle energies. The resulting model predicts the self-energy correction of states in

materials not seen by the model with a mean absolute error of 0.14 eV. By including the

material’s calculated dielectric constant in the fingerprint the error can be further reduced by

30%, which we find is due to an enhanced ability to learn the correlation/screening part of

the self-energy. Our work paves the way for accurate estimates of quasiparticle band

structures at the cost of a standard DFT calculation.

https://doi.org/10.1038/s41467-022-28122-0 OPEN
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The electronic band structure is one of the most funda-
mental and important characteristics of a crystalline solid.
It relates the quantum mechanical energy levels of an

electron in the solid to its (crystal) momentum and provides the
basis for describing and understanding a range of materials
properties. As a consequence, the accurate prediction of electro-
nic band structures represents a cornerstone problem of com-
putational condensed matter physics.

Density functional theory (DFT)1 with semi-local exchange-
correlation functionals2 is the standard method for solving the
electronic structure problem of materials from first principles.
However, the DFT single-particle energies do not in general
provide an accurate model for the electronic band structure3.
Instead, the gold standard for band structure calculations is
represented by the GW self-energy method4, which provides the
true quasiparticle (QP) band structure, i.e., it goes beyond a
mean-field description by explicitly accounting for exchange and
many-body screening effects5,6. In ref. 7 the mean absolute error
on the calculated bandgap relative to experimental references for
a set of ten simple semiconductors and insulators was found to be
2.05 eV for DFT-LDA and 0.31 eV for non-self-consistent
G0W0@LDA. Very similar results have been found in other
studies8,9. The improved accuracy of the GW method comes at
the price of a significantly more involved methodology and a
much higher computational cost. In practice, this means that GW
calculations are limited to small-scale studies of relatively simple
materials.

Recently, machine learning (ML) has attracted widespread
interest as a means to predict materials properties without per-
forming expensive quantum mechanical calculations10–15. In the
context of bandgap predictions, Zhou et al. trained a support
vector machine on 3896 experimental bandgaps using a repre-
sentation based only on elemental properties of the constituent
atoms16. Rajan et al. used different regressions methods to predict
bandgaps of MXene crystals using a training set of 76 G0W0

bandgaps and a representation encoding atomic and structural
properties17. Liang et al. used a representation based on atomic
ionicity descriptors to predict GW bandgaps of a set of 2D
semiconductors18. In all these previous studies, the ML model
was trained to predict the size of the bandgap rather than the full
k-resolved band structure. Thereby, important information is
missed including the type of the bandgap (direct or indirect), the
curvature of the valence and conduction bands at the extrema
points (effective masses), and the position and dispersion of other
bands away from the bandgap. Predicting the full band structure
directly from the atomic structure of the material is a daunting
challenge that, although possible in principle, would require
highly sophisticated ML models and immense amounts of
training data.

Here we take a different approach, in which the output from a
DFT calculation is taken as input to an ML model to predict the
full GW band structure. The philosophy behind our approach is
that standard DFT calculations are computationally very cheap,
in particular, compared to GW, and although they do not directly
produce the desired precision, they hold the gist of the material’s
genome and thus should provide an excellent starting point for
accurate property predictions. In our scheme, the rich, but
unmanageable, information contained in the DFT wave functions
is encoded into low dimensional fingerprints via energy-resolved
orbital projections and operator matrix elements. These state-
specific electronic fingerprints provide a description of the local
environment of a given electronic eigenstate in the infinite-
dimensional Hilbert space and are thus analog to the well-known
fingerprints used to describe atoms in chemical environments19.

Using a data set of 286 G0W0 band structures of non-magnetic
2D semiconductors comprising a total of 46,000 ðεQPnk ; kÞ pairs, we
train a gradient boosting algorithm to predict the G0W0 correc-
tion of an eigenstate from its DFT fingerprint. The method
achieves a mean absolute error (MAE) of 0.14 eV for individual
band energies and 0.18 eV for the bandgap. These deviations are
significantly smaller than the typical size of the G0W0 corrections
and also lower than the accuracy of the G0W0 method itself. The
model can be further and significantly improved by adding static
electronic polarisability to the fingerprint. A SHAP feature ana-
lysis reveals that the inclusion of the polarisability allows the ML
model to distinguish between materials with similar PBE band
structures but different dielectric screening properties, which is
directly related to the size of the GW correction.

