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3 | Differential equations of motion
To obtain a good understanding on the fundamentals of micromechanical resonators,
studying the differential equations which govern their motion is a good starting-point. In
literature there are countless examples on how to derive the wave equation dominated
by bending stiffness of strings and plates [6] as well as approximate solutions for cor-
responding tensile stress dominated strings and membranes [7]. As will be seen in this
chapter, even though the dynamics at high tensile stress can be described purely by the
tensile stress induced stiffness, the bending stiffness still plays a vital role in order to ob-
tain a full understanding of how the systems behave and how to predict key properties
like damping.

This chapter is divided into two sections. First, a one-dimensional string is studied. This
simple case is easy derive, yet it gives, in principle, all the insight needed to understand
all key effects in play. In the following section, the solution is briefly extended to a two-
dimensional membrane.

3.1 1D system
The partial differential equation of a beam under tensile stress can be derived by studying
a small beam segment shown on Figure 3.1. At first, the movement along the x-direction
is considered. Using Newton’s second law, the total force on the x-axis must equal the
beam element’s mass times it acceleration, i.e.

z

x

N N +
@N
@x

�x

T

T +
@T
@x

�x
M

M +
@M
@x

�x

x x+ �x

u(x; t)
u(x+ �x; t)

F 0
e

Figure 3.1: A differential beam segment with length �x and with the in-plane force N ,
transversal force T , bending momentM and external force distribution F 0

e illustrated.

T �
�
T +

@T
@x

�x
�

= m0@2�
@t2

�x ; (3.1)

where T is the beam tension in units of force, m0 = �A is the mass per unit length where
� and A are the beam’s material density and cross-sectional area, respectively, and � is
the longitudinal beam displacement. When a transversal displacement is present the total
beam length experiences an elongation which creates a coupling between the transversal
and longitudinal displacements. However, in section 5.1 it will be shown this relation is
nonlinear. For small transversal displacements the induced longitudinal displacement is
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negligible and will henceforth be ignored, i.e. @2�/@t2 ! 0. Solving Eq. (3.1) then leads
to

T (x) ! T = �A (3.2)

where � is the tensile stress in the string and A its cross-sectional area. The transversal
force balance can be written as

F �
�
F +

@F
@x

�x
�

+ F 0
e = m0�x

@2u
@t2

)
@F
@x

= F 0
e �m0@2u

@t2
; (3.3)

where F is the total force, and F 0
e the external force distribution. F can be related to the

bending momentM by looking at the moment balance

M �
�
M +

@M
@x

�x
�

� F�x�
@u
@x

�xT �
F 0
e

2
�x2 � 0 (3.4)

F ! lim
�x!0

F = �
@u
@x
T �

@M
@x

; (3.5)

where the element’s rotational inertia is ignored, since the wavelength is assumed much
longer than the beam thickness. M can be derived by considering the bending induced
strains inside the beam element illustrated on Figure 3.1

M(x; t) =
Z

A
(� + ��(x; z; t))z dA

=
Z

A
�z dA+

Z

A
��(x; z; t)z dA

=
Z

A
E��(x; z; t)z dA

= E
Z

A

�
�
@2u
@x2 z

�
z dA

= �B
@2u
@x2 ;

(3.6)

where ��(z; t) and �"(z; t) are the bending induced changes in longitudinal stress and
strain, respectively. Note the �z term cancels out in the integration. B = EI is the beam
stiffness, where E is the material Young’s modulus and I =

R
A z

2 dA is the area moment
of inertia. For rectangular beams it is defined as I = wh3/12, where h and b are the
beam’s thickness and width, respectively. Substituting Eq. (3.5) and (3.6) into (3.3) finally
yields the one-dimensional wave equation

@2

@x2

�
B
@2u
@x2

�
� T

@2u
@x2 +m0@2u

@t2
= F 0

e ; (3.7)

which is a fourth order partial differential equation (PDE). For a uniform beam, i.e. @B/@x =
0, the above simplies to

B
@4u
@x4 � T

@2u
@x2 +m0@2u

@t2
= F 0

e : (3.8)

An interesting case is when the tensile stress is high. Here, the stiffness from the stress will
dominate the total stiffness everywhere except at regions with sharp modeshape features.
The latter is typically present near the boundaries of a domain. When far away from any
boundaries the PDE reduces to

� c2
�
@2u
@x2 +

@2u
@t2

= F 0
e ; (3.9)



3.2. 2D system 9

which is a typical inhomogeneous wave equation where c� =
p
�/� is the propagation

velocity of a wave traveling in a tensile stress dominated beam. From the homogeneous
part of Eq. (3.8) the dispersion relation of a uniform beam can be derived by assuming a
harmonic wave of the form u(x; t) = ei(~kx�!t) leading to

B~k4 � T ~k2 �m0!2 = 0 : (3.10)

The wavenumber ~k has 4 solutions

~k =

(
�k

�ike
; (3.11)

where

k =

r
2BT

�p
4Bm0!2/T + 1 � 1

�

2B
; ke =

r
2BT

�p
4Bm0!2/T + 1 + 1

�

2B
: (3.12)

When in the high stress regime, i.e. T 2 � 4Bm0!2 and assuming a rectangular beam this
can be simplified to

k � !
r
�
�

; ke �
r

12�
Eh2 : (3.13)

When on the other hand no tensile stress is present i.e. T = 0, Eq. (3.12) can be reduced
to

k = ke =
�
!2m0

B

�1/4
=
�
!2 12�
Eh2

�1/4
(3.14)

The general solution for a beam at a given frequency is

u(x) = a1eikx + a2e�ikx + b1ekex + b2e�kex : (3.15)

suitable for traveling waves. It is clear from Eq. (3.15) that the first two terms are traveling
waves whereas the last two terms are evanescent waves with a characteristic length of
1/ke �

p
Eh2/12�. For a typical silicon nitride beam with h = 50nm and � = 1GPa

the characteristic length is �e � 200nm. It can be seen that high tensile stress may lead
to very short but extremely sharp bending at domain boundaries. This effect can lead to
enhanced damping along a boundary as described in section 4.2.6. Finally, for standing
waves a more suitable form of Eq. (3.15) is

u(x) = A1 cos kx+A2 sin kx+B1 cosh kex+B2 sinh kex : (3.16)

