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Abstract

In this thesis, a series of novel methods for the identification of the optimal geometry
of atomic structures are introduced. The geometry of a material or molecule, that
is, the arrangement of its atoms in space, determines all its properties. Thus, the
determination of the geometry of an atomic system is the first step in any computational
study and the development of computationally efficient methods is important in order
to accelerate research in materials science.

Even though methods for the identification of the structures with minimum energy (both
locally and globally) and transition states are abundant in literature, these methods
often rely on quantum chemistry methods, such as density functional theory (DFT),
which can be computationally very expensive. The methods presented in this thesis
address this issue by using machine learning methods to model the potential energy
surface. The machine learning model can then be used to guide the search of the
optimal geometry and, thus, reduce the computational time.

An important subfield of geometry optimization of atomic structures is the identification
of a local minimum of the potential energy surface, that is, a structure with no internal
forces on the atoms. For this problem, we introduce two new minimization methods,
which consistently achieve a reduction of the number of DFT calculations. For one of
these methods, we show that this reduction can be of up to a factor two for adsorption
systems. We further show that the reuse of the trajectories from former local optimiza-
tions and transition state search methods can further speed up the calculations.

For many applications, however, it is not enough to use a local optimization method,
since the approximate structure of the system studied is not known. In this thesis we
present two different methods to tackle this problem. We have proposed a method
that uses a message-passing neural network to determine the optimal prototype for a
material. This can be used in the context of computational screening. Furthermore, we
have extended the Gaussian process regression formalism used in local optimization
so that it can be used for the global optimization problem. In this way, we have created
a novel global optimization method that can identify the global minimum in a fraction
of the DFT evaluations needed by other methods, and used it to identify the optimal
structure of TagO;5 clusters and the oxidized structure of ZrN.
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Resumé

| denne afhandling introduceres en reekke af nye metoder til identificering af den opti-
male geometri for atomare strukturer. En materiales eller et molekyles geometri, dvs.
konfigurationen af atomerne i rummet, bestemmer alle dets egenskaber. Det farste
skridt i ethvert numerisk studie er saledes at finde den geometriske struktur for det
atomare system og udviklingen af beregningsmeessigt effektive metoder er vigtigt for
at accelerere forskning i materialevidenskab.

Selvom der i litteraturen findes et veeld af metoder til at finde strukturer med minimal
energi (bade lokalt og globalt), sa athaenger disse ofte af kvantekemiske metoder, sa-
som Density Functional Theory (DFT), som kan veere beregningsmaessigt meget dyre.
Metoderne som preesenteres i denne afhandling omgar denne forhindring ved at bruge
maskinlaeringsmetoder til at modellere den potentielle energi. Modellen kan derefter
bruges til, at vejlede sagningen efter den optimale geometri og derved reducere bereg-
ningstiden.

Et vigtigt underfelt i optimisering af atomare strukturer er idenficeringen af et lokalt min-
imum i den potentielle energi, det vil sige, en struktur uden interne kreefter pa nogle
af atomerne. Til dette problem introducerer vi to nye minimeringsmetoder, som kon-
sekvent opnar en reduktion i antallet af DF T-udregninger. For den ene af disse metoder
viser vi, at denne reduktion kan vaere op til en faktor 2 for adsorptionssystemer. Vi
finder derudover at genbrug af data fra tidligere lokale optimeringer og metoder til at
finde overgangstilstande kan reducere beregningstiden yderligere.

Til mange anvendelser er det dog ikke nok at bruge lokale optimeringsmetoder, da
ingen god tilneermelse til den fysiske struktur er kendt. | denne afhandling preesenterer
vi to forskellige metoder til at handtere dette problem. Vi har brugt et message-passing
neuralt netveerk til at bestemme den optimale strukturprototype for et givent 3D system.
Dette kan bruges i screening studier af materialer. Derudover har vi udvidet Gaussisk
process formalismen brugt i lokalt optimering, saledes at den kan bruges til global
optimering. Pa denne made har vi lavet en ny global optimeringsmetode som kan
identificere det globale minimum med en brgkdel af de DFT evalueringer som andre
metoder har brug for, og vi har brugt denne metode til at identificere den optimale
struktur for TagO15 klynger og den oxiderede variant af ZrN.
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Caminante, son tus huellas
el camino y nada mas;
caminante, no hay camino,
se hace camino al andar.
Al andar se hace camino,

y al volver la vista atras

se ve la senda que nunca
se ha de volver a pisar.
Caminante no hay camino
sino estelas en la mar.

Antonio Machado, Campos de Castilla (1912).

Translation:

Wanderer, your footsteps are
the road and nothing else;
wanderer, there is no road,

the road is made as one walks.
As one walks the road is made,
and upon taking a glance back
it is seen the path that never
shall be trod again.

Wanderer, there is no road

but wakes on the sea.

Antonio Machado, Fields of Castile (1912).
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1 Introduction

Matter is made up of atoms. Every object we see, every material and every molecule
is built with the same building blocks, the 108 atomic species of the periodic table.
And yet, the knowledge of the building blocks of something, i.e., its chemical composi-
tions, does not necessarily predict its properties. In order to characterize a material or
molecule, both the chemical composition and the arrangement of its atoms in space
(i.e., the geometry of its atomic structure) are needed [1].

Take diamond as an example. Diamond is a crystal made of carbon atoms: each car-
bon atom is bonded covalently to four other carbon atoms forming a tetrahedron. This
kind of bonds are very stable, making diamond one of the strongest materials known.
In addition, since all electrons in diamond are “invested” on forming the covalent bonds,
they are not available for conduction. As a result, diamond is an insulator to current
and transparent (i.e. it has a large band gap).

Contrary to the popular commercial, diamonds do not last for ever. Diamonds are
formed under exceptional pressures and temperatures at great depths under the Earth’s
crust, but once they emerge to the surface, they slowly start turning into graphite in a
process that takes billions of years [2]. Graphite is the stable form of carbon at room
temperature, and its properties could not be more different from those of diamond. It
is one of the softest materials in nature, it is exfoliated very easily, making it a per-
fect component for pencils. It has an intense gray metallic colour and it is, indeed,
conducting.

The difference between the properties of graphite and diamond originates from the
difference between the geometry of the atomic structure. Instead of the tetrahedrally
bonded crystal, graphite is made up of layers of carbon atoms whose bonds form
hexagons. The carbon atoms are bonded to other atoms in the same layer by covalent
bonds and the layers are kept together by much weaker van der Waals forces. This

(a) Diamond (b) Graphite

Figure 1.1: Atomic structures of diamond (the bonds of each atom point towards the
corner of a tetrahedron) and graphite (the bonds form layers of hexagons).
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explains why it makes such good pencils: the van der Waals bonds are easy to break,
transferring the atoms in the outermost layers form the pencil to the paper [2].

Diamond and graphite are not the only examples for which the atomic structure deter-
mines the properties of the substance. Carbon has other allotropes with very surprising
properties [3-5]. Since they all have the exact same composition, it is their structure
that determines their properties.

The behaviour of matter at the atomic scale, including the geometry of atomic systems,
is determined by the laws of quantum mechanics. Over the last decades, new com-
putational methods have been developed that allow to simulate matter at quantum
scale both efficiently and accurately. These methods have enabled researchers ex-
pand their understanding of matter. The recent increase in computational power has
led to the revolution of high throughput computational materials and drugs design: it
is now possible to simulate thousands of new materials in order to find those whose
properties are relevant for technological applications [6, 7], opening new pathways for
materials research.

The first step in such computational studies is, as explained above, to determine the
geometry of the atomic structure, since all the other properties will follow from that.
This can be achieved by moving the atoms around until the energy of the atomic con-
figuration is minimized. The energy and the forces of an atomic system can be read-
ily computed using quantum chemistry methods such as DFT [8, 9], and be used to
guide the search. Due to the complexity of the quantum description of matter, how-
ever, each quantum chemistry calculation may be computationally expensive. In this
way, the number of energy and force calculations required to determine the geometry
of an atomic system often becomes a computational bottleneck that limits the scope
of high-throughput studies.

In this thesis, we show how reusing the data from previous calculations along the way
can help to guide the search for optimal atomic structures. We achieve this by using
machine learning methods, that is, statistical models that use the energy and force
of all the known structures to predict the energy and forces of those yet unknown.
These models are then used as surrogate potentials, in the sense that they can be
used instead of the original quantum mechanical potential for structure search. We
show it is possible to build models on the fly, as the geometry optimization progresses,
that increase their accuracy as more model configurations are added. In this way, we
show how the identification of optimal geometries can be achieved with fewer energy
calculations as compared with traditional methods, reducing the computational costs
of the computational simulation of materials and molecules.

Figure 1.2 sketches how the algorithms presented in this thesis work. The quantum
mechanical potential is depicted with a solid back line and shows a minimum at about
z 1.5 A. This is the target of the method and the current atomic configuration is
marked by a blue dot. The information of all the configurations explored (marked with
black dots) is used to build a machine learning model (blue line) that matches the ener-
gies and forces of all the known configurations. The resulting machine learning model
will have a minimum, which may have a predicted an energy that is lower than any of
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Figure 1.2: Example of the use of a data-driven surrogate model to identify a minimum
configuration. The optimization begins with a single configuration, which is used to
build a model (blue) of the potential V (z) (black) that has the right energy and force,
as illustrated in panel 1. The minimization of the model potential provides a new con-
figuration that is lower in energy (panel 2), and can be used to improve the accuracy
of the model. The process can be then repeated (panels 3 and 4) until the minimum
of the potential V (z) is found. The system studied is a gold atom constrained in 1
dimension, to vary its distance z to a fcc (100) gold surface. The potential V (z) of the
system is described with effective medium theory [10].

the energies in the training set. The methods in this thesis then proceed to find the
minimum of the machine learning model and to compute its energy and force. It might
be that the new configuration is not a good estimate of the minimum, but the informa-
tion about its energy and force will certainly improve the machine learning model. The
new machine learning model will have a new minimum, that can be sampled again
and whose energies and forces will in turn further improve the model. This procedure
eventually converges to the optimal configuration, as the machine learning model con-
verges towards the underlying quantum mechanical potential.

1.1 Outline

This thesis is organized as follows. In Chapter 2, the physics of the atomic structure
problem is described, from the perspective of quantum mechanics. The concept of

Machine learning methods for geometry optimization of atomic structures 3



potential energy surface, which will be the target of all the models presented, is intro-
duced, and its numerical computation is discussed. In Chapter 3, the machine learning
techniques that have been used to create computationally efficient models of the po-
tential energy surface are introduced. After a general discussion, the two machine
learning methods that are used in the papers contained in this thesis, neural networks
and Gaussian process regression, are described. This chapter also contains a discus-
sion about the use of descriptors of atomic structures as inputs to machine learning
algorithms.

Chapter 4 discusses the numerical techniques that are most commonly used in the
optimization of potential energy surfaces. After a description of the most common
methods for finding local minima, global optimization and transition state search tech-
niques are briefly reviewed. The technical details and choices of the Gaussian process
regression models that have been used in this thesis are discussed in Chapter 5. The
benefits of including force information in the description of the PES are examined, be-
fore discussing the different choices of kernels and priors. The chapter finishes with a
discussion on the optimization of the hyperparameters and the computational cost.

The results of the research presented in this thesis are given in Chapter 6, in the form
of a summary of the papers. An interested reader may find the papers in an appendix
at the end of this thesis. Chapter 7 contains the conclusions.
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2 The description of matter at
atomic level

In order to study the geometry of the atomic structure of a material or molecule and
the properties associated with it, it is necessary to describe the system with quantum
mechanics. In this chapter, the basic theory governing the dynamics of atoms and
electrons is reviewed. The concept of potential energy surface (PES), which is central
to this thesis, and its relationship with the geometry of the atomic structures are dis-
cussed. The chapter finishes with a review of density functional theory (DFT) as a way
to compute potential energy surfaces.

2.1 The structure of matter

At a fundamental level, matter is made up of atoms and can be described at a quantum
level by the interaction of its constituents: the nuclei and the electrons. These are
charged bodies, and interact with each other via the electrostatic repulsion of electron
pairs:

0 M1
E‘.E(r) - - krl rjkl (2.1)
i=1
j>1
electrostatic repulsion of atomic nuclei pairs:
Vaa(R) = 5 2.2
j>1
and the electrostatic attraction between electrons and nuclei:
We 7
Vea(R;T) = = 2.
ea( H r) o kRi rjk ( 3)
i;j=1

Here, N is the number of atoms and N, the number of electrons, Z; and R; the atomic
number and the position of the i th atomic nuclei,respectively, and r; the position of
the i th electron. The symbols R and r denote the set of the positions of all the nuclei
R = (R1;Ry; :::; Ry) and the electrons, r = (rq;rp; :::; ry.). These expressions,
as well as the remaining in this chapter, are given in atomic units.

The state of the system is described by its wave function , which is give by the solution
to the time-independent Schrodinger equation:

AR RN=E (R (2.4)
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where H is the Hamiltonian operator of the system and E its energy. For atomic sys-
tems, the Hamiltonian,

A= -ﬁa + -ﬁe + \I)ee + \?ae + Vaa; (2.5)

is given by the sum of the potential energy operators of the electrostatic interaction
Vee, Vae and Va, and the kinetic energy operator of the nuclei:

Ta= * 1 r (2.6)
a= . 2M; Ri '
and the electrons:
D&
T = %rfi: (2.7)

M; stands for the mass of the i th nuclei.

The partial differential equation (2.4) is computationally challenging to solve numeri-
cally even for systems with few nuclei and electrons. In order to be able to simulate
systems of interest, such as materials, molecules or surface problems, one usually
makes some well-established approximations.

21.1 The Born-Oppenheimer approximation

The nuclei of the atoms involved in the problem are several orders of magnitude heav-
ier than the electrons: the mass of the lightest possible nuclei, the proton, is roughly
2000 times heavier than an electron. Thus, the motion of the nuclei is much slower
than the motion of the electrons. As a consequence to this difference in time scales,
one can approximate the solution of the problem as if the electrons moved in a po-
tential caused by stationary nuclei, adapting immediately to the changes of position of
the nuclei, and the nuclei moved in a potential caused by a cloud of electrons. This is
called the Born-Oppenheimer approximation.

Under this approximation, we factorize the wave function as:
Rir)= (R) (riR); (2.8)

where (R) is the wave function of the nuclei which depends solely on the position of
the nuclei R and (rjR) is the wave function of the electrons subject to a fixed nuclei.
Under these conditions, equation (2.4) can be decoupled into two partial differential
equations, one that describes the motion of the electrons under fixed nuclei:

h i
He(riR) (R) = Te+¥ee +Vea  (R) ="(R) (rjR) (2.9)

and another one for the motion of the nuclei:
h i
Ta+Vaa+"(R) (R)=E (R): (2.10)
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2.2 The atoms: The Potential Energy Surface

The Born-Oppenheimer approximation allows the description of the geometry of the
atoms in materials and molecules provided the solutions to the electronic structure
problem are known. The Hamiltonian operator for the atomic motion in equation (2.10)
can be rewritten to introduce the concept of potential energy surface (PES) of the
system, by realizing that the function of the atomic positions E(R):

E(R) =Vaa + (R); (2.11)
describes the effective potential in which the atoms move.

The notion of potential energy surface provides with a framework for working with
molecular geometries, by defining a 3N dimensional manifold whose critical (i.e. zero
gradient) points mark some of the atomic configurations of interest for applications
in chemistry and materials science [11, 12]. A visualization of the potential energy
surface and its critical points can be found in Figure 2.1.

Probably, the most interesting point of the PES is its global minimum: the configura-
tion with the lowest potential energy will be the one in which the atoms would be in
equilibrium at OK temperature (neglecting ground state vibrations). For systems with
many atoms, this configuration is usually difficult to find, which is the reason why many
applications find a local minimum instead [13].

A local minimum of the potential energy is a configuration whose energy is lower or
equal to the energies of neighboring configurations. Note the global minimum is a local
minimum as well, and consequently, research studies often try to identify the global
minimum by determining several local minima and comparing their energies [14]. At
temperatures other than 0, it might be possible to find the system in different local
minima depending on the conditions of the experiment: for example, the reactants, in-
termediates and products of a chemical reaction each correspond to a minimum of the
potential energy surface. In addition, even when the geometry of the system is approx-
imately known from experiment, it is still interesting to find the closest local minimum of
the potential energy surface, since it has zero force on the atoms (see Section 2.2.1)
and consequently makes the best estimation of the equilibrium configuration within
that level of theory. A longer discussion on this regard can be found in Chapter 4.

Saddle points are also of interest. The reaction path between two minima is the path
connecting them with the minimum energy among all possible paths, and itis called the
minimum energy path. The maximum along this path is the geometry corresponding
to the transition state of the reaction and it is necessarily a first order saddle point (this
is, its Hessian matrix has one and only one negative eigenvalue).

2.21 Hellmann-Feynman Theorem
The force on the i th atom f;:
fi= rgER) (2.12)

can be readily obtained from the electronic structure calculation by virtue of the Hellmann-
Feynman theorem:

rr"(R)=h (R) rrAR) j (R)i (2.13)
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Figure 2.1: Geometry and potential energy surface of a moving gold on a aluminum
(100) surface covered by other aluminum and god adatoms. Panel (a) shows the
atomic structure of the slab represented in the other panels, with the aluminum atoms
of the slab represented in blue and the gold and aluminum adatoms in yellow and
brown, respectively. Panel (b) shows a closer look to the unit cell of the system, where
the moving gold atom has been removed for better visualization and the critical points
and their basins are marked in white. Panel (¢) shows the 2-D projection of the poten-
tial energy surface as a function of the position of the moving gold atom. The colors in
the contour plot show the potential energy surface of the system when the gold atom is
constrained to that (x; y) position and it is relaxed on the z axis. The points S1 and S2
are local minima of the potential energy surface and the dashed line connecting them
is the minimum energy path. The white dot along this path marks the saddle point
representing the transition state. Source: Paper lll: An artificial intelligence-driven
approach for thelexploration of potential energy surfaces.

where the wave functions  represent the eigenvalues of the electronic structure Hamil-
tonian He.

Note that the differential operator in rg Iqe(R) affects only to the Hamiltonian operator,
and not the the wave function . This means that once the electronic wave function
and the potential energy surface E (R) have been obtained from the electronic structure
calculation, the forces can be obtained with little computational effort. For this reason,
the usual practice in the determination of critical points of the potential energy surface
is to use gradient-based methods.