We have used the resulting ML model to obtain G0W0 band
structures for ∼700 2D semiconductors from the Computational
2D Materials Database (C2DB)20,21. These materials are addi-
tional to the data set used in this study, and the band structures
will be published on the C2DB web page22.

Results
Figure 1a shows an example of a PBE (orange) and G0W0 (green)
band structure for monolayer MoS2 (note that spin–orbit inter-
actions are not included throughout this work). It is clear that
there are significant differences between the two descriptions.
First of all, G0W0 yields a QP bandgap of 2.53 eV in good
agreement with the experimental value of 2.5 eV23 while PBE
yields a significantly smaller bandgap of 1.58 eV. It can also be
noted that unoccupied bands are shifted up in energy while
occupied bands are shifted down. This is in fact a general trend
across all the materials in the data set and it leads to a double
peak in the histogram of G0W0 corrections with the peak of
negative (positive) corrections corresponding to occupied

Fig. 1 G0W0 data. a Example of PBE and G0W0 band structures of monolayer MoS2. The prediction target data is the difference in energy between the PBE
and G0W0 energies. b Histogram of the G0W0 corrections for all states in all materials. c Histogram of the absolute values of the G0W0 corrections with a
mean of 1.17 eV.
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(empty) bands, see Fig. 1b. The absolute values of the G0W0

corrections range from 0 to 3 eV with an average value of 1.17 eV,
see the histogram in Fig. 1c. Returning to the band diagram in
panel (a) we further note that not all the bands are shifted by the
same amount—even when disregarding the different signs for
occupied/empty bands. Although for most materials, all the
occupied bands experience similar, though material-specific,
shifts and the same holds for the empty bands, there are several
examples, like MoS2, where this is not the case. Therefore, an
accurate prediction of G0W0 corrections for general bands
requires a representation that not only encodes the occupation of
the state but also information about the energy and shape of the
wave function and its relation to other relevant states of the
crystal.

Electronic fingerprints. The ENDOME and RAD-PDOS repre-
sentations, defined in the Methods Section, are attempts to gen-
eralize the notion of the local environment of an atom, which has
been successfully employed to represent solids and molecules in
machine learning studies, to the case of an electronic state. The
ENDOME fingerprint represents the local environment of an

energy eigenstate nkj i in terms of operator matrix elements
between the state itself and other eigenstates of the crystal,
j nkh jÂ n0k0j ij2. These matrix elements are arranged on a grid as a
function of the energy difference εnk � εn0k0 , and their sign is used
to encode the occupation of the final state n0k0j i. With the
ENDOME fingerprint, two states are thus considered similar if
they have similar matrix elements with other states of similar
relative energies. In this work, we include matrix elements for the
position operator, momentum operator, and Laplacian operator.
Since we exclusively consider 2D materials in the present work,
the fingerprints are split into in-plane and out-of-plane compo-
nents for the position operator (labeled xy and z, respectively)
and the momentum operator (labeled pxy and pz). The RAD-
PDOS fingerprint is a correlation function in energy and radial
distance between the atomic orbital projections (onto angular
momentum channels s, p, and d) of the reference eigenstate
and all other eigenstates of the crystal. Figure 2 visualizes the
two types of fingerprints for three different electronic states
of MoS2.

Any reasonable fingerprint should comply with certain general
requirements13 of which invariance and simplicity are the most

Fig. 2 Visualization of electronic state fingerprints for MoS2. a Shows the PBE band structure. b, c Show ENDOME fingerprints of the conduction band
minimum and valence band maximum states for the K-point. d–i Show six RAD-PDOS fingerprints for combinations of s, p, and d orbitals.
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