3.2 2D system
Deriving the PDE for a two-dimensional system can be done in a similar manner, and will
therefore simply be stated. It is worth noting that during the derivation extra care must be
taken to ensure that all relevant cross coupling between forces in x and y directions are
included. The two-dimensional wave equation for a tensile stressed embedded plate is
given by

B0r4u� T 0
x
@2u
@x2 � T 0

y
@2u
@y2 +m00@2u

@t2
= pe ; (3.17)

and if T 0
x = T 0

y = T 0, it simplifies to

B0r4u� T 0r2u+m00@2u
@t2

= pe ; (3.18)
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where r2 = @2/@x2 + @2/@y2 and r4 = r2r2. Ti = h�i with i = fx; yg are the tensile
stress per unit length in both in-plane directions, B0 = Eh3/[12(1 � �2)] is the bending
stiffness per unit length and m00 = �h is the mass per unit area. The shear force per unit
length are given by

F 0
x = �T 0

y
@u
@y

�
@M 0

xy

@y
�
@M 0

xx
@x

; F 0
y = �T 0

x
@u
@x

�
@M 0

yx

@x
�
@M 0

yy

@y
; (3.19)

where Fx is the force per unit length along the x-direction. The bending momentsMij are
given by

M 0
xy = �B0

�
@2u
@y2 + �

@2u
@x2

�
; M 0

yx = �B0
�
@2u
@x2 + �

@2u
@y2

�
: (3.20)

while the bending contribution from in-plane shearing is given by

Mxx = �Myy =
Z

A
��xyz dA = �B0(1 � �)

@2u
@x@y

: (3.21)

From the homogeneous part of Eq. (3.17) the dispersion relation can be derived by as-
suming a harmonic wave of the form u(x; y; t) = ei(~kxx+~kyy�!t). When there is a non-
uniformity in the stress, i.e. T 0

x 6= T 0
y this is non-trivial to solve. For a uniform stress

distribution Eq. (3.18) can be used, which when using the same approximations as in the
one dimensional case yields

~k2
x + ~k2

y = �~k2 (3.22)

where in the high tensile stress regime k and ke are approximated as

~k =

(
�k

�ike
; k � !

r
�
�

; ke �

r
12�(1 � �2)

Eh2 : (3.23)

and correspondingly for no tensile stress

k = ke =
�
!2m00

B0

�1/4
=
�
!2 12�(1 � �2

s )
Eh2

�1/4

(3.24)

Notice the similarity to the one-dimensional case, where the only difference being the
slightly added stiffness for the evanescent wavenumber. The general solution for a two-
dimensional system is much more complicated, and it is not used in any context in this
work. Instead, solutions are obtained by probing a proposed modeshape into Eq. (3.17).

The partial differential equations derived above give a good overview of the expected
behavior of a resonator and is a good starting point for analyzing idealized resonators like
strings and membranes under high tensile stress from which we can derive qualitative
conclusions. Note for patterned membranes the stress distribution will not be uniform
as assumed in Eq. (3.18). Consider a rectangular membrane initially fabricated with
a completely uniform tensile stress distribution equal in both directions. Now etch some
patterns into it. As soon as the membrane is released the whole structure will be in a state
of force imbalances at the etched features. The whole membrane is then displaced until
a new force equilibrium state is obtained. The membrane will now have a new spatially-
dependent tensile stress distribution in both x and y directions which generally will be
non-uniform. This makes any purely analytical solutions practically impossible except for
the simplest membrane designs.
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4 | Mechanical damping mechanisms
The main goal of the project is to design and fabricate mechanical resonators with the
highest possible quality factors. This requires a deep understanding of all the relevant
damping mechanisms one can expect in such resonators. This chapter outlines all the
relevant damping mechanisms which may affect the resonator’s performance. These can
largely be divided into three types:

1. Gas damping, an external force of colliding gas molecules impeding the movement
of the resonator.

2. Intrinsic loss, internal friction force resulting in internal damping.

3. Phonon tunneling loss, phonons of the resonator which couple and are lost to the
surrounding substrate.

While most of the content will be a review of the existing literature, phonon tunneling
losses for resonators operating at up to the low MHz range is largely unexplored. This is
highly relevant for especially trampolines and other resonators operating in the sub-MHz
range. A significant part of the chapter is dedicated to studying this loss mechanism in
detail and develop applicable models for it.

Throughout the thesis damping will be represented by their respective quality factor con-
tribution

Qi = 2�
W

�Wi
= !

W
�Pi

; (4.1)

where W is the resonator mode energy, �Wi the lost energy per cycle for the damping
contribution i, �Pi is the corresponding lost power and ! the frequency in rad/s. The
total quality factor of a resonator can then be computed by

Q�1 =
X

i

Q�1
i (4.2)

where it is evident the lowest quality factor contribution will dominate the quality factor of
the resonator. A common feature is that theQf product is constant. As the resonator size
is increased this leads to lower frequencies, but often the quality factors is increased in
an inverse proportional fashion leading to the same Qf product. Optimizing this product
is therefore an important part of this work, and this section will highlight how to achieve it.

4.1 Gas damping
When the quality factor has been improved considerably one will eventually reach a point
of being damped by the surrounding gas molecules. It may seem like a trivial damping
mechanism. One can in principle simply create a vacuum good enough to disregard it,
which one should in the quest for obtaining the best possible resonators. As this section
will show, this can potentially put extreme requirements to the vacuum system.

Gas damping has two distinct regions depending on the pressure level [7]. At higher pres-
sures the gas acts like a fluid and is known as the fluidic regime. At lower pressures the
mean free path of the gas molecules become large and the phenomenon can then be
modeled as a momentum transfer between the gas molecules and the resonator. This
is known as the ballistic regime. Considering the extremely high quality factors obtain-
able with thin-film tensile stressed silicon nitride resonators these will always need to be
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pumped down to high vacuum in order for them to operate unaffected. Therefore, the
focus will be on the ballistic regime only.

In the ballistic regime gas molecules will hit randomly on both side of an oscillating mem-
brane equally. When the membrane is moving with a velocity _u the molecules at the front
will hit with the velocity _u+vg and the back with the velocity _u�vg where v is some stochas-
tic variable for the gas molecule velocity. This creates a pressure difference which will
impede the movement of the membrane. This pressure difference is given by [8]

�p(x; y; t) = p
r

32M
�R0T

_u(x; y; t) : (4.3)

The distribution of the instantaneous power transferred to the gas molecules can then be
defined by

�wg(x; y; t) = �p(x; y; t) _u(x; y; t) : (4.4)

Letting u(x; y; t) ! u(x; y) cos(!t) the total lost power per cycle can be obtained by inte-
grating across the membrane surface and integrating temporally over a cycle

�Wg =
Z 2�/!