It is easy to see that a similar expression does not hold for higher derivatives. Even
though the knowledge of the Hessian of the potential energy surface would be an
advantage for many problems, its computation usually involves a finite differences
approach, which can become very computationally expensive for systems with many
atoms in the unit cell and many degrees of freedom. .
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2.3 The electronic structure problem

We now turn to the problem of the electronic structure in equation (2.9). There are
a number of approximations and methods in literature to solve this problem [15]. In
the work presented in this thesis, the electronic structure problem has been solved
using density functional theory (DFT) as implemented implemented in ASE [16, 17]
and GPAW [18] , with the exception of paper IIl, where the Vienna Ab-initio Simulation
Package (VASP) [19, 20] has been used.

It is worth noting that the methods introduced in the rest of this work depend only
loosely on the choice of the approach to the solution of the electronic structure problem.
As long as the Hellmann-Feynman theorem (2.13) provides a computationally cheap
way of obtaining the forces on the atoms, any electronic structure method could be
used.

In the rest of this chapter, the fundamentals of density functional theory are sketched
and some numerical challenges are discussed. It does not intend to be a thorough
discussion of the topic, but rather an introduction to the properties and challenges that
will be discussed later on in this thesis. For further details, the reader is suggested to
consult any of the many and excellent books and articles on the subject, as for example
[15].

In order to facilitate the reading, the dependence on the degrees of freedom of the
motion of nuclei R has been dropped from the notation in this section.

2.3.1 Density Functional Theory

The solution to the electronic structure problem in equation (2.9) is expressed in terms
of the many body (anti-symmetric) wave function of all electrons (ry;rz; :::;rn,); @n
object that becomes increasingly challenging from the point of view of computations
as the number of electrons in the system N increases. In their foundational paper
from 1964, Hohenberg and Kohn [8] showed that the solution to the electronic struc-
ture problem can be fully characterized by the ground-state electronic density ne(r) (a
function of three variables) and proved that a variational principle exists for the ground
state energy in terms of trial densities.

Based on this, Kohn and Sham proposed a practical way to efficiently solve the elec-
tronic structure problem in 1965 [9]. One can introduce an auxiliary system of non-
interactig electrons under an external single particle potential vs(r) that needs to be
determined so that the solution to non-iteracting problem (i.e. its ground state den-
sity ng(r) and energy ") matches the solution of the original problem. The differential
equation for the non-interacting system can then be decoupled into a system of single
particle differential equations, called Kohn-Sham equations:/

%l’2+vs(|') i) =i 7i(r); (2.14)

where ”; are the single particle wave functions (or Kohn-Sham orbitals) and ; are the
single particle energies (or Kohn-Sham energies).
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It is easy to show that the single-electron reference potential vs(r) introduced in equa-
tion (2.14) can be written as:

ne(ro) 0 Exc [Ne]
ke ik T o)

Vs(r) = Vext(r) + (2.15)

where veyt is the single-electron external potential each electron feels (i.e. the potential
created by the nuclei in equation (2.3)), the second term is the potential caused by
the average electronic distribution represented by the density ne(r), and Ey.(r) is the
exchange-correlation functional, which is discussed in Section 2.3.2.

Thus, given an expression for the exchange-correlation functional E., the Kohn-Sham
equations (2.14) can be solved numerically to find the total energy " and the density
ne of the interacting system, as functions of the Kohn-Sham energies:

= 0 (2.16)

and orbitals

Dot
ne(r) = jZi(j*: (2.17)

i=1

These equations provide a framework for computing the total energy of the electronic
structure problem for a particular configuration of the nuclei R that can then be used, as
it has been mentioned before, to obtain the potential energy surface and its derivatives,
the main object of interest in this thesis.

The quality of the description of the potential energy surface provided by the DFT
depends on two crucial factors: the level of approximation in the exchange-correlation
potential and the details of the numerical implementation of the solution to the Kohn-
Sham equations. In the following, these two factors are briefly discussed, highlighting
the main choices for the PES models presented in the rest of this thesis along with the
arising potential challenges.

2.3.2 Exchange-correlation

Despite of the fact that the density functional theory framework shows that a universal
exchange-correlation functional exists so that the density solution to the Kohn-Sham
matches exactly the density of the electronic structure problem (equation (2.9)), the ex-
act exchange-correlation potential is not known. Practical calculations of the electronic
structure of atomic systems use approximations to model the exchange correlation
functional in order to approximate the value of physical quantities.

There is a vast number of approximations or exchange correlation functionals in litera-
ture (see, for example, the review presented [15], chapter 5), and it is still an ongoing
research topic. Different approximations require different amounts of computational
resources and are known to estimate different physical quantities at different levels of
accuracy.
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The simplest level of approximation is the local density approximation (or LDA) func-
tional, introduced by Kohn and Sham in their original paper [9]:

Z
Exc[Ne] =  Ne(r) xc[Ne(r)] dr; (2.18)

where the exchange-correlation energy density xc[ne] is obtained from the homoge-
neous electron gas.

The accuracy of LDA functional can be improved by including the gradient of the den-
sity in the exchange-correlation expression, leading to a family of functionals known
as the generalized gradient approximation, or GGA.

The GGA functionals are known to improve the description of binding energies and
bond distances, as compared to the LDA. Thus, in this thesis, the LDA has been
used for method development and different GGA flavors have been used to improve
the description of the physical quantities when necessary. We have used the PBE
(Perdew-Burke-Ehorenhoff) functional [21], probably the best-stablished GGA func-
tional, together with two revised versions: PBEsol [22] for the description of solids and
RPBE [23] for the description of molecules on surfaces.

2.3.3 Numerical solution to the Kohn-Sham equations

The differential equation for the Kohn-Sham orbitals and energies (2.14) is a non- linear
differential equation: it depends on the reference potential vs which in turn depends
on the density through expression (2.15) and the density itself depends on the Kohn-
Sham orbitals, as shown in equation (2.17).

This means that the Kohn-Sham equations need to be solved numerically. Even when
an already existing implementation of a numerical method is used, there are usually a
number of choices that are left to the user, who in turn needs to make a compromise
between the accuracy of the result and its computational cost when making the choice.
In this section, the numerical methods that have been used in this thesis are sketched,
with a particular focus on those aspects that have presented a challenge in the course
of finding the critical points of the potential energy surface.

These equations usually are solved in a self consistent way. A diagram illustrating
the self consistent field (SCF) iteration can be found in Figure 2.2. Starting with an
initial estimate for the Kohn-Sham orbitals, these determine an estimate of the effective
potential vs. Disregarding the dependence of the effective potential on the orbitals, the
Kohn-Sham energies and orbitals can then be found by solving the linear eigenvalue
problem in equation (2.14). The new estimate of the orbitals result in a new potential,
closing the loop. The iteration continues until the estimates of the change between
two steps of the quantities of physical interest, such as the total electronic energy ™,
the forces on the atoms f and the electronic density ne, falls under a given threshold.

The first step in solving the linear eigenvalue problem is discretization: this is, in order
to solve the differential equation, solutions must be represented in some way. As an
example, the work presented in this thesis, plane wave basis and linear combination of
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Figure 2.2: Diagram illustrating the self consistent field iteration, the procedure used
to solve the Kohn-Sham equations. The method takes an initial estimate of the Kohn-
Sham orbitals as an input and returns the electronic energy ", the forces on the atoms
f and the electronic density ne as an output.

orbitals [24] have been used. The discretization of the wave function into a basis set in-
volves an approximation, and for this reason, it must be treated carefully to ensure the
results of the electronic structure calculation are converged enough to represent the
target property with enough accuracy. This can be achieved by tuning the parameters
most basis sets involve to reach a good compromise between accuracy and compu-
tational speed. An example of a potential source of error is the egg-box effect [25], in
which the fact that the wave functions are represented by a fixed grid can lead to the
break of the translation symmetry when the nuclei are translated with respect to the
grid.

Since the Kohn-Sham orbitals need to be orthogonal functions to each other, the wave
functions in the core regions, i.e., close to the nuclei, are usually highly oscillatory, and
thus, difficult to discretize (their representation would involve large basis sets).

A common way to deal with this problem is known as the projector augmented-wave
method (PAW) [18, 26], where the implementation avoids working with core electrons
and work only with a modified representation of the valence wave functions that is is
smooth everywhere. The modified wave functions only differ from original ones in an
augmentation sphere around each nuclei but match exactly outside of the spheres.
This method allows one to solve the Kohn-Sham problem with smaller basis set sizes,
improving both accuracy and computational speed. For algorithms navigating PES
it is important to take into consideration that the PAW method breaks if the spheres
overlap too much, therefore, it should be avoided placing the atoms too close. Some
implementations, like GPAW, raise an error message in these situations.

Solving the linear eigenvalue problem for the single particle Hamiltonian in the Kohn-
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Sham equation (also called diagonalization of the Hamiltonian) is typically the most
computationally expensive part of any density functional theory code. Even though
some methods with lower scalings exist in literature [27, 28], density functional the-
ory codes typically exhibit cubic scaling of the computational time with the number of
orbitals to be computed O(N2) [13], which comes as a consequence of the code nu-
merically enforcing the orthogonality of the Kohn-Sham orbitals. Since the number of
orbitals required in a problem is usually proportional to the number of atoms, the com-
putation time in density functional theory usually scales with the cube of the number
of atoms in the unit cell.

Numerical artifacts stemming from the self consistent field iteration or the choice of
the basis set may produce spurious non-physical behaviour in the potential energy
surface. Itis important to choose the parameters in an electronic structure calculation
in such a way these artifacts are minimized when they are important to the property
that is being modelled.

2.4 Afterword

The approximations and methods introduced in this chapter have enabled researchers
to successfully model, understand and make predictions for a plethora of problems
involving atomic level interactions over the past decades. Despite of this success,
the computational resources necessary to describe many of the systems of interest
remain vast. For instance, the description of the adsorption of a molecule on a surface
typically involves dozens of atoms, and even with a good insight, finding the closest
minimum might require dozens of potential energy calculations involving tens of self
consistent field steps each and hundreds of electrons.

Hence, such calculations are usually run at super-computing facilities and even then
researchers often have to impose limitations to the number of atoms considered, the
number of configurations explored or the level of accuracy used in the exchange cor-
relation description. In the following chapters of this thesis, we discuss and introduce
ways of further reducing the computational cost of the description of atomic systems.
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3 Machine Learning for materials,
molecules and surfaces

The computational tools presented in the previous chapter, combined with the rapid
growth of computer power over the last decades, has allowed the computation of
the properties of millions of materials and molecules worldwide. These calculations
are gathered in large databases, such as OQMD [29, 30], AFLOWLIB [31], Materials
project [32], NOMAD [33] or CMR [34] and C2DB [35, 36]. Often, these calculations are
part of large scale computational screening studies, where the properties of thousands
of materials are computed in order to find candidates for their use in specific applica-
tions. As a result, new materials are discovered every year, and they are added to
open materials repositories.

Since the number of possible materials has been estimated to be around 2 trillion
(a couple of orders of magnitude give or take) [1] and speculating that the number
of possible molecules could yield a similar count, it is clear that new strategies for
materials and molecules discovery would be desirable. The combinatorial nature of
the structure determination (or potential energy optimization) for systems with a large
number of atoms in the unit cell poses a problem of similar nature.

The availability of large scale data together with the current level of computational re-
sources present new opportunities in the field of materials and drug design [37]. Nowa-
days, we are seeing an increase in effort to utilise computers to recognize statistical
patterns in materials databases, that may increase our understanding or allow as to
make faster predictions. In this line, in recent years, many successful examples of ma-
chine learning for materials, molecules and surfaces have been published (see next
section for some examples of references).

In this chapter, the theory behind the machine learning methods in this thesis is dis-
cussed. First, a general discussion of machine learning and supervised learning in par-
ticular as a set of methods is introduced. This is a very broad topic, and the interested
reader is referred to classical books like by Bishop (2006) [38] or Hastie, Tibshirani
and Friedman (2009) [39]. The structure of the section has been inspired by the pre-
sentation in Goodfellow et al., chapter 5 [40]. Then, the two machine learning methods
used in this thesis: neural networks and kernel methods; are reviewed. Finally, the
representation of materials and molecules as an input to the machine learning method
is introduced and its importance is discussed.

3.1 Machine Learning

One of the most widely spread definitions of machine learning was given Thomas
Mitchell in 1997: “A computer program is said to learn from experience E with respect
to some class of tasks T and performance measure P, if its performance at tasks in
T, as measured by P, improves with experience E.” [41]
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The task T is typically any task for which there is no clear way to solve it by a de-
tailed program written by a human, or there is an advantage in not doing so, and can
benefit from the amount and type of existing data. Recently published tasks in the
field of data-driven discovery of materials and molecules include the prediction of the
electronic density n(r) given the structure of a molecule [42], predicting the heat of for-
mation of molecules and materials [43—45] given the positions of their atoms and their
stoichiometries, the development of new exchange-correlation functionals [46—49], the
screening of materials and molecules of solar cell applications given their stoichiome-
tries [50, 51], the generation of computationally fast force-fields to speed up molecular
dynamics simulations [52, 53], among others.

The experience E in the context of materials design is the set of materials whose prop-
erties are already available, also referred to as the training set. This dataset could com-
prise a subset of the materials in some experimental [54] or computational databases
(as mentioned above) [29-36] or could be generated on-the-fly, as the task progresses,
by the requirements of the algorithm itself (known as active learning)).

Depending on the kind of information for each piece of data the computer program is
allowed to use, machine learning algorithms are usually classified into two groups:

unsupervised learning, where each data point is represented by a set of features
and the method’s task is to learn patterns present in the structure of the dataset,
and

supervised learning, where data points are represented by features and targets
and the task of the method is to learn the the mapping from features to targets.

Most methods in this thesis belong to the second type.

The performance measure P depends on the task at hand, but most supervised learn-
ing methods measure the accuracy of the model in some way. Common accuracy
measures of accuracy for supervised methods f mapping n features fx;giL, into n
targets fyigjL, include the mean absolute error (MAE):

P . .
i yi Fxi)j

MAE = - (3.1)
and the root mean square error (RMSE):
P
r ] )2
RMSE — |=1(y| f(xl)) : (32)

n

In real world applications, we are interested on the performance of the program on
unseen data points, as opposed to on the experience presented. In other words, we
are interested on the ability of the model to generalize from experience, and the per-
formance measure P should capture such interest. A common practice is to evaluate
the performance of the method on previously unseen data, known as the test set.

Successful machine learning models will optimize their capacity (that is, their complex-
ity in the sense of the amount of solutions they are able to represent) to obtain good
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Figure 3.1: lllustration of the capacity and the generalization error of machine learning
models for the example of a polynomial fit. The training and test data sets have been
generated assuming the underlying function to be f(x) = (x 1)3+4(x 1/2)2+1+ ,
with representing white noise with standard deviation 0:05. Low degree polynomials
underfit the data (see the linear model in the left panel) while choosing a high enough
degree of the polynomial overfits the data, resulting in a model that goes through all
the points, but does not generalize correctly (see the 13" degree polynomial in the left
panel). A model whose complexity (the degree) is in between generalizes best from
the data. This is shown in the right panel: As the complexity of the model increases,
the error in the training set falls, but the error in the test set shoes a U shape. Models
with low capacities cannot capture the underlying complexity of the data, so they are
biased. Models with high capacity can represent the noise in the data as well as the
actual trends, resulting in models that do not generalize properly (overfiiting). The
training set and the test set in the right panel have been randomly generated and have
20 and 200 points, respectively.

performances on both the training and the test sets. A general trend in machine learn-
ing is that as the capacity of the model increases, the error in the training set decreases,
while the error in the test set exhibits a U shape: low capacities cannot represent the
patterns in the data enough to predict the test set (underfitting) while high capacities
learn the noise in the training set together with the underlying patterns, increasing the
error in the test set (overfitting). The goal when training a machine learning model is
to find a balance between underfitting and overfitting. This problem is illustrated over
the problem of fitting a third order polynomial with noisy data in Figure 3.1.

Many models can be dialed to show preference for the certain solutions, only choosing
the least preferred ones if there is strong evidence in the training set favoring them.
This can be used to reduce the test error while still having a good performance in the
training set. This action is called regularization [40]. A common example is L? norm
regularization, where a penalty is imposed for solutions with large L? norms of the
parameters. For example, in the case of multi-variable linear regression, this prevents
having large weights, producing models that generalize better.

More generally, many machine learning methods have additional parameters that are
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not determined by the learning procedure themselves (any value of them will produce a
learning method) but that determine the behaviour of the algorithm. These are termed
hyperparameters and examples include the degree of the polynomial in a polynomial
regression (see Figure 3.1) or the strength of the penalty in L? regularization. The
hyperparameters of an algorithm can be tuned to obtain better generalization results,
to ensure the model produces better predictions.

Usual practice in the machine learning field proceeds as follows: The parameters of
the machine learning method are optimized to reduce the error in the training set, and
then the machine is tested on yet unseen data. The data set that is not used in the
parameter training but is still used for decision making is termed validation set, and it
is often chosen as a subset of the training set [39].

As the last part of the machine learning definition states, in machine learning applica-
tions the error in the training and the test set should reduce as the training set size
increases. This is usually visualized by representing the error in test set as a function
of the training set size, which is called the learning curve.

For many machine learning problems with noise-free data, the error decays as a power
law of the size of the training set in the limit of large training set sizes [55]. As noted
by Huang and von Lilienfeld [56, 57], such power law becomes a linear relationship in
logarithmic scale:

log (Error) =a hlog(n); (3.3)

where n is the size of the training set. The parameters a and b encode the ability of
the algorithm to extract patterns from data for moderate training set sizes.

The desirable properties of the model include a small off-set and a large negative slope
as well as to continue with the linear trend in a logarithmic scale instead of saturating
to some error as the number of instances in the training set increases. The first prop-
erties, i.e. small a and large b, mean the model will need less instances to achieve the
accuracy necessary for the target application. The smaller the requirement on the size
of the training set the better, since this reduces the computational cost of the training
process, but more importantly it is very often very difficult or impossible to increase the
size of the training set at will (for example, because the training instances are DFT cal-
culations involving many atoms, which can be computationally very expensive). Better
off-sets and slopes can be achieved by incorporating prior information into the model
[56, 58]: enforcing the symmetries instead of having the model learning them [59, 60]
or enforcing a resemblance between the functional form of the model and the target
function: such as using descriptors whose behaviour is similar to the Hamiltonian by
including the appropriate interaction ordering information (that is, explicitly including in-
formation about 2-body, 3-body, etc interactions) [56, 58]. Enforcing symmetries and
target similarity can be achieved by enforcing these properties in the method itself or by
choosing a representation of the elements in the training set that already incorporate
them (see Section 3.4).