0

ZZ
�wg(x; y; t) dxdy dt = p!

r
32�M
R0T

ZZ
u2(x; y) dxdy : (4.5)

The energy of membrane can be obtained by considering its kinetic energy. Themaximum
kinetic energy density is given by

wk;max(x; y) =
�h!2

2
u2(x; y) : (4.6)

Performing the same spatial integrations leads to

Wk;max =
!2

2

ZZ
�hu2(x; y) dxdy : (4.7)

Finally, the ballistic gas quality factor is

Qg =
!
p

r
�R0T
32M

RR
�hu2(x; y) dxdyRR
u2(x; y) dxdy

: (4.8)

Most membranes and strings are designed with a single thickness and density (but not
all, see Part III). This reduces the above to the design independent solution

Qg =
�h!
p

r
�R0T
32M

; (4.9)

which is the expression used in various textbooks. A typical silicon nitride resonator op-
erating at room temperature could have the specifications h = 50nm, M = 28:9g/mol
and Q = 107. This leads to a required vacuum with a pressure p � 10�5mbar. Thinner
membranes pushes this requirement to even lower pressures. For ultra-high quality mem-
branes, the thickness is typically down to 10 nm, and pressures below 10-7 mbar must be
used to guarantee that the results are unaffected by gas damping. All this illustrates the
importance and necessity of a high quality vacuum system, if the goal is to measure ultra
coherent resonators. If this is difficult to fulfill, one option is then to design resonators at
higher frequencies. This lessens the requirement. Often, it also leads to lower quality fac-
tors thereby reducing the vacuum requirement even further. Conversely, this highlights
one of the difficulties working with low frequency high quality factor resonators.
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4.2 Intrinsic damping
Intrinsic losses are all the losses which are a direct consequence of the oscillations of
strains and stress inside the resonator itself. While it is tempting to describe it all as internal
friction losses, there exists also fundamental loss mechanisms, which set a lower limit on
the achievable intrinsic losses even for idealized materials. When designing resonators
with ultra high quality factors one ultimately ends up with a device which is limited by
intrinsic losses. A proper understanding of the mechanisms behind it is therefore crucial
for engineering the best possible resonator.

A good reference which lists all the relevant intrinsic loss mechanisms is [7]. Intrinsic
loss mechanisms can largely be divided into two types: Friction losses and fundamental
losses. In the following these will be discussed based on the existing literature as well as
how high static tensile stress can be used to push the intrinsic loss limited quality factors
to ultra high values.

4.2.1 Friction losses
Consider an infinitesimal small element consisting of a spring and in parallel another
spring connected via a dashpot as illustrated on Figure 4.1a. This is known as the Zener
model and is used to describe the internal friction of anelastic materials [9]. By evaluating
the force balances for a harmonic excitation one can derive the stress-strain relation of
the form

� = "E � "E(1 + i~�(!)) ; (4.10)

where the loss angle ~� is given by

~�(!) = �E
!�

1 + !2�2 ; (4.11)

and where � = �/E2 and �E = E2/E1 are the relaxation time and relaxation strength,
respectively. A frequency dependence can be observed with a characteristic peak at ��1

plotted on Figure 4.1b. The above are also known as Debye equations, but in this case
rewritten assuming small damping. Generally, materials can be expected to have multiple
peaks. This can lead to a situation where the total sum of all the contributions may lead
to an effectively frequency independent loss angle [10]. Note, the intrinsic quality factor
of a material at low losses is related to the loss angle via Qint = ~��1.
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Figure 4.1: (a) Illustration of the Zener model used to describe the internal friction of
anelastic materials. (b) Debye functions plotted.

4.2.1.1 Two-level-systems and temperature dependence
The underlying mechanism behind the intrinsic losses in silicon nitride and other amor-
phous materials have shown evidence for being dominated by two-level-systems [11, 12].



14 Chapter 4. Mechanical damping mechanisms

Generally these arise from various defects inside the material. Examples of this include
dislocations in crystalline materials, grain boundary slipping and molecular chain move-
ment. Defects are omnipresent in amorphousmaterials. The defects enable energy trans-
fer from the resonator modes into the thermal bath via a three-particle scattering process
illustrated on Figure 4.2. They can be described as a double-well potential separated by
an energy barrier and possibly with an asymmetry between the two wells. At low tempera-
tures these can be modelled as two-level-systems. These give rise to maxima in vibration
absorption at specific temperatures T and frequencies !.

!th

kTLS

!th + !r
!r

Figure 4.2: A depiction of how a two-level-system defect (dotted green) can introduce
the momentum necessary for three-particle scattering. The high-frequency !th short-
wavelength thermal phonons (solid red) can easily enter and exit the resonator. These can
couple to the low frequency !th resonator phonons (wavy purple) via the defect, thereby
creating a loss channel for the resonator phonons to dissipate out to the external environ-
ment.

What are the sources of these defects for silicon nitride? In [12] two sources were identi-
fied and their respective responses plotted on Figure 4.3. There is one occurring at 50K
which is similar to the observed value of another amorphous material, silica. The defects
in this case are spread over a distribution of different energy barriers and well asym-
metries. The total damping can be estimated by integrating over all these infinitesimal
contributions leading to

�amorph(!; T ) = C�

 p
2T

�C

!
1
T

Z 1

0

�
V
V0

���
e

� V 2

2V 2
0

!�(T )
1 + !2�2(T )

dV ; (4.12)

where �(� � � ) is the error function, V is the energy barrier, � = 1/4 is a distribution depen-
dent parameter, V0 and �C are cutoff parameters for the energy barrier and well asymme-
try, and �(T ) = �0eV0/T is the temperature dependent relaxation time. Note fV; V0;�Cg
are given in units of temperature.

The other peak is at 200K and identified as an Arrhenius peak. It is believed this is
caused by hydrogen defects incorporated into the silicon nitride film during deposition.
This holds true even for the very clean low-pressure chemical vapor deposition approach.
The Arrhenius peak can be modeled using Eq. (4.11) with the temperature dependent
relaxation time � ! �(T ) = �0eV0/T . The temperature dependence of both contributions
are shown on Figure 4.3. It is obvious and illustrated on Figure 4.3 that two-level-system
damping can be reduced by cooling the resonator down to low temperatures.

The discussed defects exist in bulk silicon nitride. Additionally, the surface has shown to
have significant impurities consisting of oxygen and carbon [13]. Cleaning using hydroflu-
oric acid was demonstrated to be unable to remove these impurities, and it was concluded
these impurities are ubiquitous for silicon nitride films. Furthermore, the same paper con-
cluded cleaning using hydrofluoric acid also leaves fluorine impurities on the surface with
some reports of the quality factor being generally lower as a result. On the other hand,
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Figure 4.3: Temperature dependence of the amorphous and hydrogen defects in silicon
nitride. Note, there will be other intrinsic damping contributions not shown here which sets
a lower bound on the losses. The parameters used are given by [12].

there are evidence for a significant part of the surface losses is likely attributed to oxidiza-
tion of the silicon nitride surface. This is formed naturally under atmospheric conditions
[14] and can be further enhanced when exposed to oxygen plasma [15]. Comparisons
of quality factors before and after oxygen stripping using hydrofluoric acid showed an
improvement of 10 % for some time after the oxygen strip [16, 17], which hints at a signifi-
cant amount of oxides on the surface. Although it seems the cited papers contradict each
other when considering oxidized surface of silicon nitride and its damping contribution,
it is speculated the studies of the former paper performed their measurements too long
after the oxide strip, and therefore did not observe any quality factor improvement.

4.2.2 Thin-film loss model
As mentioned before, there are enhanced damping occurring at the surfaces of silicon
nitride (and other materials, too). The loss angle of a material film with layer thickness h
can be written as a sum of the volume ~�vol and surface ~�surf(h) contributions [13]

~�(h) = ~�surf(h) + ~�vol (4.13)

where
~�surf(h) =

6~�surf;0�surf
h

(4.14)

and where ~�surf;0 is the loss angle of the lossy surface layer and �surf its layer thickness.
Assuming its main contribution is oxidation the layer thickness will only be a few nanome-
ters [14]. For experimental derived values it is beneficial to combine the two parameters
into one, i.e.

~�surf(h) =
1
h��

; where �� �
1

6~�surf;0�surf
: (4.15)

Eq. (4.13) is plotted on Figure 4.4 for experimentally derived values of silicon nitride. The
majority of the work in this project is focused on resonators with a maximum thickness
of 50 nm, which is well within the surface loss dominated regime. Therefore, the volume
contribution will be ignored for the rest of the thesis unless otherwise stated.

4.2.3 Fundamental losses
There are two types of fundamental losses present in micromechanical resonators: Ther-
moelastic damping and Arkhiezer damping. They are fundamental as in they exist even
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Figure 4.4: The effective loss angle vs thickness of a silicon nitride membrane when in-
cluding the added intrinsic damping from surface impurities at room temperature. Plotted
with �� = 6 � 1010 m�1 and ~�vol = 3:57 � 10�5.

for the hypothetical case of pure defect-free materials. They are both irreversible heat
flow processes and can be modeled using Eq. (4.11).

During transversal bending one side of the material will compress while the other side ex-
pands. Since the strain field is coupled to the temperature field via the thermal expansion
coefficient the sides will experience heating and cooling, respectively. This will create a
non-reversal heat flow and eventually lead to losses as illustrated on Figure 4.5a. Us-
ing the Debye equations the relaxation strength and time for thermoplastic damping for a
beam given by [18]

�TED =
E�2

thT
�cp

; �TED =
h2

�2�
; (4.16)

where E, h, �, cp are the beam’s thickness, Young’s modulus, density and specific heat
capacity, respectively. � = �/(�cp) is the thermal diffusivity, where � the thermal conduc-
tivity.
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Figure 4.5: Illustration of the two fundamental loss mechanisms for micromechanical res-
onators. (a) Thermoelastic damping where bending creates temperature gradients due
to the thermal expansion coefficient leading to irreversable heat flow. (b) An array of cou-
pled atoms at rest. (c) An array of coupled atoms perturbed by a vibrational mode.

The Akhiezer damping, also known as the Akhiezer effect, is a quantum mechanical phe-
nomenon [19]. It is often referred to as the quantum limit of the possible Qf -products ob-
tainable in micromechanical oscillators. The mechanism is illustrated on Figure 4.5b and
c. Consider an array of atoms. These have a discrete set of vibration modes of phonons,
each defined by their wavelength �, frequency ! and momentum k = 2�/�. When the
system is in equilibrium the modes are populated according to the Planck distribution.
On the other hand, when the whole system is subject to longitudinal elastic vibration a
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periodic distortion of the arrangement of atoms will occur. This changes the dispersion
relation locally. Extension leads to a reduction of the slope in the dispersion relation while
compression leads to an increase. The magnitude of this effect is characterized by the
Grüneisen parameter 
. During the distortion the population of the phonon modes no
longer follow the Planck distribution. This leads to inelastic phonon-phonon scattering
processes to redistribute the population until a new thermal equilibrium is reached. It is
therefore also known as phonon-phonon interaction loss. Using the Debye equations the
relaxation strength and time for Akhiezer damping is given by

�AKE =

2cp�T
E

; �AKE =
3�
cpE

: (4.17)

For silicon nitride 
 = 1:2 [20]. At low frequencies this leads to a maximum Qf � 3 �
1014 Hz for silicon nitride. Generally speaking, thermoelastic losses are only significant
for thicker devices and are thus expected to be negligible. Therefore, Akhiezer damping
can here be considered as the ultimate limit for obtainable quality factors.

4.2.4 Quality factor from intrinsic losses
Recall that for determining the quality factor of a resonator the mode energy and losses
need to be defined. When the complex Young’s modulus is known the losses can easily
be derived by considering the energy stored in the time-varying part of the stress-strain
fields [9]. In case of beams and plates this is simply the energy related to the bending.
Starting from strains "ij and stress �ij and assuming harmonic vibrations, i.e. f"ij ; �ijg !
f"ij ; �ijge�i!t the potential energy density w is given by

w =
X

i;j

1
2
"ij�ij = E

X

i;j

1
2
"2
ij (4.18)

and the total energy is then given by integrating across the whole resonator, i.e.