Saturating learning curves can become an issue since they may prevent the model
from achieving the required accuracy for the target application. The cause might be
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the presence of noise in the training data: in this case, the error will saturate at the value
comparable to the noise in the training set. However, saturating learning curves can
be found even in noise-free contexts: in this case they are usually due to underfitting:
the model is not flexible enough to fit all the data and it reaches a compromise. A
particularly concerning case is the one of degenerate descriptors (or even models!):
if two physically different inputs are mapped into the same value at any point of the
process, the machine learning method will not be able to distinguish them at all. It is
easy to see this will lead to a saturating learning curve. This issue is further discussed
in Section 3.4.

The concepts introduced in this section are illustrated in the rest of the chapter with
two examples of machine learning methods: neural networks and kernel methods (in
particular, Gaussian processes).

3.2 Neural networks

Neural networks are a class of machine learning algorithms that have been gaining
popularity in recent years. They are very flexible methods, which have proven suc-
cessful in difficult tasks involving the approximation of complex non-linear functions of
complex, multidimensional and often structured inputs [40].

Originally inspired on the way the human brain works, artificial neural networks are
composed of many small and interconnected processing units called neurons or units
[40]. These neurons are often arranged in several layers, allowing for the models to
be very flexible. In most supervised learning applications, the inputs to the network
are regarded as a units to be filled with data and the output of the network is the output
of the last layer of units. The units in the layers in between the input and the output
are called hidden units. As an example of how a typical unit looks, hidden layers in
feed-forward neural networks (a common neural network architecture for supervised
learning) are a parametrized non-linear function of the units in the previous layer of the
form:

hy =g Wlhg 1 +byg (3.4)
where hy and hy ; are the outputs of layers the k-th and the k  1-th layers, W and
b are the weights matrix and the bias vector, and g( ) is a fixed non-linear function (in
the sense that it does not depend on any parameters) non-linear function called the
activation function. Typical examples of activation functions include the rectified linear
unit g(z) = max(0; z) , the sigmoid function or the hyperbolic tangent.

Thus, the representation of complicated non-linear functions is achieved as a convolu-
tion of many layers of linear transformations plus activation functions. The parameters
to the linear transformations Wy and by are then optimized to fit the data. The neural
network is given some input examples that are then used to produce an estimate of
the loss function (that is, the error). The gradient of the loss function is estimated us-
ing the chain rule over all the convolutions with a method known as back propagation.
The lost function is then minimized with a gradient based optimizer to find the optimal
parameters. It is usual to use a stochastic gradient-based optimizer to increase the
chances of reaching the global optimum of the loss function by using the noise to avoid
getting trapped in a local minimum.
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Figure 3.2: Visualization of a message passing neural network for predicting the heat
of formation of materials. The input to the neural network in this case is a graph, whose
nodes (and possibly edges) are encoded by a vector. The state of the nodes and the
vertices is updated by passing messages from its neighbors a number of times. Finally,
the output of the neural network is given by a non-linear read out function, containing
a hidden fully connected layer.

In recent years, neural networks have proven to be successful machine learning meth-
ods for the modelling of structured data, such as images or time series [40]. In Paper I:
Materials property prediction using symmetry-labeled graphs as atomic-position inde-
pendent descriptors, we have taken advantage of the flexibility of these models to use
graphs as descriptors of the instances in the training set (see Section 3.4 for more infor-
mation on this representation). For this purpose, we have used a graph-convolutional
or message passing neural network, that have proven themselves to be very success-
ful in the prediction of the properties of materials and molecules given their graphs [42,
43, 61-63].

Figure 3.2 illustrates the architecture of these kind of artificial neural networks. Mes-
sage passing neural networks are composed of two distinct parts: The message pass-
ing layers and the read out function. Let us consider an input graph for which the
state of its nodes is represented by vectors h 2 RY, and the state of its edges by vec-
tors eS;W, where v and w run over the nodes of the graph. At each message-passing
layer k a message m&*! is received at every node v from the nodes it is connected to,
w 2 N(v):

k+1 — > k.pk.gk .
mk*1 = M, hK hK: ek - (3.5)
wW2N (v)

This message is computed as the message function My( ), which depends on the
current state of the receiving node h¥, its neighbors h¥, and the edges connecting
them ek.,, .

Then, the receiving node v updates is state using the state transition function Sy (),
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which is a non-linear function of its current state and the message received:
hk*1 =g hK;mk+1 . (3.6)

It is also possible to update the state of the edges accordingly, by using the edge
update function Ex () and the states of the edge and the nodes it connects:

et = Ex(hl; hy; ek, (3.7)

The output of the layer is, thus, a new graph, where the states of the nodes and edges
have been updated. Itis usual to concatenate several message passing layers, so that
the state of each node “learns” the properties of its surroundings. Finally, the updated
state of the graph is used to predict the output of the neural network y, modelled as
some read out function R( ) of the stats of all the nodes fh, g in the graph G:

y = R (fhy 2 Gg): (3.8)

In general, the underlying functions My, Sk, Ex and R will be non-linear functions, and
can be parametrized as one or several convoluted units in the form of 3.4. In this way,
message passing neural networks are able to learn a vectorial representation of the in-
formation displayed as a graph that best predicts the target in a flexible “all-in-one” way.

The flexibility of neural network models results in a universal approximation framework:
provided enough hidden layers are used, a neural network is able to approximate any
non-linear function [39, 40]. This flexibility, however, comes at a cost. The complex-
ity of most neural network models makes them difficult to interpret, since inputs are
processed multiple times by different non-linear units. Often, the result of the fit is
some sort of black box, from which good predictions can be extracted but no further
conclusions can be inferred.

This flexibility also means that the size of the training set size that is needed to produce
small generalization errors is large compared to other methods. As a consequence,
neural networks also often turn out to be computationally demanding to train (despite
it being fast to evaluate).

3.3 Kernel methods

The central characteristic of these methods is the use of a function of two points in
the input space called the kernel: x;x” 2 RY, k(x;x") : R¢ RY ¥ R. This function
encodes a non-linear transformation of the arguments and an inner product of the result
in the transformed space, even though the functional form of the transformation might
not be explicitly available. This characteristic allows to use complicated non-linear
transformations of the arguments. By regarding the kernel as a similarity measure
between two points in input space, these methods provide a flexible non-linear way of
interpolation.
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Kernel methods can be used to generalize linear regression of non-linearly trans-
formed arguments, in a method called the kernel ridge regression. The basic equation
for kernel ridge regression reads [38]:

X
f(x) = iK(X; xi): (3.9)
i=1
Note that since kernel ridge regression has many parameters ; as points in the train-
ing set x;, itis possible for the prediction f(x) to go through all the points in the absence
of regularization.

The coefficients j in equation (3.9) can be expressed in matrix form as follows. Let

X = (x1;X2;:::;Xn) denote the design matrix and let us define k(x; X) = (k(x;x1);

k(x; x2); 110 k(x; X)) and k(X; x) = (k(x,X)) . Let k(X; X) denote the Gram matrix:
(@]

k(x1;x1) K(xg;x2) o0 k(xq; Xn)
g K(X2;x1)  K(x2;x2) it k(XZ,Xn) E
k(X;X) = : : , (3.10)
KOix) KOnixa) + K xn)

Since the kernel function is in fact the result of an inner product in a transformed space,
the Gram matrix is the matrix collecting the inner products of a basis, in this case,
of the points in the training set used as vector basis, hence the name of this matrix.
Consequently, as it follows from the basic properties of inner products, the Gram matrix
k(X; X) must be symmetric and positive (semi-)definite’.

The prediction of the kernel ridge regression method can them be written as:
f(x)=k(x;X)C ly (3.11)

where 'y = (y1;¥2;:::;¥n), C is the regularized Gram matrix, C = k(X;X) + 21, s
the regularization and 1 is the identity matrix.

The prediction in equation (3.11) can be obtained from a different point of view: in the
Bayesian framework, this equation can be interpreted as the average prediction of a
Gaussian process regression (GPR).

In Gaussian process regression, the model for the data is a stochastic process with
label x, which assumes that all the variables f(x) are given by a multi-dimensional
Gaussian distribution. Hence, the model is a probability distribution over functions of
x and it is fully specified by a mean function of x and a covariance function of x and x’.

In this Bayesian framework, a prior probability distribution over function space before
any data is presented is assumed. If the prior distribution is assumed to be Gaussian,
it can be fully specified by its mean function, m(x), also called the prior function and
its covariance function, k(x; x%), also called the kernel:

p(F) = N (m(x); k(x; x%)): (3.12)

1These two characteristics (k(X; X) being symmetric and positive (semi-)definite), become very handy
when debugging the implementation of kernels that include derivatives.
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As for the Bayesian likelihood p(yjf (X)), that is, the probability of the targets y if the
model f is assumed to be true, the usual assumption is taken: observations are inde-
pendent and each observation is distributed as a Gaussian distribution p(y;jf(x)) =
N (f(x;); 2) around the prediction with variance 2, which models the noise in the
data.

The posterior probability p(fjy; X), that is, the probability of the model’s output given
the training data, can be obtained from Bayes theorem:

p(Fjy; X) 7 p(yif (X))p(f): (3.13)

It is easy to see that the posterior probability will be a Gaussian process itself (i.e. a
set of Gaussian distributed random variables labelled by the continuous variable x),
hence the name of the machine learning method. It can be shown that the mean of
the Gaussian process is the function [38, 64]:

(x) =mX) +k(;X)C t(y m(X)) (3.14)
and the variance at a given point x is:

2(x) = k(x;x) k(x;X) C *k(X;x): (3.15)

Thus, the predictions of the Gaussian process regression are determined exclusively
by the data X and y, the prior expectations of the user on the value m(x) and the
correlation model between points k(x; x’), as well as the noise value ,,. An example
of Gaussian process regression can be found in Figure 3.3.

Itis interesting to note that the equation for the average prediction of the Gaussian pro-
cess (3.14) recovers the expression for the prediction of kernel ridge regression (3.11)
when m(x) = 0, exposing the connection between the two methods. The Bayesian
framework offers, in addition to the prediction provided by the kernel ridge regression,
a measure of the uncertainty on the prediction, since the variance ?(x) can be used to
obtain a range of likely values of the prediction. We note that the uncertainty depends
only on the distribution of the data and the prior assumption on the correlation function
between points, being a measure of how correlated the test point x to the training set
according to the kernel function k.

The Bayesian approach in Gaussian process regression also provides a way to build
better models. It is usual to encode the prior assumptions in a flexible way by consid-
ering a family of prior and kernel functions that depend on a set of hyperparameters,
rather than by fixed functions. The hyperparameters of the Gaussian process , which
may include the regularization |, in addition to the hyperparameters in the prior and
the kernel, can be determined by maximizing the marginal likelihood [64]:

. 1 1 n
logp(yj ;X)= 5(y m)'C (y m) >logdet(C) 5log2:  (3.16)

where m = m(X). Gaussian process are one of the few machine learning methods for
which not only an analytic closed expression is available for the marginal likelihood, but
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Figure 3.3: Example of Gaussian process regression. The left panel shows the prior
probability distribution before any data is known by the model and the right panel shows
the posterior distribution, i.e. the fit to the data. The blue line shows the average pre-
diction and the shaded area, the uncertainty. A prior constant function has been used,
together with the squared exponential kernel as a function of Cartesian coordinates
(see Chapter 5 for details). The hyperparameters used to build the probability distribu-
tions in both panels have been obtained by maximizing the marginal likelihood.

also for its partial derivatives with respect to the hyperparameters [64], allowing to find
the optimal values of the hyperparameters by optimizing the marginal likelihood with a
gradient-based optimizer (see Chapter 4) instead of falling back to cross-validation.

Furthermore, in the context of Gaussian process regression for materials and molecules,
itis usual to use a descriptor or fingerprint for each point (see Section 3.4), which might
be a family of non-linear transformations x = %(z; ¢,) of some simpler descriptor z and
some hyperparameters j,. Since the kernel is a non-linear transformation, one can
regard the kernel as a function in the space of the simpler descriptor k(%(z); %(z")) and
see the hyperarameters of the fingerprint ¢, as hyperparameters of the kernel. In this
way, the Bayesian approach can be used also to determine the hyperparameters of
the fingerprint that describe the target best.

The Bayesian connection and the access to analytical expressions to compute quanti-
ties of interest such as the uncertainty or the optimal hyperparameters make the Gaus-
sian process regression a method that is easily interpretable. The appropriate choice
of a kernel function can be used to enforce the prior knowledge on the data in a clear
and often unbiased way, easing the learning process.

The main drawback of this method is, however, the poor scaling with the size of the
training set. Equations (3.11), (3.14), (3.15) and (3.16) involve the inverse of C. Since
C has n? entries, the computational cost of solving the linear algebra problem typi-
cally scales cubically with the size of the training set size O(n®) (at least, if the usual
Cholesky factorization is used [65]) and the cost of storing the matrix scales quadrat-
ically wit the size of the training set O(n?) [64]. As a consequence, the cost of these
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methods becomes prohibitively expensive for large data sets.

3.4 Descriptors and fingerprints

So far in this chapter, the methods that have been used to generalize from atomic
structure calculations have been introduced. However, the choice of the shape of the
input into such methods is of similar importance as the choice of the method itself when
machine learning models are built.

However, for most tasks in computational materials science and chemistry, the choice
of the input is not straightforward. As discussed in Section 3.1, a good descriptor can
reduce the number of examples needed for training, while a bad one can prevent the
model from reaching the target accuracy.

One can think of many of the descriptors presented in literature as “foldings” of the
input space (as described, for example, with Cartesian coordinates) that map physi-
cally equivalent regions into each other. This way a large number of regions can be
described with less examples by the subsequent machine learning model, which will
generalize non-locally in the input space.

It is crucial that the mapping into the same region only happens for configurations
that are physically equivalent. The wish list of properties of a good atomic descriptor
includes the following [66—69]:

1. complete: The descriptor should include all the information necessary to model
the targets. Failure to comply with this requirement will result in underfitting.

2. non degenerate: Two physically distinct atomic structures should have differ-
ent descriptors. Otherwise, the machine learning method will interpret the differ-
ences in the target values as noise in the data.

3. unique: Physically equivalent configurations should have the same descriptor:
descriptors should be invariant under rigid translations or rotations of the full
system, under the transformations in the point group of the molecule or the space
group of the material and under the permutation of the indexing of two atoms of
the same species.

4. descriptive: Similar structures should have similar descriptors. In this sense, it
would also be desirable the descriptors were continuous (since discontinuities in
the descriptor may propagate through the machine learning algorithm to produce
discontinuous predictions of physical properties) and compact, that is, introduc-
ing the minimum amount of redundant unnecessary features.

5. computationally efficient: Otherwise, it might be faster and more accurate to run
the electronic structure calculation instead.

6. general: They should be applicable to many different atomic systems instead of
being system specific, making the learning transferable. In addition, being useful
to model more than a single property of the material is a beneficial property of
descriptors.
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The first two properties are fundamental to any representation: if the descriptor is not
complete and non degenerate, the machine learning model may not be able to extract
all the patterns present in the underlying data because of the biased representation.
The relevance of the other properties may depend on the machine learning algorithm
used for the purpose and the target application. For example, the application could use
a machine learning algorithm that is invariant under a certain symmetry transformation
instead of enforcing the symmetry on the fingerprint, or the descriptor of the atomic
structure used may be computationally expensive and not transferable (i.e. general)
in an application for which no deterministic algorithm is known.

There is an increasing amount of descriptors for atomic structures, be it molecules,
materials or both; proposed in literature, along with an also large number of descrip-
tors of other inputs (such as the density of states) relevant for molecular and materials
science. Among the more popular fingerprints one finds the Coulomb matrix [70], the
bag-of-bonds descriptor [71], the Many Body Tensor Representation (MBTR) [67], the
Oganov-Valle fingerprint [72], the Behler-Parrinello Atom-Centered Symmetry Func-
tions (ACSF) [73] or the Smooth Overlap of Atomic Potentials (SOAP) [68]. These
and many other fingerprints have also been benchmarked against each other [69, 74,
75] and compiled into libraries [69].

In the following, the descriptors used in this thesis are discussed. First, the Carte-
sian coordinates, one of the simplest atomic descriptors, is discussed, followed by
the Oganov fingerprint (a vectorial fingerprint) and the quotient graph of a material, of
non-vectorial nature.

3.4.1 Cartesian atomic coordinates as a descriptor

One of the simplest descriptors of the structure of materials and molecules is the po-
sitions of the atoms in Cartesian coordinates. A simple way of obtaining a vectorial
input is to map all the atomic positions into a unit cell and then concatenate them, so
that the descriptor x becomes:

Xx=(R1;Rz;:::;RN); (3.17)

where Rj is the position in Cartesian coordinates of the i th atom and N is the number
of atoms in the unit cell.

It is easy to see from the Hamiltonian of the atomic problem (2.10) that the Cartesian
coordinates as a descriptor is already complete, i.e. it contains all the information we
might need, if the system is not periodic or if the lattice vectors are kept fixed. For
periodic systems, it suffices to add the lattice vectors at the end of the array to achieve
completeness. It is also non-degenerate, in the sense that it can distinguish physically
different configurations.

The main drawback of the Cartesian coordinates as descriptor is the absence of invari-
ance under symmetries: the same physical configuration has infinitely many descrip-
tors associated to all the possible translations and rotations of the reference frame.
However, their simplicity, computationally efficiency and general good behaviour make
them a frequent choice in some contexts, specially when describing local neighbor-
hoods of the PES.
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Figure 3.4: The modified Oganov fingerprint for TiO,. The x axis shows the vector
index and the y axis the value of that index in arbitrary units. The labels on the plot
indicate if the index corresponds to the radial or the angular distribution and the atomic
species involved. The values of the parameters are described in paper V. Figure cour-
tesy of Sami Kaappa.

The Cartesian coordinates have been used in Papers Il, lll and IV in this thesis. As
noted in Paper IV Machine Learning with bond information for local structure optimiza-
tions in surface science, the use of Cartesian coordinates in combination with an in-
variant kernel can still result in a machine learning method that enforces certain sym-
metries, such as the translation invariance.

3.4.2 Modified Oganov fingerprint

In Paper V Global optimization of atomic structures with gradient-enhanced Gaussian
process regression we have used an extension to the fingerprint developed by Oganov
and Valle [72] (from here on, it is referred as modified Oganov fingerprint). The finger-
print for a given atomic structure used there can be seen as a concatenation of the
radial fingerprints and angular fingerprints.

The radial part of the modified Oganov fingerprint R for atomic species A and B is

the vector:
= X g ir rizifr2 & "
as(r) = — T (rij) (3.18)
. ij
138

where i and j run over atoms in the atomic structure of the atomic species A and B,
rij is the distance between atoms i and j, r is a smearing parameter and fRis the
radial cutoff function that goes to zero for some finite value of its argument, ensuring
the sum is finite. r is a “sample” interatomic distance that acts as an indexing for the

R
vector Rg.
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The angular part of the modified Oganov fingerprint ,gc as a function of the indexing
angle reads: >
— i ijki?/2 2 . N
asc()= e 1 e (rij) T (rj): (3.19)
i2A
j2B
k2C
Similarly, i, j and k run over the atoms in species A, B and C, jx is the angle between
atoms i, jandk, isthe the angular smearing parameter and f; is the angular cutoff
function.

The two cutoff functions R and f, , that avoid introducing into the fingerprint terms
where the interatomic distance r;; is large, have been chosen as a piece-wise polyno-
mial: 8

= . v +1

1 @ )R—C +  Rr whenr R.

fo(r) = _ (3.20)
=0

when r > R,

and depend on two different parameters, the cutoff radius R; and the degree of the
polynomial , that need to be optimized separately in the radial and angular case to
obtain the best representation. We have chosen to use a degree of the polynomial

= 2in the radial part in order to compensate for the r 2 decay in the radial fingerprint
and = 0:5in the angular part to ensure a smooth decay.

Combining all together, for an atomic structure with A;B;:::; X atomic species, the
modified Oganov fingerprint reads:
= (Rt A AXG BAITTT Xx
AAAT AABi -t 1 AAX) ABAj -ty XXX) (3.21)

An illustration of the modified Oganov fingerprint for TiO, is shown in Figure 3.4.

Since it only depends on the atomic positions through the interatomic distance and the
angles between them, the modified Oganov fingerprint is invariant under translations
and under rotations and reflections of the frame of reference (group SO(3)).

The modified Oganov fingerprint is also invariant under permutations of the labelling
of the atoms of the same species: the functional form of expressions (3.18) and (3.19)
as weighted sums of Gaussian functions of the interatomic distances results in this
characteristic.

3.4.3 Voronoi tessellation and quotient graphs

It is also possible to use non-vectorial representations of materials and molecules. In
fact, it could be argued that a graph structure where the atoms are represented by the
nodes of the graph and the edges stand for the bonds between atoms may be a more
natural way to encode the topology of an atomic structure. The graph can be used,
then, by a message-passing neural network algorithm to predict the properties of the
material (see Section 3.2), as it has been shown in recent publications [44, 61, 63, 76,
77].

Graph representations have been extensively used as molecular representations, where
the conversion of the structure into nodes and edges results more natural. However,
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Figure 3.5: Voronoi tessellation of the two dimensional tetragonal lattice with and with-
out noisy inputs. The points are shown in blue and their Voronoi cells are depicted with
lines. The Voronoi cells for the tetragonal lattice have squared shape, as shown in the
left panel. Adding white noise to the positions, as shown in the right panel, introduces
small faces in the resulting Voronoi cells. The original noise-free positions are also
shown in the right panel in lighter bigger circles for visual reference.

the question of whether two atoms should be connected or not by bond turns out to be
more challenging in the context of defining the representation of materials.

A possibility is to use a Voronoi tessellation of the space to define which atoms should
be connected to each other in a systematic way. Given a set of reference points (in
this case, the atomic positions), the Voronoi tessellation is a partitioning of the space
that assigns to each reference point all the points in the space that are closer to it
than to any other reference point. When the Euclidean norm is used in the three di-
mensional space, the Voronoi tessellation defines a polyhedron centered at each atom
whose faces result from the intersection between all the bisector planes to the lines
connecting the central atom to all its neighbors. We note that the tessels that result
from this construction correspond to the Wigner-Seitz cell [78, 79] for structures with
a single atom in the unit cell, since the Wigner-Seitz cell is also a Voronoi tesselation.
The construction of the Voronoi tessellation for the 2d tetragonal lattice is illustrated in
Figure 3.5 and the tessellation for BaSnQOs is illustrated in Figure 3.6(b).

The Voronoi tessellation is then used to define a graph: Each atom is assigned a
node and two nodes are connected by an edge if the Voronoi cells of their parent
atoms share a face. This representation has the advantage of being invariant under
translations and rotations, but however, it has the disadvantage of being very sensitive
to noise in the atomic positions [80].

Asiillustrated in Figure 3.5, small changes in the position of the atoms might result in the
creation of small spurious faces. Malins et al. [80] have proposed disregarding those
connections between two atoms where the two atoms share a face but the line between
them does not intersect them, while Isayev et al. [81] have proposed to consider only
those bonds that are shorter than the sum of the Cordero covalent radii [82] plus a
tolerance to alleviate this problem. Another solution, which we propose in Paper |, is
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(a) Atomic structure
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(b) Voronoi tesellation (c) Quotient graph

Figure 3.6: Computation of the symmetry-labelled quotient graph from the atomic struc-
ture of BaSnOgs, in the perovskite structure. Given an atomic structure (a), the Voronoi
tessellation using the atomic positions as centers is computed (b). Subfigure (b) shows
a depiction of the resulting polyhedra, where additional spacing between faces has
been introduced to improve visualization. The atomic symbol indicates the species of
the atom in the center of the polyhedron and the colors of the faces indicate the atomic
species of the neighbor the face is shared with. The Voronoi tessellation is used to
obtain the quotient graph (c): each atom in the atomic structure is assigned a node
and the nodes corresponding to two atoms are connected with an edge if they share
a face in the Voronoi tessellation. In panel (c) the edges of the graph have been la-
belled according to the symmetry group of the Voronoi face. Source: Paper I: Materials
property prediction without atomic positions using graph neural networks.

to only consider the connections defined by “large” faces, those for which the solid
angle defined by that face is larger than some threshold. Additionally, we show this is
a robust scheme, since the prediction of the heat of formation of the message-passing
neural network seems to be robust under small changes of this threshold when it is
trained on OQMD [30].
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Since the number of atoms in a crystal is infinite, the procedure described above pro-
duces infinite graphs, that is, graphs that have infinitely many nodes. It is possible to
obtain a finite representation of the graph, known as quotient graph [83], by choosing
as nodes of the quotient graph the atoms in the irreducible unit cell. Likewise, every
connection between a pair of nodes in the infinite graph is then mapped to an edge
between the two nodes of the quotient graph that represent the two unit cell atoms the
original atoms can be mapped into by a lattice translation. It might happen that two
nodes that share an edge in the infinite graph are mapped into the same node in the
same quotient graph. The edge then becomes a loop connecting the atom to itself.
Thus, the quotient graph for gold in the face centered cubic structure results in a gold
node with 12 connections to itself, for example.

The full method for obtaining the quotient graph from the atomic structure followed
in Paper I: Materials property prediction without atomic positions using graph neural
networks, is illustrated in Figure 3.6 for the perovskite structure of BaSnOs.

The advantages of this descriptor, as mentioned above, include the translation and
rotation invariance that are inherent to the Voronoi tessellation. Additionally, when
used in combination with the message-passing neural network, the method is also
invariant under permutations of the atoms of the same species.

More over, this construction is invariant under changes of scale if no additional la-
bels are added. This characteristic makes it possible to use the Voronoi tessellation
quotient graphs to represent abstract atomic structures or prototypes by not including
information about the interatomic distances.

However, the quotient graph representation that only involves the connectivity and the
atomic species has the drawback of being degenerate: physically distinct structures
may have the same decriptor. As a counterexample, it is easy to see that the hexag-
onal close-packed and the face centered structure, both having 12 nearest neighbors
collapse into the same representation when the permutation invariance is enforced by
the machine learning method. Klee [84] provides further examples of sets of different
structures that are described by the same quotient graph and proposes how symme-
try may alleviate this drawback. Consequently, machine learning methods based on
quotient graph connectivity solely will not be able to reduce the training error further
than the energy difference between pairs of structures with the same representation:
i.e. it cannot be expected that the error on gold face centered cubic to be smaller than
half of the energy difference between the fcc and the hcp structures if hcp structures
are also included on the training set.

For the prediction of the heat of formation, the connectivity only quotient graphs are
also not complete representations. Since the potential energy of the atoms includes a
Coulomb repulsion potential, it is easy to see that a change in the scale of the crystal
structure will also change its energy. In this way, the invariance under changes of scale
of the representation becomes a blessing and a curse at the same time: it enables to
make predictions directly on prototypes of structures, but it must be used with caution,
knowing that the machine learning method will never be able to go beyond certain
accuracy.
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4 Optimization of atomic structures

The minima of the potential energy surface are of greatimportance to materials science
and molecular physics research, as discussed in Chapter 2. Given the complicated
nature of the ab-initio (from electronic structure calculations) potential energy surface,
its optimization usually requires the use of a numerical method.

There are many numerical methods for optimization proposed in literature [12, 85]. Itis
important to choose an adequate method for the problem at hand that makes the most
of the information available and is able to solve it fast. In the optimization of potential
energy surfaces, the high computational cost of each energy/force evaluation makes
makes it important to reduce the number of such evaluations to the minimum in order
to reduce the computational cost of the optimization method.

In this chapter, some of the most common approaches for optimization used on poten-
tial energy surfaces are introduced.

4.1 Local optimization

Local optimization methods are numerical methods that do not directly attempt to find
the global minimum, but just aim to find an atomic configuration whose potential energy
surface is lower than the surroundings [86]. Given that, in general, the potential energy
surface is not a convex function of the positions of the atoms’, a local optimization
method will not find the global minimum, but rather a local one.

The most commonly used methods address the problem in a iterative manner: starting
from a initial configuration they take a series of steps aiming to reduce the energy
compared to the previous steps until they reach convergence to a given configuration.
Most implementations of local optimizers on potential energy surfaces, including those
in ASE [16, 17], terminate the iteration when all the forces on the atoms fall below a
predefined threshold. In other words, the stopping criterion for local optimizers is given
by:

h  max jfij; (4.1)

i2atoms

where h is the threshold for convergence and the right hand side of the inequality is
the maximum of the modulus of the force among the atoms in the unit cell.

The size of the step taken by the optimization method at each iteration is one of the
main indicators of its computational cost. Large steps typically may resultin a reduction
of the number of iterations needed to reach convergence, reducing the computational
cost by reducing the number of expensive ab-initio calculations. However, too large

"It is said that a function f is convex if its domain is convex and for any two points x and y in the domain
of f, T satisfies:
fax+ (@1 a)y) af(x) @@ a)f(y) for all a 2 [0; 1]:

The domain is said to be convex if the straight line connecting any two points in the set also lies in the set
[86].
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Figure 4.1: lllustration of the direction of the force for potential energy surfaces that
are isotropic (left panel) or anisotropic (right panel) around the minimum (marked with
a cross). The curves show the level sets. When the curvature around the minimum is
similar in all directions, the force points towards the best direction for a local optimiza-
tion step. However, in poorly scaled problems where the curvature is very different in
two directions, the direction of the force might not lead to the minimum.

steps may reduce the robustness of the method, since the algorithm might get con-
fused and not perform well depending on the details of the potential energy surface. In
the following, the strategies to control the computational cost used by the most popular
local optimization algorithms are reviewed.

411 The gradient

The use of a gradient based optimization method is very advisable for atomic structure
optimization problems. By virtue of the Hellmann-Feynman theorem (2.13), the gradi-
ents of the potential energy surface come at little additional computational overhead
when the energy values are computed. The use of the gradient information in the local
optimization usually reduces the number of steps needed to find the potential energy
minimum, reducing the overall computational cost.

The gradient provides with the direction along which the energy is decreasing the
fastest, and thus it would seem like the most obvious choice for the direction of the
step. However, it is worth noting that under many circumstances, just following the
direction of the forces to find the minimum (known as gradient descent method [86])
leads to many optimization steps.

In some systems, the curvature of the potential energy surface in some direction is
larger than the curvature in a different direction by several orders of magnitude. This
can happen, for example, when in a system presents bonds with very different degrees
of stiffness, such as a molecule loosely bonded to a metallic surface. This situation
is known as a poorly scaled optimization problem, and it can cause difficulties to con-
verge to certain algorithms, such as to gradient descent. In poorly scaled problems,
the forces do not point, in general, towards the minimum: as a consequence, gradient
descent trajectories inefficiently zigzag their way towards the minimum. An illustration
of this phenomenon can be found in figure 4.1.
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The problem of the scaling in atomic structures with different types of bonds is central
to the local optimization of potential energy surfaces. In the following sections, some
of the most common methods addressing this question are presented.

Before moving forward, let us review some properties of the algorithms and the solu-
tions they find.

A point x is said to be a stationary point of the objective function E(x) if it has zero
force f = 0. We note that such points are called stationary points since the algorithm
will stop its iteration and consider that convergence to a solution has been reached. It
is important to note that, even though all local minima of a smooth potential energy sur-
face are stationary points, the converse is not true, since saddle points and maximum
points also fall in this category. Local optimizers usually converge to a local minimum
or saddle point in the same basin as the initial configuration.

Arelated and important concept is that of global convergence: A local optimization iter-
ative method is said to be globally convergent if it generates a sequence of points that
converges to a stationary point from any given initial point, [86], this is, the sequence
of forces fulfills:
lim kfck =0: (4.2)
k¥ 1

This is a robustness requirement for any optimization algorithm: if a method is globally
convergent, it will find a solution starting from any initial structure.

However, global convergence is not the only important requirement for a good opti-
mization method, since a method might be guaranteed to find the solution but might
also require a large number of DFT evaluations to find it. For this reason, it is important
to study the reduction of the distance to the minimum or the reduction of the magnitude
of the gradient with each step when the starting point is in the neighborhood of the min-
imum. This property is called convergence rate (also referred to as local convergence).
A usual form to express the convergence rate of an iterative algorithm to a stationary
point x is by showing that the method reduces the error in each step, leading to an
expression in the following form:

kxke1 X ko Lkxe x kP; (4.3)

where L is a positive constant and p is the convergence rate. If p = 1, the method is
said to have linear convergence, ifitis p = 2, the method has quadratic convergence.

4.1.2 Newton and Quasi Newton Methods

A way to correct for the difference in curvature along different directions is to use infor-
mation about the second order derivatives of the potential energy surface. Itis possible
to use the second order Taylor approximation around the current configuration x :

1
E(xk +p) Ex p'fic+ EPTHkP; (4.4)

to find the step with the optimal direction p within this model:

p = H, i (4.5)
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Here, Ek, fk and Hy are the energy, the force and the Hessian matrix at xx. A local
optimizer using a second order model like (4.4) of the potential energy surface to guide
the search for the minimum is called a Newton method, and the direction defined in
expression (4.5) is called the Newton direction.

It is easy to see how the Newton method solves the scaling problem, specially, in
the neighborhood of a minimum. Moreover, Newton methods are often globally con-
vergent (provided that the Hessian matrix is not ill-conditioned) and usually exhibit
quadratic local convergence rate towards the minimum [86]. However, Newton meth-
ods have the drawback that they require the knowledge of the Hessian matrix at every
step. Since the Hessian of a potential energy surface must be computed using finite
difference methods (as explained in Section 2.2.1), the computational cost of Newton
methods makes them unpractical for most atomic systems.

A possibility is to substitute the Hessian matrix Hy in equations (4.5) and (4.4) for an
approximation to it Bx. A common practice is to start with an initial estimation of the
Hessian (by using finite differences [12, 87] or by choosing an initial estimation of the
Hessian matrix that is proportional to the identity, Bo / 1) and then to update this initial
estimation along the way with the force and the energy information:

Bk+1 = Bk + F(Bx; Xk+1;  fir1) (4.6)

where f is a function of the previous estimation of the Hessian matrix Bx and the
difference between the atomic coordinates Xyx+1 = Xk+1 Xk and the forces 1 =
fu+1 fx of the previous step. Local optimization methods that proceed in this way
are called quasi-Newton methods, and they have been extensively used in potential
energy surface optimization [12, 13]. Probably, the most used expression of the form
of equation (4.6) is the Broyden, Fletcher, Goldfarb and Shano (BFGS) formula (4.8),
that will be discussed later, but it is noteworthy that several of these expressions have
been proposed in literature [86, 88, 89].

Once one has a local model such as the one presented in equation (4.4), there are
two families of strategies to build an iterative method that leads to the minimum: line
search methods and trust region methods [86].

As noted above, Newton and quasi-Newton methods provide with a preferential optimal
direction, (4.5) (if the Hessian is positive definite, as we will discuss below). The line
search method for local optimization then proposes a step along this direction,

Xk+1 = Xk +  kPk; (4.7)

where | is known as the step length. Once fixed the direction, the step length ¢
has to be determined so that the step results effective: the algorithm minimizes the
function along the line of choice, hence the name.

In order to reduce the number of DFT calculations needed in the line search, meth-
ods often take a new step if the new point xx+1 is suitable instead of aiming for the
exact line minimization [90]. Starting with , = 1 (which leads to the minimum of the
Taylor expansion), approximate line search methods accept or reject a step size
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if the resulting point fulfills two conditions: a sufficient decrease condition, ensuring
that the step was long enough to produce enough decrease of the energy and a cur-
vature condition, that requires sufficient change of the projection of the force along the
direction of search, preventing very small steps [86]. If the point does not satisfy one
of these conditions, a new point is generated until a point fulfilling both conditions is
found. These conditions ensure the global convergence of a Newton or quasi-Newton
algorithm together with a reasonable convergence rate.

The other approach is the one used by trust region methods. The minimization algo-
rithm fixes the maximum step size ¢ the method is allowed to take and then finds
the point xx+1 that minimizes the model inside a ball of radius . The size of the
region where the model can be trusted is then increased or decreased depending on
the predicting performance of the method in the previous step: If the prediction of the
model was very close to the value of the DFT energy, the trust region radius  can
be increased in the following iteration (since steps that are both “good and large” lead
to a reduction of the DFT steps needed to minimize the function), meanwhile if the
prediction differs too much from the DFT calculation, the point is rejected and the trust
radius shrinked. For an intermediate difference between the prediction of the model
and the DFT calculation (i.e., the value is within a tolerance), the point is accepted and
the trust radius left unchanged [90].

This step size control method is then coupled with a trust region sub-problem solver,
which is then in charge of minimizing the quadratic Newton or quasi-Newton model
within the constrained region. Even though methods for finding sufficiently decreasing
approximations to the solution of the trust region subproblem exist [86, 91], they are
not necessary in the context of potential energy surface optimization, since minimizing
a quadratic function of the form (4.4) is much more computationally efficient than a
taking a single DFT calculation to reevaluate the energy and forces, and will appear
negligible in comparison.