Wbend =
Z

V
w dV =

Z

V

0

@
X

i;j

1
2
E"2

ij

1

A dV : (4.19)

For a two-dimensional thin plate there are no significant strains in the z direction. Based
on the results in section 3.2 the summation over strains be rewritten into

Wbend =
ZZZ

1
2

E
1 � �2 z

2
�
@2u
@x2 +

@2u
@y2

�2

dxdydz

=
ZZ

1
24

Eh3

1 � �2

�
@2u
@x2 +

@2u
@y2

�2

dxdy
; (4.20)

where E ! E/(1 � �2) was used to include the enhanced stiffness in plates. The energy
lost per oscillation can then be defined as

�Wbend = 2�Wbend ~� =
ZZ

� ~�
12

Eh3

1 � �2

�
@2u
@x2 +

@2u
@y2

�2

dxdy : (4.21)

Combined with the total resonator energy defined in Eq. (4.7) the quality factor for the
intrinsic losses can be defined using Eq. (4.1). Note, for strings the 1 � �2 denominator is
removed.
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Figure 4.6: Mode shape and bending loss distribution of a string with high tensile stress.
The insets zoom in on the marked bending losses. Plotted with n = 10, L = 200µm,
� = 1GPa and h = 50nm. Note the y-scales are arbitrarily scaled for the two functions
in order highlight important aspects of bending losses.

Obtaining the total bending losses �Wbend by integrating Eq. (4.24) results in

�Wbend = �Wbound + �Wdist ; (4.25)

where �Wbound and �Wdist are the boundary and distributed bending losses, respectively,
defined as

�Wdist =
Z L

0

� ~�
12
Eh3b

�
@2

@x2 (un sin kx)
�2

dx =
�5n4Eh3b~�

24L3 u2
n

�Wbound � 2
Z 1

0

� ~�
12
Eh3b

�
@2

@x2

�
un

k
ke
e�kex

��2

dx =
�3n2h2b~�

L2

r
�E
12

u2
n

: (4.26)

When combined with the mode energy defined in Eq. (B.3) the quality factor takes the
following form

Qint = (Q�1
dist +Q�1

bound)�1 (4.27)

where the quality factor contributions of the boundary and distributed bending losses,
respectively, are defined as

Qdist =
12

(�n)2
�
E

�
L
h

�2 1
~�

; Qbound =
r

3�
E
L
h

1
~�
: (4.28)

Looking at Qdist it is observed enhancing the stress is a clear strategy for improving the
quality factor, thereby confirming the expected damping dilution behavior. The same
trends are observed for Qbound although not as strong. This is due to the fact as the
tensile stress is increased this increases ke resulting in sharper bending at the boundary
leading to higher losses. Furthermore, reducing the string thickness h results in lower
bending stiffness at the boundary, which again leads to sharper bends and therefore less
reduction in losses. Generally, the n dependence shows boundary bending losses are
expected to dominate at low mode indices, whereas distributed bending losses dominate
at high mode indices. The latter leads to more nodes in the mode shape, which reduces
the curvature of the standing wave thus increases bending losses.
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Now consider surface damping discussed in section 4.2.2, where ~� / h�1. Substituting
this into Eq. (4.28) leads to

Qst,dist =
12

(�n)2
�
E
L2

h
�� ; Qst,bound =

r
3�
E
L�� : (4.29)

In case of surface losses one can enhance the quality factor by fabricating thinner mem-
branes if distributed bending losses dominate. On the other hand, when boundary bend-
ing losses dominate h cancels out and one therefore can no longer expect to see signifi-
cant quality factor improvements by fabricating thinner membranes. This is an important
result, which might not seem obvious at first.

Finally, the Qf product, where f is the frequency in Hz, is an important figure of merit for
various applications including quantum optomechanics. For a string it is defined as

(Qf)st,dist =
24�3/2L
nh2Ep�

1
~�

; (Qf)st,bound =
2�2n�
h

r
3
�E

1
~�

(4.30)

for each bending type, respectively. When limited by distributed bending losses, larger
devices generally lead to higher Qf products. However, these also oscillate at a lower
frequency, which leads to higher vacuum requirements (section 4.1). Furthermore, the
noise from a laser light source can become an issue at very low frequencies and fabrica-
tion will become increasingly difficult. For practical reasons there will therefore be some
upper limit for the size of the resonators. On the other hand, for boundary bending loss
limited resonators there are no apparent size advantages in terms of Qf product.

Qualitatively, the same overall effects are present and the same conclusions can be made
when deriving the intrinsic quality factor for other resonator types. Therefore, only the
quality factor and Qf products will be shown and briefly discussed for the following. Due
to this, the reader may skip directly to section 4.2.7 to move on to the next damping mech-
anism. It will be up to the reader to do the full derivation. Note, many of the underlying
derivations are found in appendix B.
4.2.6.2 Trampoline

u0 u0

meff
k

k

k

k

b

L S

u1

k

k

(a)

(b)

Figure 4.7: Trampoline resonator models. (a) and (b) show the fundamental and twisting
modes, respectively, of a typical trampoline.

The modeshape for a trampoline cannot be solved for analytically. Instead, an approxi-
mate solution can be obtained by treating the trampoline as a mass-element connected
with N tethers modeled as springs illustrated on Figure 4.7a. These springs are already
prestressed which adds the crucial out-of-plane stiffness for tensile stress resonators. It
is assumed the dominating contribution from intrinsic damping is the boundary bending
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losses at the outer end of the tethers, i.e. the part connected to the surrounding substrate.
The part connected to the central pad will not experience the same sharp bending, since
that area can bend more softly. Based on this the quality factor and Qf product for the
fundamental mode is given by

Qtr,f =
4L
h

r
3�
E

1
~�

; (Qf)tr,f =
24��
h

s
NbL

(NLb+ 3S2)�E
1
~�
; (4.31)

which shows no thickness dependence when one assumes surface losses. While Q
shows a result similar to the boundary bending loss limited string, Qf favors smaller pads
or wide strings to minimize the drop in eigen-frequency due to the added mass from the
pad. For completeness sake, the twisting mode of a trampoline is also shown when as-
suming N = 4 tethers. The twisting mode usually has a much higher eigen-frequency
thus the assumption of a straight unbend tether starts to break down as seen on Figure
4.7b. Nevertheless, it provides a rough analytical solution. Q and Qf are given by