Probably, the most widely used method for local optimization of atomic structures is
BFGS line search. As explained above, the BFGS formula is an expression to compute
updates to the approximation of the Hessian matrix in the context of quasi-Newton
methods:

T T
_ Bk Xk+1 Xi4q Bk fier froq
Bk+1 - Bk

: (4.8)
x-|l(—+]_ Bk xk+1 f-|l(—+1 xk+1

The BFGS formula, which is a rank 2 update to the previous estimation of the Hessian
matrix, has the property that if the initial estimate of the Hessian is positive definite
(as, for example, By 7/ 1), the BFGS update produces a sequence of positive definite
matrices By, provided that xx  fx < 0. This inequality is always fulfilled when the
BFGS formula is combined with a line search strategy of the kind described above [86].
This is important, since the direction B, 1, is only a descent direction, in general, if
By is positive definite. Other Newton and quasi-Newton implementations need spe-
cial corrections to deal with non positive definite Hessians, but the BFGS line search
method solves this problem in a natural way.
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Summarizing, the BFGS line search method proceeds in the following way: Starting
with a step parallel to the initial gradient, at every step it produces a convex quadratic
model and it chooses the direction towards the minimum of the model as the direction
of the next step. The method then evaluates the configuration that minimizes the
quadratic model ( x = 1 in equation (4.7)) and performs a DFT calculation for it. If
the energy of the this configuration shows a sufficient decrease and the change in
the forces is sufficient to fulfill the curvature condition, the step is accepted and the
quadratic model is updated using the BFGS formula (4.8) (which is rank 2, so it updates
“two directions” per step). If the new energy and force do not fulfill these conditions,
as it will happen if the model and the true potential energy surface are very different,
the point is rejected and the step length is changed, resulting in a new DFT calculation
along the same direction as the original one. This process is iterated until the energy
and the force of a new point fulfil the conditions for the line search, and then a new
convex quadratic model is obtained from the information of the last point.

In regions where the potential energy surface does not have a positive definite Hessian,
the convex quadratic model that BFGS line search builds is doomed to fail. Surpris-
ingly, BFGS has been shown both analytically and experimentally to have very good
self-correcting properties [86, 92]: when the approximation of the Hessian By differs
substantially from the true Hessian H (xy), the line search needs more evaluations to
converge, but after a few iterations the BFGS approximation to the Hessian tends to
correct itself. As a result, BFGS line search also tends to be robust to numerical noise.

Good global convergence properties have been experimentally observed for methods
of the BFGS line search class, and the global convergence for a general class of non-
convex functions has been mathematically proved for a specific set of line search con-
ditions recently [93, 94]. In addition, BFGS line search also exhibits good local con-
vergence properties, with a superlinear convergence rate in the vicinity of a stationary
point [86].

Storing the approximation to the Hessian can be computationally expensive for sys-
tems with a large number of atoms. An alternative is to use the light memory BFGS
algorithm (L-BFGS). In this method, the list of the last n configurations x and forces f
are used to compute the product B, 1, at each step without computing the matrix By
explicitly.

4.1.3 Other approaches for local optimization of atomic
geometries

Local optimization literature has abundant examples of optimization methods other
than the Quasi-Newton family. One of the most common methods outside the quasi-
Newton class is the conjugate gradient method [65, 86]. In the conjugate gradient
method, the line search for the minimum takes place along directions that are conju-
gate to each other, in the sense that p] Hp; = 0 for i & j. These directions are not
only linearly independent, but can be shown to be the optimal subsequent line search
directions to minimize a quadratic function [86]. Since this method only needs to store
the previous search direction, energy evaluation and force, as opposed to storing an
estimation of the Hessian in the Quasi-Newton methods, makes this method suitable
for larger systems.

38 Machine learning methods for geometry optimization of atomic structures



A number of minimization algorithms based on molecular dynamics is also available
[95-97]. The molecular dynamics minimizer proposed by Jonsson et al. [95] per-
forms a molecular dynamics calculation with all atomic masses equal to one and with
“restarts”: whenever the dot product of the force and the velocity is negative, the mini-
mum has been “overshot” and the velocity is set to zero. Bitzek et al. have proposed an
improvement of such method, called fast internal relaxation engine (FIRE) by introduc-
ing a velocity-dependent friction term in the velocity update in the molecular dynamics
step, while maintaining the velocity restarts when the motion turns out to be uphill.
This method has been shown to be faster than conjugate gradient while having a low
computational cost, and its performance is competitive with limited memory BFGS line
search methods[97].

Finally, a way to help with the ill conditioned nature of the optimization of some atomic
geometries is to introduce a preconditioner. A preconditioner of a local optimization
method C is a transformation of the input space of the form Xnew = C(Xo14) Xo1g SUCh
that the eigenvalue distribution of the eigenvalues of the Hessian in the transformed
space is more favorable to the optimization method than the original one [86]. Along
these lines, Packwood et al. introduced in 2016 a preconditioner based on the lapla-
cian matrix of a weighted graph derived from the atomic structure and showed that
it lead to a significant reduction of the number of DFT evaluations needed to find a
minimum when combined with a quasi-Newton line search method [98]. During our
investigations, we have found that this method, as implemented in ASE [16] is not
globally convergent, since the curvature condition is not enforced in the line search
and this allows the method to take very small steps without converging to a minimum
for a small percentage of the systems studied. More recently, Mones et al. [99] have
introduced a preconditioner based on the Hessian of a faster but less accurate inter-
atomic potential and shown that this leads to a further reduction of the DFT evaluations
needed to find the minimum energy configuration.

4.2 Global optimization

Finding a local minimum of the PES, which is in general a non-convex function, often
provides with little information about the global minimum. Except for the cases in which
the search can be guided by physical intuition, in order to find the true global minimum
one needs to use a set of techniques that are very different to those introduced in the
previous section.

A possibility would be to explore all the relevant configuration space in a deterministic
manner. However, it is easy to see that this approach will be limited to systems with
just a few atoms. The curse of dimensionality (the dimensionality of the PESis3N 6
and the number of possible configurations grows combinatorially with the number of
atoms [100, 101]) together with the computational cost of quantum chemistry methods
often make this approach impractical [102].

In contrast, meta-heuristic approaches to the global optimization problem [90, 103]
have been quite successful at overcoming the dimensionality problem [85]. Some
examples of such methods include random searching [14], evolutionary algorithms
[100, 104—106], swarm particle optimization [107] and basin hopping methods [108],
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which have been shown to be successful methods for global optimization of atomic
structures.

This kind of methods include a random component governed by a deterministic strat-
egy, in an attempt to map the general structure of the PES with as few as possible
energy-force calculations. Thus, they combine an exploration strategy aimed to ex-
plore as many local minima as possible with an elitist or exploitative strategy, aimed
to use the information from the already explored areas to determine which areas are
worth exploring more. Since there is no guarantee that the global minimum has been
found unless the full PES has been mapped, which is often impractical, it is important
to find a balance between exploration and elitism in order to achieve the convergence
of the method within a reasonable computational expense [109].

Recently, the use of machine learning methods in the identification of the global min-
imum has become a more widespread technique [85, 101]. As explained in Chapter
3, it is possible to build machine learning models that accurately reproduce the poten-
tial energy surface and to use them to make predictions at a fraction of the cost of a
quantum chemistry method. The following section introduces Bayesian optimization,
a technique that benefits from a Bayesian model to guide the heuristics of the global
search.

4.2.1 Bayesian optimization

Bayesian optimization is an global optimization method that uses a surrogate proba-
bilistic model to guide the exploration of the target function. It has two main compo-
nents: a Bayesian model of the target function and a policy to decide which point to
sample next, called acquisition function [110, 111].

Bayesian optimization uses Bayesian probabilistic models: the models include a prior
probability distribution over possible functional forms of the target function and the
data that is acquired during the optimization is used to update the posterior probability.
A common choice in the context of potential energy surface optimization is to use
Gaussian process regression (see Section 3.3) as a probability distribution model. The
Gaussian process framework provides with a prediction and an uncertainty measure
in a natural way, since it models the distribution over target functions at every point x
as a Gaussian probability distribution with average (x) and variance 2(x).

The acquisition function is a function of x that estimates the utility of the point to the
global search: it is the feature that balances exploration and exploitation in Bayesian
optimization. The optimization policy usually then proceeds by choosing the configura-
tion x at each stage that optimizes the acquisition function, and adds it to the training
set of the Bayesian model.

For example, in Paper V, we have used the lower confidence bound (LCB) acquisition
function in combination with Gaussian process regression:

ee(X) = (X) (x); (4.9)

where is the coefficient that dials the explorative character of the method. It is easy
to see that the values of x that minimize | g have either low predicted energy (ex-
ploitation) or large uncertainty (exploration), and thus, are the configurations a global
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Figure 4.2: Example of Bayesian optimization for a global optimization problem. The
target function in this problem, represented in orange, is potential energy surface of a
copper atom that slides over the surface created by two static copper atoms. The blue
curve shows the Gaussian process regression model that has been fitted to the train-
ing points, represented in black. The left panel shows the model and the acquisition
function when there is only one point sampled, belonging to the basin of the minimum
A. The acquisition function, represented in green, predicts the global minimum to be
in the basin B, since it has a higher uncertainty. The right panel shows the result of
probing the minimum of the model with the lowest acquisition function, and updating
the model and the acquisition function accordingly. Given the new information, mini-
mum B is identified as a local minimum, and the new acquisition function now suggest
probing the location of the global minimum A. Source: Paper V, Global optimization of
atomic structures with gradient-enhanced Gaussian process regression

optimization algorithm is interested in sampling. Jorgensen et al. have reported that
the value = 2 provides a good balance between exploration and exploitation in the
context of global optimization of atomic structures [109].

Figure 4.2 illustrates the development of a global optimization run. Basin B has a
higher true energy than basin A, but with the information provided with the first point, it
also has a larger uncertainty and thus, it minimizes the acquisition function. The global
optimization method then samples one structure at a time, the one that minimizes the
acquisition function. The minimum of basin B is then sampled and its energy and force
are Incorporated to the training set (see Section 5.1 for more details). The probability
model is then updated and the new acquisition function minimum matches the global
minimum of the potential energy surface, solving the global optimization problem.

It is important to carefully chose the prior to the Bayesian probability model in order
to ensure efficient convergence properties. For example, in Figure 4.2 the posterior
probability with just one training point is already able to correctly identify the position
of the basins of the different local minima thanks to a good choice for the kernel (see
Section 5.2 for a discussion on kernel choices). This reduces the amount of structures
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needed to sample to ensure the correct exploration of the PES.

Due to their data efficiency, Bayesian optimization methods have shown successful
results in many fields where the sampling of the target function is expensive [110]. In
particular, there are several examples of successful applications of Bayesian optimiza-
tion to atomic structure problems [112-117].

4.3 Transition state optimization

Identifying transition structures is, in general, more challenging than identifying local
minima. Algorithms for the identification of first order saddle points (see Section 2.2)
must maximize the function in one direction and minimize it in every other direction,
making many of the strategies presented in section 4.1 no longer useful. In this section,
a summary of some of the most relevant methods for this thesis is presented.

Generally speaking, transition structure optimization methods can be divided into two
classes: single ended methods and double ended methods [12]. The former try to
converge to the transition state iteratively, typically starting at the neighborhood of the
product or the reactant of the chemical reaction, while the later require the knowledge
of the product and the reactant atomic structures and try to find the transition structure
by estimating the minimum energy path.

Single ended methods must climb the potential in one direction while they minimize in
all other directions. If the starting structure is in the basin of a minimum (starting from
the reactants or the products), the Hessian matrix of the potential energy surface is
positive definite and the gradient points towards the minimum, so the usual gradient
descent or Newton dynamics would not take the algorithm towards the saddle point.

A common strategy for single ended methods to address this problem is to follow the
smallest eigenvalue of the Hessian. However, the bare computation of the eigenvalues
of the Hessian might be very computationally demanding, since there is no computa-
tionally efficient strategy to compute the Hessian from electronic structure calculations
analogous to the Hellmann-Feynman theorem 2.13.

There is a number of numerical methods to estimate the softest mode without directly
computing the Hessian Matrix [118—121]. In Paper lll, we have used the dimer method
[122] to identify transition states. In this method, two atomic configurations, or images,
are considered at each step, hence the name. At each step, the dimer is rotated keep-
ing its center fixed to align the vector between the images with the minimum eigenvalue
of the Hessian, by minimizing the sum of the energies of the two images. The center
of the dimer is then pulled in the uphill direction, by reflecting the resulting force on
the center of the dimer about the axis perpendicular to the dimer, to converge to the
saddle point.

Double ended methods aim to obtain the minimum energy path, by representing it
with a set of discrete images [12]. The problem of the discrete representation of the
path comes from the fact that if all images were allowed to move in the directions of
their forces, they would collapse into each other. Thus, double ended methods need
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to constrain the movement of the images along the direction of the path to ensure its
correct representation.

The nudged elastic band (NEB) [95] solves this problem by adding a spring potential
between the images. The images are moved along the direction perpendicular to the
path using their true forces to update their position and the update uses the spring
constant in the direction parallel to the path. In this way, the method is able to converge
the initial string of images to represent the minimum energy path. A version of this
method, called climbing image nudge elastic band was proposed shortly after the initial
publication to force one of the images, known as climbing image, to converge to the
saddle point while retaining the convergence of the full band to the minimum energy
path. When the regular NEB is close to converging, the image with the highest energy
climbs up along the band while minimizing its energy in the direction perpendicular
to the band [123]. The rest of the images retain the behaviour of the regular NEB,
converging to the minimum energy path.

Recently, a number machine learning methods have been proposed to speed up nudged
elastic band calculations [124—-129]. In Paper lll (see Section 6.3) we discuss how to

combine these methods with local optimization ones to reduce the computational over-
head of the computation of reaction networks.
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5 Gaussian process models of
potential energy surfaces

In Chapter 3 the notion of Gaussian process regression has been introduced and how
to obtain the hyperparameters has been explained. However, the details on the a priori
choices of the model that lead to a useful model of the potential energy surface has
not been discussed.

In this chapter, the main choices that lead to useful models are discussed. After in-
troducing the formalism to include the information of both the energy and the force of
each point is introduced, the different choices for kernels and priors used in this thesis
are discussed. The discussion also includes several tricks to choose the hyperparam-
eters or to obtain them in an efficient way, as well as the main challenges regarding
numerical stability.

5.1 The forces: Gaussian process regression

including gradient information

It is possible to extend the Gaussian process formalism introduced in Chapter 3 to
include information about the forces. By noting that a linear transformation of a kernel
is also a kernel itself, a method to model a function and its gradients can be modelled
as a multivariate Gaussian process [64, 130].

Let % denote the descriptor used to represent an atomic structure with N atoms, and
let R; be the position of the i th atom. Let E be its energy and f; the force on the
i th atom. Thus, it is possible to write the gradient of the energy with respect to the

The prior probability over functions of % becomes now a multivariate distribution for the
joint energies and forces:

(E; H N m%); KO%)); (5.1)

where m(%) becomes now a 3N + 1 dimensional vector field where its first entry mod-
els the prior expectation on the potential energy and the remaining entries stand for
the prior expectation on the forces and K (%; %) is the prior covariance, which in this
framework becomes a (3N +1) (3N + 1) matrix.

It is possible to obtain the kernel matrix function of the multivariate problem K (%;%")
by extending the correlation model for the energies. Let us denote the energy-energy
correlation by the kernel function k(%; %°):

hE®); E(@%")i = k(%; %°): (5.2)
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Then, the energy-force and the force-force correlations can be obtained by differenti-
ating [64, 130, 131]:
hEE); fi(8)i = rrek(;%’) (5.3)

and T
i (6); £, ()i = e, rRo(K(E W) (54)

where g, represents the differentiation operator with respectto the i th atomic Carte-
sian coordinate R;. The full kernel including derivative information can be obtained by
arranging equations (5.2), (5.3) and (5.4) in matrix form [130]:

1
KO %) (rok@ %))

K %; %) =
CERY = K@) 1 (k)T

(5.5)

The rest of the procedure is an extension to multivariate distributions of the method
exposed in Section 3.3. Let = (%;;%;:::;%) be the design matrix. As usual, let

whose elements are given by (K( ; ))ij = K(%i;%;). The energies and forces of the
configurations of the training set are also arranged in an extended target vector Y
of the form Y = (E;; fi1;Ez; f2;:::;En; fa). In this framework, the regularization
becomes a matrix n:
8
= E ifi=jandimod(3N +1)=0
=_ f. ifi=jandimod(3N +1)&0 (5.6)
0, ifiEj;
where E is the regularization on the energies and f is the regularization on the
forces.

The equations on the average prediction and the uncertainty at a trial configuration %
look as usual:

(E®; f)=m®+K® )C (Y m()) (5.7)
V) = K%% K@® )C 'K( ;%) (5.8)
where m( ) = (M(%); m(%);:::;m%N)), C=K( ; )+ 2 is the regularized matrix

and V(%) is the variance of the Gaussian process at configuration %. (V11)*? is the
uncertainty on the energy and the square root of the remaining 3N diagonal entries
are the uncertainties on the forces.

An example of the use of derivatives in Gaussian process regression for a one dimen-
sional problem can be found in Figure 5.1. This figure makes evident the advantages
of training also to the derivatives in Gaussian process regression: Not only the re-
sulting model has the right values at the training points, but it is also forced to have
the right derivatives. As a result, with the same amount of training configurations, the
error of interpolation reduces significantly. The uncertainty, interpreted as a lack of
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Figure 5.1: Gaussian process regression with and without gradient information. The
target function is plotted in black, while the model (the average and the uncertainty)
are plotted in blue. The models here use the squared exponential function as a kernel
(see Section 5.2 for details). The hyperparameters of each model have been obtained
by maximizing the marginal likelihood with noise value , =10 3.

information in a sampled point that does not belong to the training set, also reduces
significantly around the training points.

In higher dimensions of the input space, the improvements are even more interest-
ing: by training also to the forces, the model trains to “3N + 1 pieces of information”
as compared to a single quantity when it is only trained to the energies, making the
predictions of the model converge to the target manifold faster.

A recent publication by Christensen and von Lilienfeld has confirmed that the afore-
mentioned characteristics result in an increase of the accuracy of Gaussian process
regression models for potential energy surfaces of molecules when the forces are in-
cluded in the training set [132]. As the authors note, the Hellmann-Feynman theorem
(see Section 2.2.1) provides numerical forces at a reduced additional computational
cost for most quantum chemistry codes, and hence this information is already avail-
able in most training sets. For these reasons, Gaussian process regression with forces
has recently become a preferred option for the modelling of potential energy surfaces
[125-127,131-1385]. Itis possible to extend the formalism to include higher derivatives,
as Denzel and Kastner have recently shown [129], but the computational overhead of
computing higher derivatives numerically makes this technique only suitable for certain
applications.

Papers Il to V in this thesis develop and use different methods for the navigation of po-
tential energy surfaces based on Gaussian process regression models that are trained
both on energies and forces. For this reason, in the following it is assumed that the
forces are included in the training set, unless otherwise stated.
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5.2 The kernel: Correlation models and prior
information

In Chapter 3 the notion of the kernel in a Gaussian process was introduced, but no
examples were presented nor a methodology to pick one was introduced.