Qtr,t = Qtr,f ; (Qf)tr,t =
48��
h

s
bL

(4bL+ S2)�E
1
�
; (4.32)

which largely shows the same results.
4.2.6.3 Circular and rectangular membranes
Considering a circular membrane of radius a leads to the quality factors

Qci,dist =
12a2�(1 � �2)

�mnbh2E
�m
~�

; Qci,bound =
aJ2

m+1(�mn)
hb

r
12�(1 � �2)

E
�m
~�
; (4.33)

where
�m =

�
2 ; m = 0
1 ; m > 0 : (4.34)

and wherem and n are the angular and radial mode indices, respectively, and �mn is the
n’th root of Jm�. The Qf product is then defined as
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24��3/2a(1 � �2)
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Likewise for a rectangular membrane with side lengths Lx and Ly in the x and y directions,
respectively, the quality factors are given by
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and their Qf products
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: (4.37)

The results and the conclusions which can be drawn are similar to the string.
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4.2.7 Concluding remarks on intrinsic losses
The use of Zener’s model and the Debye equations derived from it provides a simple
framework for describing the intrinsic losses occuring in various materials. While the fun-
damental losses, namely the Akhiezer damping, sets the ultimate limit on the quality fac-
tors obtainable in a resonator, there have been no reports of any resonators being limited
by this mechanism for tensile stress thin-film resonators. The omnipresence of defects
in amorphous materials, and especially the presence of surface impurities, seems to be
the ultimate limiting factor when reducing the losses. While the focus here and in most of
the field in general has been on silicon nitride, it could be worthwhile to look for other ma-
terials which do not observe the same degree of surface impurities. Silicon carbide has
demonstrated intrinsic bulk quality factors above 105 in cantilevers [23] which is roughly
an order of magnitude higher than for silicon nitride [13], although demonstrating this in
trampolines have not yet resulted in high performing resonators [24] compared to similar
silicon nitride based trampolines [25]. Obtaining a high quality silicon carbide layer for
use in thin film tensile stress resonators seems nontrivial. Other materials showing high
bulk quality factors above 105 include diamond, where cantilevers have been reported to
preserve their high quality factors down the nm scale [26, 27] as well as calcium fluoride
[28], although the latter has not been explored much yet.

One issue which I did not find a clear answer on is does the damping dilution effect di-
lute the fundamental loss mechanisms just as it clearly does for friction losses? Since
the Akhiezer damping is presented as the quantum limit for obtainable Qf products it is
tempting to conclude this is true regardless of the presence of tensile stress. However,
recent results have shown silicon nitride resonators with Qf = 1:1 � 1015 [29], which is
considerably above the limit predicted Akhiezer damping. Clearly, the limit can be bro-
ken, and it seems likely to believe it is due to the damping dilution effect. This has huge
implications. For example, the Akhiezer damping for diamond defined at Qf � 4 � 1013
is nearly an order of magnitude lower than for silicon nitride. The knowledge that Akhiezer
damping can be suppressed using damping dilution opens up the use of potentially a long
list of alternative materials in ultra-coherent resonators.

Finally, studying the eigen-modes of a string under tensile stress reveals the damping
dilution phenomenon, as well how the damping can be categorized into two mode-shape
defined types: Distributed and boundary bending losses. Boundary bending losses are
defined by their sharp bending along the resonator-substrate boundary and will dominate
for resonators used in the fundamental or other low mode index. When surface damp-
ing is assumed, which is usually the case, boundary bending loss limited devices show
no quality factor improvement when fabricating thinner resonators unlike their distributed
bending loss limited counterpart. Similar conclusions can be drawn with other thin-film
tensile stress resonator designs.

4.3 Phonon tunneling loss
Phonon tunneling losses are the phonons (or simply vibrations) which couple to the sur-
rounding substrate and may lead to losses. Depending on how this mechanism is de-
scribed, some of the vibrations can couple back into the resonator, or everything is lost to
the external environment. This loss mechanism is in the field also known under a broad
range of other names: Radiation losses, clamping losses, anchoring losses and external
losses. The name phonon tunneling loss was inspired by [30] and chosen as it creates
the least confusion of its meaning and applicability.

For membranes operating at few MHz and below this mechanism is poorly understood.
Analytical studies have been conducted for resonators at multiple MHz and above [31,
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32, 30]. In their work its assumed the substrate vibrations primarily consist of longitudi-
nal, transverse in-plane and surface waves. This is not a valid assumption at the lower
frequencies, which are often seen for silicon nitride membranes, where transverse out-of-
plane vibrations in the substrate is expected to dominate. As the stiffness of the latter is
dependent on the substrate stiffness, a failure to include it will lead to incorrect results for
especially thinner substrates. For example, a trampoline embedded with photonic crystals
showed strong dependence on substrate thickness at �100 kHz [25].

This section will derive phonon tunneling losses for two different cases: An infinite sub-
strate and a finite substrate. The derivations will be based on Kirchhoff-Love plate theory
to describe the transversal out-of-plane vibrations and is valid for wavelengths longer then
six times the substrate thickness [6]. This corresponds to Eq. (3.17) without the tensile
stress term. Its possible to extend this range when working with Mindlin plate theory [33]
instead. The purpose of this derivation is to highlight important aspects for resonators
used throughout the thesis. In that case, the simpler Kirchhoff-Love plate theory is suf-
ficient. Most of the focus of the PhD has been on fundamental mode resonators and
will therefore be the focus for the derived solutions. In general, both derivations can be
extended for higher resonator modes. In fact, the infinite substrate case is an easy the-
oretical approach to work with, as will be obvious. It will therefore be extended to any
arbitrary resonator modes. Finally, different approaches used by other groups for mini-
mizing phonon tunneling losses will be briefly introduced and discussed.

4.3.1 Infinite sized substrates

F 0(s)

M1

Figure 4.8: Illustration of the infinite substrate model. The boundary shear force distri-
bution F 0(s) (shown as vertical lines) of a membrane placed on a substrate is integrated
and an equivalent point-source excitation (in this example, a dipole with moment M1) is
estimated. The dashed lines represent zero displacement lines for the radiating wave.

Consider a resonator with dimensions 700�700 µm2 with a fundamental mode at 200 kHz
placed on a hs = 500µm thick silicon substrate with the parameters. Using Eq. (3.24)
the wavelength in the substrate would then be �s = 2�/ks � 6:4mm. Since the wave-
length is much longer than the membrane dimensions its shear force distribution along
the resonator-substrate boundary can to a good approximation be considered as a point
force on the substrate at point (xF ; yF ). This is illustrated on Figure 4.8. The shear forces
along the membrane-substrate boundary are treated as an external excitation on the sub-
strate itself. In the following sections the possible solutions of an m-pole point source is
explored and how the quality factor can be estimated is presented.
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4.3.1.1 Solution of an m-pole point source
The general solution of a vibrating plate in polar coordinates is given by [34]

wm(r; �) = [A1mJm(ksr) +A3mYm(ksr)
+B1mIm(ksr) +B3mKm(ksr)] sinm�
+ [A2mJm(ksr) +A4mYm(ksr)
+B2mIm(ksr) +B4mKm(ksr)] cosm� ; (4.38)

where r and � are the radial and angular coordinates respectively and fAnm; Bnmg are
constants to be determined. Jm, Ym, Im and Km are Bessel functions of the first kind,
second kind, modified first kind, and modified second kind, respectively. To solve for the
constants the following conditions are given:

• For m = 0 the slope must be zero at the excitation point, e.g. @w0(0; �)/@r = 0.

• For m > 0 the displacement must be zero at excitation point, e.g. wm>0(0; �) = 0.

• Sommerfeld’s radiation condition, i.e. the displacement must decay when r ! 1.

• At the excitation point the of shear forces must equal the external drive force.

Applying all but the last condition yields a solution of the form

wm(r; �) =
�
Jm(ksr) � iYm(ksr) � i 2

�
Km(ksr)

�

�(wmc cosm� + wms sinm�) ; (4.39)

where wmn are constants depending on the distribution of the external drive force. The
shear force along the angular direction is given by

F 0
m(r; �) = B0

s
@
@r

r2 wm(r; �) : (4.40)

Assuming the external drive force F 0
e(�) is applied on a circle at r = re, this can be related

to the above solution using the superposition of solutions

F 0
e(�) =

1X

m=0

F 0
m(re; �) : (4.41)

The displacement amplitudes wm can be estimated for each m by integrating along the
the angular direction for any external drive force distribution at r = r2. To evaluate wmn it
is advantageous to use the asymptotic limits of the Bessel functions valid for reks � 1:

Jm(x) �
1

�(m+ 1)

�x
2

�m

Ym(x) � �
�(m)
�

�
2
x

�m
; Km(x) �

�(m)
2

�
2
x

�m

By using the above approximations and substituting Eq. (4.39) into (4.41), multiply with
sinm� or cosm�, integrating with respect to � 2 [0; 2�] and utilizing the orthogonality of
substrate modes one obtains

w0 � w0c =
1

i8B0k2
s
M0 ; w0s = 0 ; m = 0

�
wmc
wms

�
=

km�2
s

i2m+1�(m+ 1)B0

�
Mmc
Mms

�
; m > 0

(4.42)
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where Mmi are the force moments. The zeroth order corresponds to a monopole and is
simply the summation of all the forces

M0 �
Z 2�

0
F 0
e(�)red� ; (4.43)

and for higher order moments its defined as
�
Mmc
Mms

�
�
Z 2�

0
F 0
e(�)r

m
e

�
cosm�
sinm�

�
re d� (4.44)

It can be seen the moment definitions can be extended to any two dimensional driving
force distribution fe(r; �):

M0 �
ZZ

fe(r; �)r drd� ; m = 0

�
Mmc
Mms

�
�
ZZ

fe(r; �)rm
�
cosm�
sinm�

�
r drd� ; m > 0

(4.45)

Note it is increasingly difficult to excite substrate waves of higher order moments for small
mechanical resonators due to the rm dependence. Finally, it can be convenient to express
the displacement field as

wm(r; �) = �wm
�
Jm(ksr) � iYm(ksr) � i 2

�
Km(ksr)

�

� cos(m� + �) ; (4.46)

where �wm �
p
w2
mc + w2

ms and � � tan�1 wms
wmc

. The above form can be used to describe
any radiated displacement field for any distribution of external driving force.
4.3.1.2 Radiated power and Q-factor estimation
With the radiative displacement field defined it is possible to quantify the total power that
is coupled to the substrate and lost. When evaluating the displacement field wm(r; �) far
away from the excitation point the wave can be treated as a plane wave. The total power
transmitted a distance r away is given by

PPTL1 = 2
!
ks

Z 2�

0
�max
kin (r; �)r d� ; (4.47)

where �max(r; �) = 1
2�hs!

2jw(r; �)j2 is the energy distribution at r. Substituting w(r; �) =P1
m=0wm(r; �) and noting the fact the wm(r; �) solutions are orthogonal yields

PPTL1 =
!3�shs
ks

r
Z 2�

0

1X

m=0

jwm(r; �)j2 : (4.48)

Using the far-field asymptotic limit of the Bessel functions

Jm(x) �
r

2
�x

cos
�
x�

m�
2

�
�
4

�
(4.49)

Ym(x) �
r

2
�x

sin
�
x�

m�
2

�
�
4

�
; (4.50)

the resulting radiated power is then

PPTL1 =
1X

m=0

PPTL1;m ; PPTL1;m =

8
>><

>>:

4!3�shs
k2
s

j �w0j2 ; m = 0

2!3�shs
k2
s

j �wmj2 ; m > 0
(4.51)

When the radiated power is known the quality factor is then simply given by Eq. (4.1).
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4.3.1.3 Solving for basic resonators
With the framework on which the phonon tunneling loss on an infinite substrate can be
estimated defined, it can easily be applied on various mechanical resonators. In the fol-
lowing the quality factor of often used mechanical resonators are presented. For all calcu-
lations the following set of parameters are used, unless otherwise specified: h = 50nm,
hs = 500µm, � = 100MPa, b = 5µm and L = Lx = Ly = 2a = 700µm. The derivations
of the excited moments in the substrate and mode energies of the resonators are found
in appendix B for each resonator type.

For a string only the zeroth and first order moments are excited. This yields the results

Q =

8
>><

>>:

n�h2
s

bh

r
�sEs

12��(1 � �2
s )

; n = odd

Esh3
s

6bhL�(1 � �2
s )

; n = even
(4.52)

and plotted on Figure 4.9. Note the evenmodes’ quality factor is independent on themode
index, and that it is independent of the string mass due to the lack of �. The latter can
be seen on all resonators studied here which excite the first order moment. This result
shows in general even modes are expected to couple worse into the substrate compared
to the odd modes at low mode indices due to the vanishing zeroth order moment. This
can also be seen as a result of constructive and destructive interference of the two anchor
points of the string for odd and even modes, respectively.
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Figure 4.9: Quality factor of a phonon tunneling loss limited string vs mode index.