The kernel of the Gaussian process represents the a priori correlation between points
of the potential energy surface. For this reason, choosing a good prior model can result
in a better posterior model, which has a reduced error with a given number of points,
or that requires less points (and thus, less computational effort) to achieve the same
accuracy. In the following, some of the common choices of kernel are discussed and
compared.

5.2.1 Stationary kernels

A common choice of the kernel function is to choose a stationary kernel, that is, a kernel
that only depends on the distance between the input configurations. Stationary kernels
have the property of being invariant under translations of the frame of reference of their
input space, since they only depend on the distance between the configurations [136].

There are many possible definitions of distance, but in the following discussion we
will restrict ourselves to consider stationary kernels those that are a function of the
distance in Cartesian coordinates jx  x'j, since it is common to represent and visu-
alize potential energy surfaces in this coordinate set and they are naturally involved
in the computation of the force. Other coordinate sets can be found in the next sec-
tion. Thus, the predictions of the kernels presented in this section are independent of
the origin chosen for the Cartesian coordinates, which is a desirable property to have
when working in this coordinate set.

Probably, one of the most common choices of a correlation model is the squared ex-
ponential kernel, also known as radial basis function (RBF) kernel:

k(x; x') = kge kx xI¢/2, (5.9)

which depends on two hyperparameters: the prefactor kg and the scale “. A Gaussian
process with squared exponential kernel is smooth, i.e. all its derivatives exist and are
continuous, in the mean squared sense (see references [64, 136]). As a consequence,
the average prediction from a Gaussian process with squared exponential kernel are
very smooth functions, and this characteristic makes the kernel a popular choice for
the modeling of potential energy surfaces, where it has lead to good results [125, 127,
133]. This is, in fact, the kernel adopted in Papers Il, Local Bayesian optimizer for
atomic structures and lll, An active-learning approach to combine surrogate machine
learning algorithms for probing potential energy surfaces.

The squared exponential kernel can be regarded as a limit of the Matérn class of ker-
nels, which encode different degrees of smoothness in the prior class of functions. The
Matérn kernel of degree s given by the following expression:
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Figure 5.2: Common stationary kernels and the smoothness of the models they pro-
duce. The left panel shows the kernel as a function of the distance between the kernel
inputs, and the right panel shows an example of function such kernel generates. All
curves have been obtained with scale parameter * = 0:4 and prefactor ko = 0:5

1 7 0 7
k(x;x°):k§% Prkx Xk« Prix xis (5.10)

where () is the gamma function and K is the modified Bessel function. The hy-
perparameters ko and “ are again called prefactor and scale. The hyperparameter
encodes the differentiability of the sample functions of a Gaussian process using this
kernel [110]: a process with a Matérn kernel of order isnu 1/2 times mean square
differentiable. A particular case of the Matérn family is the Laplacian kernel:

k(x;x’) = kZe kx XK/ (5.11)
which is not differentiable.

The sample functions of the squared exponential and Laplacian kernel, together with
the most common Matérn kernels = 3/2; 5/2 are shown in Figure 5.2. From this
figure, it is evident the relationship between parameter and the differentiability of the
prediction of the Gaussian process. Stein [136] has used this argument to claim the
squared exponential kernel may be too smooth to represent most physical functions
accurately. Along these lines, some authors have noted that even though the potential
energy surface is often assumed to be of class C1 on an open set, it does not need to
be so smooth [133], and its surrogate model could benefit for relaxing this constraint
to just being twice differentiable or even only C*. The Matérn kernels with = 5/2 and

= 3/2 have been tested for geometry optimization [133] and transition state search
[126, 128] resulting in somewhat moderate gains compared to the squared exponen-
tial kernel results reported on the same works.

It is important to note that the potential energy surface is not even a continuous func-
tion of the Cartesian coordinates, since it diverges as the positions of any two atoms
approach each other. A Gaussian process surrogate potential energy surface would
break close to this points. This is illustrated in Figure 5.3, where one of the points in
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Figure 5.3: Gaussian process regression around a discontinuity of the potential energy
surface using the squared exponential kernel (5.9). The dashed line represents the
Lennard Jones potential (in arbitrary units) while the blue one is the average prediction
of the Gaussian process regression fitted to four points. The training set is the same in
both panels except for the left most point. As one of the training points gets closer to
the discontinuity, it becomes more difficult to find a C1 function that goes through all
the points, producing a “weird” behaviour of the model even in regions far away from
the discontinuity. Parameters: * = 0:4, ko = 0:5, zero prior, zero regularization.

the training set is moved closer to the origin of a Lennard-Jones potential. As a point
of the training set moves into the discontinuity, the smoothness constraint becomes
more difficult to fulfill. In this example, where the squared exponential kernel with zero
regularization is used, forcing the model to describe every point produces spurious
local minima in other parts of the input space. However, if there are no points in the
training set in the part where the potential energy surface diverges, the same hyperpa-
rameters produce fine results. Consequently, sampling these kind of regions should
be avoided. Some strategies to achieve this are described in Section 5.3.

The kernels presented in this section depend on two hyperparameters: the prefactor
ko and the characteristic scale “. The prefactor is the uncertainty in points that are far
enough of any other point in the training set, i.e. VZ,(x) ~ k3 ifjx x%  *forall x’in
the training set. Itis easy to see that kg is also the maximum uncertainty that the trained
model can attain at any point. The kernel of a point with itself in equation (5.8) for this
family of kernels is always the prefactor squared, and since C is positive definite, the
uncertainty is the squared prefactor minus a quantity that is equal or greater than zero
K(x; X)C ! K(X;x).

It is worth noting that the prefactor of the kernel does not play any direct role on the
average prediction. It is possible to define a normalized kernel R = k/ky and then
rewrite expression (5.7) in terms of the normalized kernel instead. Interestingly, the
resulting expression is identical to the original if the regularization is also normalized

n = n/ko. Hence, the main role of the prefactor is to tune the uncertainty around
the prediction.

The characteristic scale encodes the characteristic distance at which two points are
correlated. Thisis illustrated in Figure 5.4 for the squared exponential kernel. In panels
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Figure 5.4: Gaussian process regression with the squared exponential kernel using
different scales. Panel (a) shows an example of a sample prior function for three
scales: “© = 0:05;0:2;1. Longer scales in the kernel produce more slowly varying
functions than shorter scales. Panels (b), (c) and (d) show the result of the Gaussian
process regression to four training points (black dots) of the same underlying function
(dashed black line). The average prediction function is marked in a darker colour in
each panel, while 15 sample functions of the posterior distribution are shown in the
background. Scale * = 0:02 in panel (b) is clearly varying too fast compared to the
underlying function, while scale * = 1 in panel (d) is too slow. Only a scale of a
similar order of variation as the underlying function (as * = 0:2 in panel (c)) produces
a satisfactory model of the target function. The kernel prefactor kq in each panel has
been chosen to maximize the marginal likelihood. The zero prior function m(x) = 0
has been used and in panel (d) a regularizaton £ = f = 0:01 has been used to
avoid numerical instability.
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Figure 5.5: Comparison between the potential energy surface model of an isotropic
squared exponential kernel of the form (5.9) and an anisotropic one of the form (5.12).
The underlying potential energy surface is produced by a DFT calculation of the po-
tential energy of acrylic acid on a palladium surface. The x axis corresponds to the
dissociation of acrylic acid into carboxyl and vinyl radicals (breaking a single C C
bond) and the y axis corresponds to the separation of the molecule from the surface.
The C C bond is stiffer than the softer molecule-surface interaction, which is correctly
captured by the anisotropic kernel but missed by the less flexible isotropic one. Source:
Paper Ill: Machine Learning with bond information for local structure optimizations in
surface science.

(b), (c) and (d) of this figure, the result of the Gaussian process prediction is shown for
three different scales, “ = 0:05;0:2; 1. Scale * = 0:05 is clearly too short and it leads
to over-fitting of the training points: the variation of the functions generated by this
kernel is too fast compared to the true underlying function and the result is an average
prediction that fits every point individually. On the other side of the spectrum, the scale
“ = 1is too long, leading to under-fitting: too slow varying functions cannot capture
the variation of the underlying function. The scale * = 0:2 in panel (¢) shows a good
compromise between the two extremes, producing a reasonable ensemble of fitting
functions.

Itis possible to include more than one scale in stationary kernels to model for anisotropy
of the target function in different directions of space. For example, this can be done by
introducing a positive semi-definite matrix M in the distance measure between x and
x' [64]. In this framework, the squared exponential kernel reads as:

k(x x0) = ke & XITMEx X2, (5.12)

An example of the effect of introducing an anisotropic kernel instead of an isotropic
one with the same training set is shown in Figure 5.5.

There are two interesting observations about this point. First, since M is positive
semidefinite, it can be decomposed as M = T | and thus, one could define a fin-
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gerprint as a linear transformation of the Cartesian coordinates: % = x, and then the
kernel becomes the isotropic kernel in the fingerprint space. Second, by introducing a
matrix M with one or more zero eigenvalues, it is possible to have a surrogate model
of the potential energy surface that only varies along some directions, having some
linear combinations of the inputs suppressed from the kernel.

5.2.2 Non stationary kernels

Itis also possible to include a model for the covariance function that is not a function of
x x". In that case, the scale and magnitude of the variation of the target function are
not assumed to vary uniformly along the unit cell (in Cartesian coordinates). This can
be of an advantage, for example, to represent more accurately the regions of the PES
where the atoms are too close, as shown by Koistinen et al. [126]. In that work, the
authors replace the distance between configurations in Cartesian space in the squared
exponential kernel (5.9) by a measure of distance involving the difference of the inverse
of the interatomic distances between configurations. In this way, they achieve a better
description of the PES with less points, leading to a faster convergence of the NEB
algorithm they are using.

Another example of the use of non stationary kernels (with respect to Cartesian coordi-
nates) is the use of non trivial fingerprints in a stationary kernel. For example, in Paper
V we have used the modified Oganov fingerprint (Section 3.4.2) as an input to the
squared exponential kernel:

k( (0 (X)) =kge k@ w2, (5.13)

An example of the kind of models this kernel produces can be found in Figure 4.2.
The use of a fingerprint, as mentioned in Section 3.4, allows to incorporate the sym-
metry information into the prior information of the Bayesian model. This way, all the
predictions of the Gaussian process will be already symmetrical.

The use of non-stationary kernels often means that the effect of adding new data is non-
local in Cartesian coordinates: in this depiction, a new point changes the full PES and
not only a neighborhood of the point. In this sense, a careful choice of a non-stationary
kernel can lead to a global model of the potential energy surface.

5.2.3 Comparison between kernels with and without fingerprints
In this section, the effect of having a fingerprint as a descriptor is compared to using the
squared exponential kernel with Cartesian coordinates as a descriptor. In particular,
the modified Oganov fingerprint presented in Section 3.4.2 is used in combination with
the squared exponential kernel (as used in paper V) for this illustration.

Figure 5.6 shows a heat map with the entries of the Gram matrix for both kernels
for a 7 atom cluster and three points in the training set. The first thing that calls the
attention is the block structure of the matrix, which arises as a consequence of the use
of energies and forces in both models. Each block represents the correlation between
two configurations as in equation (5.5). The diagonal blocks represent the kernel of a
structure with itself.
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Figure 5.6: Visualization of the Gram matrix of the Gaussian process with two different
kernels for three rattled versions of a randomly generated 7 atom gold cluster. The
left panel shows the Gram matrix using the squared exponential kernel with Cartesian
coordinates. The right panel shows the results for the squared exponential kernel with
the modified Oganov fingerprint. Parameters: * = 0:4 A for the left panel and * = 0:3
for the left one. Parameters of the modified Oganov fingerprint: = 0:4 A, npins = 200,
R. =8A.

In Cartesian coordinates, the correlation of a structure with itself is the diagonal ma-

space retain the structure where the main entries are still on the diagonal of the matrix.
In contrast, the permutation symmetry of the fingerprint results in a model that includes
correlations between components of the force even within the same structure. In gen-
eral, more entries have values that are larger in absolute value for the kernel with a
fingerprint than for the one with Cartesian models, leading to richer patterns with less
points in the resulting model.

The effect of the correlation between forces can be appreciated in Figure 5.7. The
figure compares the surrogate PES with the two mentioned kernels and 4 structures
in the training set to the true potential as computed with effective medium theory [10].
The system studied is a gold adsorbate on a gold fcc (100) slab. The atoms in the slab
are constrained and the adsorbate has its movement limited to a x y plane parallel
to the slab.

The symmetry conserving properties of the modified Oganov fingerprint results in a
model of the potential energy surface that retains the four-fold rotational symmetry of
the original potential, even when fitting to just four points that are not symmetrically
distributed. In this way, and also thankfully to the relatively long scale, as compared
to the distance between the configurations in fingerprint space, the surrogate potential
energy surface has the qualitative right structure along all the space.

Conversely, the Cartesian coordinates build a local model of the potential energy sur-
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Figure 5.7: Models of the potential energy surface of a gold atom on a fcc (100) gold
surface as the adsorbed atom moves at fixed distance, parallel to the surface. x and
y represent the coordinates of the adsorbate with respect to the "on top” position to
one of the gold atoms in the surface. The left panel shows the potential energy sur-
face as obtained with effective medium theory(EMT). The remaining panels show the
prediction of GPR with different kernels fitted to the four points marked in white and
their corresponding EMT energies and forces. The kernels, and their hyperparame-
ters, are: the squared exponential kernel with Cartesian coordinates (* = 0:6 A), and
the squared exponential kernel with the modified Oganov fingerprint (* = 30, = 0:4
A, Npins = 200, R =8 A)

face. The description of the potential energy surface is accurate around the configura-
tions in the training set, but it goes back to the prior (which in this case is a constant
with the energy of the configuration in the top left) far away from them. However, the
model does not encode any symmetry, so the four-fold rotation symmetry is lost. Even
though this issue could be addressed by using data augmentation, i.e. by using all the
symmetry transformations of the configurations to enlarge the training set; this is not
advisable in general, since it would increase the computational cost of the Gaussian
process model.

The Cartesian coordinates present an advantage over this particular fingerprint under
some settings, though. Figure 5.8 shows the learning curves for the two kernels for
the same system. The advantages of using the modified Oganov fingerprint for small
training sets are evident: for training sets of about 10 configurations, the mean absolute
error over the whole unit cell is about an order of magnitude smaller for the modified
Oganov fingerprint with optimal hyperparameters than for the usual set up in GPMin
(see Paper II).

However, the performance of the model that uses the modified Oganov fingerprint with
the squared exponential kernel saturates when the size of the training set increases,
even when the hyperparameters are optimized (see Paper V for more learning curves
and details over this issue). The Cartesian coordinates perform worse with less data,
asitis evident from Figure 5.7: the error will remain high over the full unit cell until there
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Figure 5.8: Learning curves of two Gaussian process models of the potential energy
surface with the squared exponential kernel with two different fingerprints: the Carte-
sian coordinates and the modified Oganov fingerprint. The atomic system studied is
the same as in Figure 5.7, and the training set has been generated sampling the x and
y coordinates of the adsorbate within the unit cell. The solid line shows the average
over 10 randomly generated training sets of the indicated size and the shaded area
shows the 95% confidence interval around the average as estimated using boostrap-
ping. Parameters: Cartesian coordinates (* = 0:4 A), and modified Oganov fingerprint
(“ optimized , = 0:4 A, npjns = 200, Rc = 8 A), initial , =10 SeV/A.

is data enough so that the support of the kernel function around the points covers the
unit cell. However, once the full area of the unit cell is covered, the precision of the
model increases as more data points are added.

From these plots we can infer that choosing an adequate kernel for each application
is advisable when using Gaussian process regression to build surrogate models of the
potential energy surface.

5.3 The prior function

The prior function may also play an important role in the resulting potential energy
surface. One of the most usual choices is to choose a constant prior function of the
form:

m(%) = mq 8%; (5.14)

which acts as a zero-energy reference.

The Gaussian process regression, thus, learns the distance to this offset when regres-
sion is built. Furthermore, this constant can be optimized by maximizing the marginal
log-likelihood, but it can also be used to enforce some expert knowledge of the poten-
tial energy surface. In particular, during local optimization, if it is used in combination
with a stationary kernel it can be used to dial the exploration/exploitation balance of
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the method by penalizing extrapolation. Keeping this constant high compared to the
energies in the training set forces the method to search for low lying points close to the
already sampled ones, since far away from the sampled points the model will predict
very high energies. This characteristic has been used both by Denzel and Kastner
[133], who set the constant mg to a value higher than the maximum energy in the train-
ing set, and in Paper II: Local Bayesian optimizer for atomic structures, where mg is
set to the highest sampled energy.

More sophisticated prior functions can be used to include expert knowledge of the
potential energy surface in the surrogate model [110]. In general, any potential energy
surface model could be used as a prior function, and then the task of the Gaussian
process would be to learn the error between the model potential and the output of the
more sophisticated electronic structure code.

A particularly relevant application to this is the use of a short-range diverging potential
in the vicinity of the point in Cartesian space where two nuclei have the same coor-
dinate, in combination with a constant prior. In the context of global optimization of
atomic systems, Bisbo and Hammer [114] have recently introduced the following ex-
pression for the prior potential energy surface:

LEP)
X ri(c) + rJ.(C)

m(%) = 07 —— ;
(%) S R Rj]

(5.15)

where ri(c) is the covalent radius of the i th atom and R; its Cartesian coordinate. This
repulsive potential produces very high energies in regions where two atoms are close,
preventing that any minimization algorithm will suggest these regions as potential min-
ima, while maintaining the uninformed constant prior elsewhere. This solves the prob-
lem that many stationary kernels encounter when one of the points in the training set
is close to the divergence, which was exposed in the previous section (see Figure 5.3).
This prior has also been used in Paper V: Global optimization of atomic structures with
gradient-enhanced Gaussian process regression.

5.4 Maximizing the marginal likelihood

The kernels and the priors introduced in this chapter, together with the descriptor of the

atomic system (as discussed in Chapter 3), may depend on some hyperparameters
: For example, the squared exponential kernel (5.9) depends on the scale “ and the

prefactor kg, and a constant prior has a constant mg that needs to be determined.

The hyperparameters of the model can be found in the Bayesian framework by opti-
mizing the marginal likelihood p(Yj ; ), thatis, by finding the hyperparameters that
maximize the probability to obtain the targets given the inputs. Expression (3.16) can
be rewritten in the notation of the Gaussian process regression with forces for atomic
systems introduced in this chapter as:

0gp(Yj 1 )= (Y m()TC XY m()) logdet©+N;  (516)
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where N is the normalization, which does not depend on the hyperparameters. This
expression depends on the hyperparameters through the expressions for m, C =
K( ; )+ 2,and the descriptor % itself.

The marginal likelihood in expression (5.16) has three terms. The first one is the only
term involving the targets Y, and thus, it is a measure of the quality of the fit. The
second term depends only on the inputs, and since C is a positive definite matrix, it
grows as one or more eigenvalues of C approach the regularization (their minimum
possible value). Thus, the second term is a complexity penalty [64], some sort of
Occam’s razor term to favor hyperparameters that lead to “simpler” models: those that
assume points in the training set are very correlated with each other. The last term, as
mentioned above, is just a normalization factor.

Even though it is possible to find closed expressions that maximize marginal likelihood
for some of the hyperparameters, the optimum can be found using a gradient based op-
timizer, since it is posible to find a closed expression for the derivatives of the marginal
likelihood with respect to any hyperparameter j:

] @m( )T

Ltogp(vi 1 ) =2 e 1y m( )
J J
+iy moye 1Lc oy m(y)
2 @j
1. ,6c
AR (5.17)

where Tr() stands for the trace of the matrix. This expression, in combination with
expression (5.16), results in a computationally affordable way to find optimal hyper-
parameters using a gradient based optimizer, such as the ones described in Chapter
4.

The marginal likelihood is not, in general, a convex function of the hyperparameters
[64]. There might be more than one local minimum, leading to different models that
are locally optimal in their hyperparameters. If there is no expert knowledge on where
the globally optimal basin may lie, the global optimum can be found, for example, by
using a gradient based optimizer with restarts [114].

The following sections discuss the optimal value of some of the most commonly used
hyperparameters and how to find them.

5.4.1 The prefactor of the kernel

The prefactor of the kernel kg can be determined analytically under some assumptions.
Ifitis assumed that the ratio between the prefactor and the regularization are kept fixed,
i.e. ko/ & and ko/ ® are kept constant, it is possible to factor the prefactor out of
the regularized Gram matrix C. Under these conditions, it can be shown that the value
of the prefactor for which the partial derivative of the marginal likelihood with respect
to the prefactor vanishes is:
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where C; is the regularized version of the Gram matrix with prefactor equal to 1.

This value optimizes the prefactor given the rest of the hyperparameters. As a conse-
qguence, equation (5.18) can be used to reduce the dimensionality of the optimization
problem by one.

5.4.2 The constant of the prior

It is also possible to obtain the value of the constant if the prior function is set to be the
constant prior:

_u'c y
T UC U

where U is the constant prior with constant equal to 1:

Mo (5.19)

u= ! if mod(.3N +)=0 (5.20)
0 otherwise:

Note that the constant of the prior does not depend on the prefactor of the kernel if
the ratio between the prefactor and the regularization is kept fixed (which was also
assumed in the expression for the optimal prefactor), since it can be factored out. Ex-
pression (5.19) can be used to reduce the complexity of the optimization of the marginal
likelihood even further, since the constant of the prior can be determined analytically
and then its value can be used to determine the prefactor of the kernel.

It is straightforward to extend expression (5.19) to find the constant in the prior when
the prior is a sum of a constant with a potential, as has been done in paper V: Global op-
timization of atomic structures with gradient-enhanced Gaussian process regression.

5.4.3 The scale

There is no direct expression for the optimization of the scale, whose optimal value
must be obtained using a numerical method.

It is important to note that good values of the scale can only be obtained by optimizing
the prefactor of the kernel along with it, for example by using expression (5.18). Even
though the prefactor does not influence the prediction directly and its main contribution
comes from the uncertainty, the prefactor should be optimized along with the scale
even when the uncertainty is not used in the application. This is because the marginal
likelihood depends on the scale in a way that cannot be decoupled from the value of
the prefactor. If the prefactor is not updated along with the scale, the optimal scale
becomes a function of the prefactor, and thus it is possible to obtain virtually any scale
by varying the value of the prefactor. This behaviour is illustrated in Figure 5.9.
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Figure 5.9: If the prefactor is fixed, the optimal scale is a function of it. The left panel
shows the logarithm of the marginal likelihood as a function of the prefactor of the
squared exponential kernel ko and the scale “. The right panel shows the scale that
is numerically found to optimize the marginal likelihood if the prefactor kg is kept fixed
(all optimizations start at * = 0:7 A. The color in both panels marks the value of the
logarithm of the marginal likelihood for the current hyperparameters. The training set
for both panes is composed of 10 slightly rattled copies of a nine atom aluminum cluster.
The energies and forces of the aluminum clusters have been computed using the EMT
potential.

5.5 The numerical inversion of the Gram matrix

All the expressions needed to fit a Gaussian process to a potential energy surface pre-
sented in this chapter, that is, the average prediction (5.7), the uncertainty (5.8), the
marginal likelihood (5.16) and its derivative (5.17); depend on the inverse of the regu-
larized Gram matrix C. In this section, how to solve this problem and the challenges
associated to it are discussed.

5.5.1 The regularization

In the absence of regularization, some Gaussian process models may present a Gram
matrix that is ill-conditioned for inversion. If two points in the training set have exactly
the same descriptor % = %°, then the Gram matrix K( ; ) will have two equal rows,
and thus, not be invertible. Even if the two descriptors are not identical, it might happen
that depending on the choice of the kernel, the hyperparameters and the composition
of the training set, the Gram matrix is ill-conditioned for inversion. This may result on
the numerical routine solving the linear algebra problem producing unstable and noisy
results or even failing all together to invert the matrix.

This issue can be solved by adding a small, non-zero regularization factor. The fitness
of the Gram matrix to be inverted can be quantified by its condition number, which in the
‘>-norm is the quotient between the largest and the smallest eigenvalue max/ min - If
the inverse of the condition number is close to the machine precision, numerical round-
off errors may arise, making the surrogate PES noisy (enough to make a gradient
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Figure 5.10: Performance of a local optimization method (BondMin, see Chapter 6)
based on a surrogate Gaussian process model for two atomic structures. The color
and the number on each square represents the number of DFT evaluations (the smaller
the better) needed to minimize the function and NC shows that the optimization did
not converge. All hyperparameters have been kept fixed, with kg = 1eV, such that
the y axis has eV/A units. The tolerance on the convergence for the forces of the
SCF iteration has been fixed to 10 * eV/A. In the plot it can be appreciated how
the performance of the optimization diminishes as the regularization approaches this
value. Source: Paper IV: Machine Learning with bond information for local structure
optimizations in surface science.

based method fail) [137]. It is easy to show that by adding a regularization 21 to
the matrix, the new condition number becomes ( max + 2)/( min + 3) Which is
approximately max/ ,?, if  min ,?, max.- Hence, by choosing a suitable value
of the regularization is crucial for obtaining smooth potential energy surfaces.

As noted above, the prefactor ko of the kernel can be factored out of some of the
Gaussian process equations. In fact, the prefactor ko can also be easily factorized
out of the condition number of the Gram matrix K( ; ), i.e., the condition number
only depends on the distribution of the data and the other hyperparameters of the
kernel. Hence, the effective amount that has to be added to the Gram matrix to ensure
inversion is ﬁ/k%: If ko is changed to describe the data better, if  is not changed
accordingly, there is a risk that matrix inversion will fail. For this reason, in the work
presented in this thesis, the ratios E/ko and f/ko have been kept fixed during the
optimization of the hyperparameters, so that the robustness of the methods that are
presented here is ensured.

In addition, it is worth noting that the potential energy surface as described by the re-
sult of the DFT calculations can be, in fact, noisy. As exposed in Section 2.3.3, the
self-consistent field iteration terminates at a given tolerance, and differences between
energies and forces of different configurations, even if they are close, may be domi-
nated by numerical noise.
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This effect can be observed in Figure 5.10, where the position of the potential energy
surface minimum becomes more difficult to capture for the Gaussian process model
as the regularization becomes comparable in magnitude to the tolerance on the force
of the SCF iteration.

5.5.2 The Cholesky factorization and beyond

Even though in the previous section the terminology “inversion” of the Gram matrix has
been used, solving the algebraic problem Cz = b is known to be more robust against
numerical noise than computing the inverse of C and then computing the product C b.
In this section, a way to solve this problem efficiently is discussed.

The Gram matrix C is real, symmetric, and positive definite, and thus, it can be factor-
ized as:
C=LLT (5.21)

where L is a lower triangular matrix (this is, a matrix whose only non-zero elements
are in the diagonal or below) with positive diagonal [137]. This factorization is called
the Cholesky factorization.

The advantages of factorizing the Cholesky matrix are evident: Once factorized, the
algebraic problem Cz = b can be solved by finding the intermediate solution 2 first by
solving

L2 = b; (5.22)

and then finding the unknown z from
LTz=2: (5.23)

The two subproblems are then trivial to solve, given the structure of the Cholesky factor
L: starting with the first element of the first subproblem (5.22), 2, = b1/1;;, the problem
is solved iteratively as: o 1

>
A= @b. |ij2jA/|iiZ (5.24)
i=1

A similar expression can be derived for subproblem 5.23.

This way, the factorization can be computed once for each training set and set of
hyperparameters, with computational cost O(n®N2), and then this factorization can be
used to solve all the algebraic problems involved in prediction of the energy and the
uncertainty for any test point % that is required by the application at a much lesser cost.
The need to store the matrix in order to use the Cholesky implementation in Scipy [138]
produces a memory cost of that scales quadratically with the size of the matrix.

The computational cost of the Cholesky factorization can become comparable to the
DFT one, since both scale cubically with the number of atoms in the unit cell and the
growing prefactor with the number of points in the training set for the potential energy
surface can outgrow the cost of the number of times the Hamiltonian needs to be
diagonalized in the self consistent field iteration. Furthermore, the need of storing the
Gram matrix often becomes the main bottle neck for the modelling of potential energy
surfaces for large systems when the Scipy implementation is used.
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Modern implementations of density functional theory are highly parallelized since the
calculations that use them are usually executed in large supercomputer facilities. Thus,
it is natural to devise methods that can take advantage of these kind of architectures.
Along these lines, there have been recent developments to develop highly paralleliz-
able implementations of Gaussian process regression that would improve the compu-
tational scaling and reduce the overall cost of the exact regression [139, 140].
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6 Summary of the contributions

6.1 Paper |: Materials property prediction using
symmetry-labeled graphs as atomic-position

independent descriptors

In this paper, we introduce a descriptor of the atomic structure that does not depend on
the interatomic distances, but rather only on the connectivity of the atoms and the local
symmetry of each atomic environment. These descriptors are no longer good descrip-
tors of individual atomic structures, since they are degenerate for atomic with similar
configurations, becoming a representation for prototypes: a materials “templates” that
do not depend on the scale of the material and admit small distortions used in materi-
als science to classify materials with similar structures. By using such representations,
we show that it is possible to build a machine learning method to identify the prototype
with the minimum formation energy, providing with a way to identify global minimum
basins.

To this end, we have used the quotient graph of the material, using the Voronoi tes-
sellation to define the connectivity between atoms, as described in Section 3.4.3. The
nodes of the graph represent the atoms of the atomic structure and the edges repre-
sent the connectivity. Each node has a vector assigned that represents its state, that
is, the atom type. In the paper, we introduce a novel encoding of the symmetry of the
atomic environment of each atom, by labelling each edge with the point group of the
face of the Voronoi tessellation it traverses.

We have used a message passing neural network, whose details are introduced and
discussed in Section 3.2, to predict the formation energy of bulk materials. Even
though the absence of interatomic distance information is clearly a challenge for the
prediction (since the descriptors are degenerate and not complete), we obtain mean
absolute prediction error as low as 22 meV per atom for OQMD [29, 30], and 43 meV
per atom in Materials project [32].

These results are shown in Figure 6.1, where the novel descriptor (labelled as Sym) is
compared with the same descriptor without the symmetry information (No sym), and
the quotient graph with distance information as presented in a previous publication
(Distance) [43]. As a base line, we have also compared the out results with a ran-
dom forest method trained on a descriptor based on the Voronoi tessellation of the
material introduced in reference [76]. The MAE for each set has been computed using
5-fold cross validation. From this plot, it is easy to see that the larger the amount of
information incorporated to the descriptor, the lower the prediction energy for all sub-
sets. Another trend along all subsets is that the method has a larger prediction error
in unary systems than in binary or ternary systems. This trend could be explained by
the relatively smaller number of unary entries in any of the training sets, as compared
to ternaries, and the high relative proportion of unstable structures.
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Figure 6.1: Mean absolute error of the message passing neural network model
with different levels of information: interatomic distances, symmetry and connectiv-
ity and connectivity only; and the Voronoi random forest as presented in reference
[76]. Source: Paper I: Materials property prediction using symmetry-labeled graphs
as atomic-position independent descriptors.

For similar reasons, the errors are smaller on the full OQMD (systematic + experimen-
tal structures) than in the ICSD [54] part of OQMD (experimental structures). Because
of the way the systematic part of OQMD is built, some symmetry groups, for example
those in cubic prototypes, are more common in this subgroup than they are among
experimental structures. Conversely, some experimental structures might be the only
representative of their prototype in OQMD. The more examples of a certain prototype
there are in the training set, the more precise the prediction of the energy is for struc-
tures in the test set in the same prototype. As a consequence, the mean absolute error
is lower for the systematic subset of OQMD than for the experimental subset.

We have demonstrated the utility of this method on screening studies: that is, materials
science research in which many materials are simulated with the hope of identifying
candidate materials for a target application. A common problem of these studies is that
many of the materials studied are not even stable, resulting in a waste of computational
resources. In this paper, we have demonstrated how the expensive DFT calculations
can be substituted by our machine learning method in the context of determining the
stability different prototypes of the same material.

Figure 6.2 shows the learning curve of the method on a data set of 5976 ternary se-
lenides (ABSez with A and B transition metals). These materials have been generated
by choosing the six most common ABSej; prototypes in ICSD [54] and generating all
the atomic substitutions of A and B transition metals and then relaxing the structure,
in a procedure similar to the one exposed in reference [141]. We note that only six
ABSe; out of the 5976 materials are present in OQMD as well, so this test takes place
mostly on unseen data.

Figure 6.2 explores two different strategies: to train on the ternary selenides solely, and
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Figure 6.2: Learning curve of the message passing neural network method on the
symmetry-labelled position independent graph descriptors with different training strate-
gies on a dataset made up of ABSej structures with little overlap with OQMD. The blue
and yellow curves show the learning curves for the method trained only on the ternary
selenides data set with T=1 and T=3 message passing layers, respectively. The green
and red curves show the learning curve of the method on the selenides when it has
been previously trained on the OQMD, the green curve for the initial prototypes and the
red curve for the relaxed structures. The dashed black like represents a baseline ker-
nel ridge regression method, used for comparison. Source: Paper |: Materials property
prediction using symmetry-labeled graphs as atomic-position independent descriptors.

to pretrain on OQMD and then add the ternary selenides to the training set. We find
that pretraining on OQMD and then adding a small percentage of selenides presents a
significant advantage with respect to just training on OQMD: The MAE drops from 176
meV per atom for the model trained on OQMD only to 95 meV per atom for a model
trained on OQMD plus 100 selenides (out of 6 thousand), which is already comparable
to the accuracy of DFT. Furthermore, by adding more structures to the training set,
which could be gathered as the screening progresses, for example; the accuracy of the
model improves. The figure also shows that the learning curves obtained by training
on the graph of the initial and the relaxed structure run parallel, showing that using the
initial graphs for screening is possible with only a small accuracy loss.
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6.2 Paper ll: Local Bayesian optimizer for atomic

structures

In this work, we introduce GPMin, a new method to find the local minima of the potential
energy surface based on Gaussian process regression. The method is based on an
active learning strategy: a surrogate model of the potential energy surface is built.
Then, the surrogate model is used to find a local minimum neighboring the starting
point, since optimizing the model is computationally cheaper than minimizing the DFT
potential itself. Then, the energy and forces of the minimum of the Gaussian process
model are computed using density functional theory, and the structure is included in
the training set. These steps are repeated until a structure fulfilling the convergence
criterion (described in Section 4.1) is met. We note that the accuracy of the method is
equivalent to the one of any other local optimization method, since the convergence
criterion is applied to the result of a DFT calculation meaning that the result of the
method is an atomic structure whose forces are below a threshold as described by
DFT, and not a machine learning prediction.

The surrogate model is built as a Gaussian process regression with energy and force
information. We have used the squared exponential kernel with Cartesian coordinates
and a constant prior. The prior constant has been kept fixed to the maximum energy
sampled of the training set. This choice, combined with the choice of always starting
the surrogate minimization from the point with the lowest energy benefits the conver-
gence of the method: at each optimization step, all the points that are very far away
(as compared to the length of the kernel) from the points that are in the training set will
have high energies. Thus, the algorithm always suggests points that are close to the
points in the same basin, preventing extrapolation. The high prior naturally creates
some sort of trust region, with the scale being the parameter that controls the trust
radius.

Figure 6.3 compares the results of the optimization of one thousand 10 atom gold clus-
ters with GPMin to other usual optimization method for atomic structures introduced in
sections 4.1.2 and 4.1.3. Here, the clusters are described with effective medium theory
(EMT) [10]: there is no noise in the PES derived from the SCF iteration and the PES
is probably smother than the one obtained with DFT, but it serves as an illustration of
the possibilities of the method.

For the version of GPMin with fixed hyperparameters, the figure shows an optimal
value of the scale of the kernel of about 0.5 A. For this scale, both the average number
of EMT evaluations and its dispersion are lower than the traditional optimizers we have
compared it with. However, we note that if the scale is far from the optimal one, the
efficiency of the method is reduced.

GPMin is able to find a suitable scale by optimizing the hyper parameters: in spite of
having an initial scale that is too short or too long, the method is able to self-correct
along the way and find the minimum faster. The value of the optimal scale for the
updated version of GPMin is almost identical to the version without updates, 0.5 A,
and for scales smaller than this value, the ability of the method to self correct yields
results that are very similar to those of the optimal version. In contrast, we note that
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Figure 6.3: Distribution of the number of EMT evaluations necessary to optimize 1000
randomly generated ten atom gold clusters with different optimization methods. The
performance of GPMin is shown both with fixed parameters and with updated scale
and prefactor, for different values of the (initial) scale. The line in the center of the
violins represents the average of the distribution. Source: Paper II: Local Bayesian
optimizer for atomic structures.

the method with longer initial scales also needs more EMT evaluations.

We have used these findings and the knowledge about the optimal regularization ex-
posed in Section 5.5.1 to find a good set of default hyperparameters for the versions
with and without hyperparameter updates for the optimization of DFT systems. To this
aim, we have used two different systems and found a set of parameters that minimize
the number of DFT calculations needed to relax them.

We have further validated the results of GPMin on a set atomic structures of differ-
ent nature (including clusters, molecules, surfaces, bulk systems and molecules on
surfaces), showing a consistent speed up in the relaxation of those of about a 20%
with respect to the fastest methods. We attribute this characteristic to the ability of the
Gaussian process regression to describe accurately landscapes where the curvature
of the potential energy does not have a well defined sign, in contrast with the compet-
ing BFGS strategy, which can only yield convex models. Thus, we have demonstrated
the potential of Gaussian process regression models to speed up the optimization of
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Figure 6.4: AID framework: illustration of the different components of the framework.
The package consists on a Gaussian process calculator (b) that can be queried by the
active learning optimization algorithms (minimization, nudged elastic band and transi-
tion state search). The calculator produces a surrogate model of the potential energy
surface (c) that is used to guide the searches. In addition, the active learning optimiza-
tion algorithms can suggest useful training points, for which a first principle calculator
is executed (a). The energies and the forces obtained by the first principles calcula-
tor are then supplied to the Gaussian process calculator, which uses this information
to produce more accurate models. Source: Paper lll: An artificial intelligence-driven
approach for the exploration of potential energy surfaces.

atomic systems.

6.3 Paper lll: An artificial intelligence-driven approach

for the exploration of potential energy surfaces

Following the successful reduction of DFT evaluations in local optimization of the GP-
Min method and the Gaussian process accelerated nudged elastic band presented in
reference [127], we have presented a unified artificial intelligence-driven (AID) frame-
work for Gaussian process assisted local optimization, transition state search and min-
imum energy pathway discovery.

A scheme of the framework is presented in Figure 6.4. The central characteristic of the
framework is the Gaussian process calculator, which stores the energies and forces
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of all the previously visited configurations. This feature can be then used by any of the
algorithms, facilitating any method to take advantage of previous DFT calculations. For
example, a local optimization run aiming to determine the energy of an intermediate
structure in a reaction can benefit of the energies and forces of the structures explored
by a former NEB calculation of a neighboring minimum energy path to produce a more
accurate intermediate surrogate model and, thus, speed up convergence.

In order to keep the memory consumption of the Gaussian process regression, we
have devised a limited memory scheme by training only to a subset of all the points.
The full discussion of the limited memory scheme can be found in Section 6.4.1.

The Gaussian process calculator can then be queried by any of the active learning
algorithms (the local optimization, the NEB or the dimer method) in order to obtain a
prediction or an uncertainty for a test configuration, or be updated so that it includes
new configurations with DFT information in the training set.

We show that sharing the data between the different active learning algorithms can
lead to reduction of the number of DFT calculations more than an order of magnitude
when the problem involves the exploration of a large portion of the potential energy
surface. This is illustrated in Figure 6.5. The problem addressed here is to determine
the reaction network of a two dimensional system involving three final states, labelled
S1, S2 and S3, which have been previously relaxed.

The data from the relaxations of S1 and S2 helps to speed-up the determination of the
minimum energy path between S1 and S2, and images from the NEB, in turn, speed
up the determination of the geometry of the intermediate state I1. The benefits of this
approach become even more evident when the NEB calculation to study the S1-S3
minimum energy path is run. The path connecting the two states also runs through
intermediate state 11, which has already being converged in the previous calculation.
This way, the computational effort can be concentrated in the area around intermediate
state 13, instead of evenly distributing the computational cost throughout the space.

The full reaction network in this example has been determined with 142 energy-force
evaluations, as compared to 1687 energy-force evaluations needed by MDMin [95],
the most efficient amongst the traditional methods we have compared it to.

We further demonstrate the power of the AID framework by addressing the dissociation
of the absorbed CH radical on a copper surface with a step (fcc (211)), as described
with DFT. Our investigations have revealed that there are 5 different configurations
where CH is bound and 21 where the carbon and the hydrogen atoms are adsorbed to
different sites, out of 159 initial candidate structures. We have then computed the mini-
mum energy pathways between every bound and dissociated configurations, needing
105 NEB calculations. We were able to determine this network with less than 9000
DFT evaluations, where only running the local optimization part with the traditional
optimizers we tested required over 10 000 DFT evaluations.
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Figure 6.5: Example of data reuse between different active learning algorithms in the
AID framework for the determination of a reaction network. The top panels show sur-
rogate potential energy surface, obtained from the information gathered with the min-
imizations of the three structures (S1-S3) and the new data gathered with the new
active learning methods at each stage of the calculation. Image adapted from Paper
llI: An artificial intelligence-driven approach for the exploration of potential energy sur-

faces.
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6.4 Paper IV: Machine Learning with bond
information for local structure optimizations in

surface science

In this work, we address the problem of capturing the anisotropy of the potential energy
surface in the context of local optimization with Gaussian process guidance. In addi-
tion, we explore the consequences of the limited memory Gaussian process calculator
introduced in Paper Ill. As a result, we propose two novel local optimization methods
based on the new Gaussian process surrogate model. We have termed BondMin to
the new method with improved anisotropy description and LBondMin to the limited
memory version of the former.

The summary of Paper IV is structured in two subsections: we first discuss the limited
memory approach in connection with paper IV and then we explore how the inclusion
of bond information in the model can result in the faster optimization of adsorbates on
surfaces, as compared with the results presented in Paper II.

6.4.1 Limited memory Gaussian processes for local optimization
The computational time needed to perform a Gaussian process regression with gradi-
ent information scales cubically with the number of points in the training set and the
number of force components, which is 3 times the number of atoms in the unit cell,
O(n3(3N)3). The memory scales quadratically with the same quantity. As a conse-
quence, the relaxation of systems with many atoms in the unit cell poses a challenge
for methods like GPMin.

In Paper Ill, we suggest two actions to reduce the computational cost:

1. A reduction the number of force components used in the training. In many sys-
tems, the optimization does not involve all the atoms in the unit cell, but only
those that are not constrained.

2. Training only on the nmax closest structures to the structure whose energy we
want to predict. These structures will be the most correlated ones and, hence,
be responsible for the major part of the prediction for stationary kernels that decay
with the distance.

The combination of these reduces the scaling in memory to O(n%aXchof), where Ngof
is the number of degrees of freedom. This way the memory no longer depends on the
number of steps, but on a predefined nnya« factor, which can be adjusted to match the
computational resources available, and the prefactor on the number of force compo-
nents is reduced.

We have tested the performance of these actions in the context of local optimization
on two systems described with density functional theory: a 10 atom sodium cluster
and a CO molecule on a fcc (100) platinum slab (also a system with 10 atoms in the
unit cell).

The results are shown in Figure 6.6. We have found that, if nya« is sufficiently large
(but still small compared to the number of steps), the performance of the optimizer with
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Figure 6.6: Comparison between the full memory and the limited memory approaches
for the local optimization of the atomic structure of two atomic systems, with and with-
out hyperparameter updates of the Gaussian process model along the way. The lines
indicate the average number of steps over 10 runs and the shaded area, the 95% con-
fidence interval of the mean estimated with bootstrapping. Source: Paper IV: Machine
Learning with bond information for local structure optimizations in surface science

fixed hyperparameters is equivalent in the full memory and limited memory versions.

Surprisingly, if the hyperparameters are updated, there is a range of training set sizes
for which the limited memory method is actually faster than the full memory version,
with about 15% less DFT calculations. We think the reason for this speed up might be
that the reduction of the training set size may lead to a higher flexibility of the model, by
being able to have different hyperparameters to describe different regions. As a result,
we believe that the surrogate model may describe the neighborhood of the minimum
more accurately, leading to boost of the performance. We note that a speed up related
to the use of a set of local Gaussian process regressions has also been reported by
Eriksson et al. in the context of global optimization [142].

6.4.2 Including bond information to improve local optimization
We have noticed that the performance of the GPMin optimizer is reduced in those
systems where the potential energy surface is anisotropic, for example, in systems
involving molecules on surfaces. In this kind of systems the variation in the stiffness of
the bonds produces large differences in the curvature of the potential energy surface
around the minimum among different directions.

If the optimization is guided by an model that is a priori isotropic, it will need a larger
training set to reproduce the anisotropy of the underlying potential energy surface. This
observation has motivated us to introduce the following kernel between configurations
% and %":

k(% %) = ke @D/, (6.1)

where d?(%; %°) is the squared distance between the two configurations, defined as:
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(a) GPMin (b) Bondmin

Figure 6.7: Evolution of the scale in the Gaussian process regression surrogate model
as the local optimization progresses. The atomic system studied here is a CO molecule
on a fcc metallic slab (made of gold in panel (a) and platinum in panel (b)). Panel
(a) shows the evolution of the scale of an isotropic kernel. Three initial scales are
considered (0.2, 0.3 and 0.4 A) and 10 runs are executed for each initial value. Each
line marks the evolution of an individual run. Panel (b) shows the evolution of the scale
for an anisotropic kernel that has one scale for each pair of atomic species. The initial
value of each scale is one fifth of the average of the covalent radii [82]. The solid lines
represent the average scale over 10 runs and the shaded area represents the 95%
confidence interval of the mean estimated with bootstrapping. Adapted from Paper II:
Local Bayesian optimizer for atomic structures and Paper Ill: Machine Learning with
bond information for local structure optimizations in surface science.
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where R; is the coordinate of the i th atom, X; is the atomic species of the i th
atom, and the double sum runs over the number of atoms in the unit cell N. Note
that bij; = R; R; is the vector along the bond between atoms i and j, and thus, the
distance measure in equation (6.2) is a weighted distance over atomic bonds. Since
all the atoms are included, the kernel in equation (6.1) is equivalent to the anisotropic
squared exponential kernel (5.12) introduced in Section 5.2, where the matrix M is the
Laplacian matrix of the fully connected graph [143] where the nodes are the atoms in
the unit cell. It is easy to see that kernel (6.1) is invariant under rigid translations of
all the atoms in the unit cell, and that it does not capture any other symmetry of the
system.
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This kernel uses a different scale “x;x; for each pair of atomic species X; and X;. It
is well known that certain combinations of atomic species tend to form stiffer bonds
than others. It is possible to incorporate this prior knowledge into the kernel by using
the covalent radii as tabulated by Cordero et al. [82], so that the PES is anisotropic a
priori. These scales can be further updated as the optimization progresses, using the
data in the training set to find the scales that describe the potential energy surface of
the system best.

Figure 6.7 shows the value of the scale of the kernel that optimizes the marginal likeli-
hood (5.16) as the optimization progresses. Both panels show similar systems, a CO
molecule on a fcc transition metal surface. The optimization in subfigure 6.7(a) uses
GPMin as an optimizer, which relies on an isotropic model of the PES, while the op-
timization in subfigure (b) uses BondMin as an optimizer, which uses the equations
(6.1) and (6.2) as a model for the kernel. The BondMin optimizer achieves to opti-
mize the system in less steps (all optimizations have converged within 30 steps), by
diversifying the scale profile for different directions. The scale for the CO bond stays
below 0.2 A during all the optimization, finishes at an average value of 0.11 A, while the
metal-metal and metal-molecule bond scales grow to reach about 0.77 A on average.
The CO scale is much shorter than the average scale for the isotropic GPMin (about
0.3 A) and the others are significantly longer, allowing BondMin to take longer steps
without perturbing the molecule too much. As a result, the BondMin optimizer needs
less steps to optimize structures with very different levels of stiffness across bonds.

This result is farther illustrated in Figure 6.8. We have studied the optimization of 5
different molecules and radicals on different fcc (100) surfaces. For each system, we
have studied three different template initial configurations (on top, hollow and bridge),
which we have used to create 10 slightly different configurations from each template
by adding small Gaussian rattling. All the resulting systems have been relaxed with
BFGS Line Search, as implemented in ASE, GPMin and Bondmin.

We observe that for these systems with anisotropic potential energy surfaces, GPMin
does not show a consistent speed up as compared to BFGS, but BondMin achieves
reductions of the number of DFT calculations of up to a factor 2 as compared to BFGS.
This effect is particularly significant if the hyperparameters are allowed to update. We
also observe that the reduction in the number of steps is larger for for those systems
where the total number of steps needed by BFGS is large. Furthermore, we also ob-
serve that the spread of the number of steps over different runs is smaller for BondMin
than for other optimizers.

From these observations we conclude that the BondMin optimizer is faster and more
robust than the methods we have compared it against for the optimization of adsorption
systems, which represented a challenge to GPMin.
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Figure 6.8: Number of DFT calculations needed to relax some molecules and radicals
on surfaces with different local optimization methods. The light circles indicate the
number of DFT calculations needed to find the minimum structure for ten runs with
slightly different initial structures and the dark marker indicates the average over the
10 runs. The circle indicates that all 10 runs succeeded, while the inverted triangle
marks that at least one of the run failed. Adapted from : Paper Ill: Machine Learning
with bond information for local structure optimizations in surface science.
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6.5 Paper V: Global optimization of atomic structures
with gradient-enhanced Gaussian process

regression

In this paper we present BEACON, a Bayesian optimization method for the global
optimization of atomic structures. The method is based on the original work by Bisbo
and Hammer [114, 115], but it incorporates the gradient information into the Gaussian
regression model.

In order to identify the different local minima that are connected by a symmetry opera-
tion with as few DFT calculations as possible, it is of great importance to have a ma-
chine learning method that is able to describe the symmetries of the atomic structures.
To this end, we have used the modified Oganov fingerprint which includes an angular
contribution in addition to the original radial fingerprint (for a detailed description, see
Section 3.4.2). We have used the squared exponential kernel with this fingerprint as
input and a repulsive potential to avoid the method to sample configurations where the
two atoms are very close, as described in Section 5.3.

Figure 6.9 illustrates the optimization procedure for a TagO15 cluster as described by
DFT. The optimization starts by randomly generating a few atomic structures and ob-
taining their energies and forces. These configurations are then used to obtain a sur-
rogate model of the potential energy surface, with its corresponding uncertainty es-
timation. Then, a set of new candidates is randomly generated and relaxed on the
average prediction. We then use the lower confidence bound acquisition function (4.9)
described in Section 4.2.1 to select the structure with the best balance between ex-
ploitation and exploration. The hyperparameters are optimized along the way, as the
optimization progresses.

The predicted energy, the predicted uncertainty and the DFT energy of the configura-
tions that the optimization method samples are shown in the top panel of Figure 6.9.
The evolution of the optimization can be roughly divided into two phases: a first phase
where the energy is minimized until the global minimum is found and a second phase
where the method explores the PES to be certain no other minimum has been missed.

During the first part of the run, the optimization method finds lower lying structures as
the the optimization progresses, with the exception of some high uncertainty structures.
As more information is collected, the hyperparameters are optimized, improving the
description of the PES. The geometry of the cluster evolves in parallel, identifying
the right coordination of the atoms as more data is collected. The global minimum
is identified at approximately step 40. Since the optimizer is forced to continue after
identifying the global minimum, it keeps sampling structures, first around the global
minimum and then in a different basin. It is interesting to see that between iterations 60
and 80, the Gaussian process regression mistakenly predicts that there are structures
whose energy is lying below the minimum, but by gathering more data, the method is
able to correct its hyperparameters and to predict average energies above the global
minimum again. The optimizer then continues to explore regions with high uncertainty
to make sure a lower lying basin has not been missed.
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Figure 6.9: Evolution of the potential energy during global optimization of a TagOis
cluster and of the hyperparameters of the surrogate model. The green curve in the top
model shows the predicted energies and the black curve, the DFT values. The poten-
tial energy of the cluster initially converges towards the global minimum, by learning the
adequate coordination number as the optimization progresses, until the uncertainty on
the prediction is very small and the global minimum is reached (around step 40). In a
second phase, the method explores points with high uncertainty and low energy, in an
attempt to find an structure with a lower energy. Source Paper V: Global optimization
of atomic structures with gradient-enhanced Gaussian process regression.
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We have found that including the forces in the Gaussian process regression model
leads to a reduction of necessary DFT calculation of about a 4-fold as compared to
GOFEE [114], in addition to the order of magnitude reduction that GOFEE presents
with respect to evolutionary strategies [114]. We have illustrated this by applying the
different methods to a copper cluster described with EMT.

We have successfully applied BEACON to find the global minimum of a number of sys-
tems, demonstrating the utility of the method. We have used BEACON on the [Ta;Os]x
clusters with x = 1;2; 3, as demonstrated in Figure 6.9. We have also used it to deter-
mine the structure of the oxidized ZrN surface, where we find that the global minimum
structure is the one having an oxygen and a nitrogen atoms in the surface (of a 4 by
4 slab) and a nitrogen vacancy below the oxygen atom. This structure, surprisingly,
turns out to be more stable than a the structure that has the oxygen lying on the sur-
face, adsorbed in the hollow position, and no nitrogen vacancy. We believe that this
result demonstrates the utility of the global optimization method we have presented to
guide research in surface science.
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7 Conclusions

In this thesis, we have shown how machine learning models can successfully reduce
the computation time necessary to identify the atomic configurations of interest for a
given system. We have shown how, without loosing the accuracy of quantum chemistry
methods such as density functional theory, it is possible to guide optimization searches
by using data driven models.

The machine learning models presented in this thesis can guide searches for local
and global minima, as well as transition states. The methods presented, rather than
a single-use model for a specific material, constitute a framework that allows to build
good models for systems of different compositions. We have shown that the accuracy
of all the models presented can be improved by adding more configurations to the
training set, thus improving the guidance for the PES exploration.

We have demonstrated that reusing “old” data improves the search. Pre-training on
OQMD [29] improves the prediction of the global minimum prototype in screening stud-
ies involving bulk materials (as we have demonstrated in Paper I) and reusing the tra-
jectories of previous local optimizations and transition state searches speeds up other
local optimizations and transition state searches during the determination of reaction
networks (as we have seen in Paper lll).

Another guideline that arises from the results is that the inclusion of more “physical’
intuition into the prior knowledge of the model reduces the amount of data needed to
achieve the desired accuracy. Including the symmetry label in the graph descriptors
(Paper 1) orincluding information about the covalent radii of atoms (Paper IV) improves
the accuracy of the parts of the PES we are interested in. At a more fundamental
level, the results show that the symmetry of a material becomes an important piece of
information in the characterization of the different local minima. Thus, the inclusion of
symmetry information in the description of an atomic system is key for the identification
of the global minimum structure (see Papers | and V).

All the active learning methods based on Gaussian processes presented in this thesis
have been collected in the Python package gpatom [144] in a ready-to-use form. Those
hyperparameters and design choices that lead to the best performance over many
different training examples have been selected as default choices in the package. The
result of these methods is always a structure whose energy and forces have been
obtained by a quantum chemistry method (which is chosen by the user among those
available through ASE [16, 17]). Thus, the package is addressed to an audience of
both experts and non-experts in machine learning, which can benefit of an speed up
in the determination of the geometry of atomic structures.
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