Following the same steps, the quality factor for the fundamental mode of a trampoline
shown on Figure 4.7a is

Qf =

s
16h4

s�sEs
3meffkeff,f(1 � �2

s )
; (4.53)

where !f , keff,f,meff,f are the eigen-frequency, effective stiffness and effective mass of the
trampoline’s fundamental mode, respectively. For a twisting mode assuming N = 4 (see
Figure 4.7b) the quality factor is

Qt =
2LEsh3

s

3bh�(
p

2S + 2L)2(1 � �2
s )
; (4.54)

For a trampoline withN = 4, L = 425µm and S = 100µm the resulting quality factors are
Qf = 1:75 � 107 and Qt = 2:66 � 108. Comparing the fundamental model to the twisting
mode it is again seen that the higher moment (twisting) excitation results in lower phonon
tunneling losses.
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For a circular membrane with radius a, and radial and angular mode index fn;mg the
quality factor is derived to be

Qmn =

8
>><

>>:

�0nh2
s

�ah

r
�sEs

3��(1 � �2
s )

; m = 0

2m�2(m+1)

12�3
m
2 � 1

2 ��m�1
mn

h2+m
s

ha1+m

�
�s
�

� 1�m
2
�

Es
�(1��2

s )

� 1+m
2 ; m > 0

(4.55)

and plotted on Figure 4.10. �mn is the n’th root of Jm(�). It can be observed that the
general tendency of modes limited to exciting higher order moments increases the Q-
factor of the resonator except for higher radial modes. A possible explanation for this
could be the higher frequencies associated with these modes can more easily couple into
the substrate as shown in equation (4.51).
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Figure 4.10: Quality factors of a circular membrane with radius a = 350µm for different
radial n and angular m mode indices.

Next, for a rectangular membrane with the dimensions fLx; Lyg assuming 2
3 � Ly/Lx � 3

2
the excited moment depends highly on the mode. For nx � ny = odd, where ni are the
mode index in x and y directions, respectively, mainly the zeroth order moment is excited,
which leads to

Q0 �
�3h2

sn2
xn2

y

48h

s
3�sEs

(n2
yL2

x + n2
xL2

y)��(1 � �2
s )
: (4.56)

For nx + ny = odd mainly the first order moment is excited, which leads to

Q1 �
n2
xn2

y�2Esh3
s

48(n2
xL2

x + n2
yL2

y)�h(1 � �2
s )

�
�
Ly/Lx ; nx = even
Lx/Ly ; nx = odd : (4.57)

Finally, for nx = even and ny = even mainly the second order moment is excited which
leads to

Q2 �
n2
xn2

y�h4
s

18h

r
3�
�s

�
Es

(n2
yL2

x + n2
xL2

y)�(1 � �2
s )

� 3
2
: (4.58)

The results are plotted on Figure 4.12. Again, typically the modes that primarily excite the
higher order moments will achieve higher Q-factors, in this case where both of the mode
indices are even.
4.3.1.4 Solving for arbitrary designed resonators
Generally, there are two ways to calculate the quality factor for more complicated designs.
First option is to use finite element simulations to obtain the mode shape and frequency
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of the mode of interest using fixed boundary condition (i.e. no displacement and rota-
tion). From the mode shape the shear force distribution F 0(s) along the boundary can be
estimated. This works well for post processing an already existing result.

Another approach is to implement the infinite substrate model directly into the finite ele-
ment model. When the substrate wavelength is much longer than the size of the resonator
the response of the substrate can be described as a set of discretized degrees of freedom
corresponding to each excitable substrate mode in Eq. (4.39). For example, the zeroth or-
der moment can be implemented as a rigid non-bendable and non-rotatable frame around
the resonator with only 1 degree of freedom in the z direction. This frame is coupled to a
reference via a lossy spring with the spring constant kPTL1;0 defined by Eq. (4.42), i.e.

kPTL1;0 = �i8B0k2
s : (4.59)

Note the frequency dependence of the spring will result in a nonlinear eigenvalue problem.
It should be possible to extend this formulation to include higher order moments, but this
was not investigated in this work.
4.3.1.5 Validation via finite element simulations

Figure 4.11: COMSOL simulation result of a radiating field for a nx = ny = 2 mode of a
square membrane. The inset shows the mesh near membrane window.

Themodel for the infinite substrate is validated using finite elements simulations. A square
membrane is investigates as this has the most rich range of possible results using the
parameters defined earlier. The two dimenisonal plate module is used to model the
substrate. Inspired by [35, 36] the outer boundary was designed to absorb all outgo-
ing waves1. The shear force along the boundaries of the square window are defined by
Eq.(B.21) and (B.22). The results of one of the simulations can be seen on Figure 4.11.
The simulated results are shown on Figure 4.12 together with the predicted analytical
results.

The results for the nx = ny = odd modes which primarily excite the zeroth order moment
follow the analytical results quite well except for the highest plotted mode indices. The
ny = nx + 1 modes which primarily excite the first order moment, as well as for the
nx = ny = even which primarily excite the second order moment, both have significant
discrepancies at higher mode numbers. The frequency at nx = ny = 10 is �2MHz which

1COMSOL Multiphysics as of version 5.5 has no perfectly matched layer implementation for physics de-
scribed by fourth order partial differential equations. This necessitated an alternative absorbing boundary
implementation.
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Figure 4.12: Quality factor comparisons of the analytical solution of a square membrane
with COMSOL simulations. The results are divided into three plots corresponding to the
dominating excited moment. The membrane has the size Lx = Ly = 700µm.

corresponds to a substrate wavelength of 2mm. This is only 1/4 of the substrate thickness
thus the Kirchhoff-Love plate theory is expected to diverge from the true result. With a
window dimension of 700�m the point source assumption is also expected to fail. The
discrepancies shown for the higher mode indices are therefore expected to be a result of
breaking the two assumptions required for the analytical model.

It has been shown by obtaining the shear force distribution along membrane-substrate
boundary one can derive good analytical predictions for the phonon tunneling losses for
resonators placed on an infinite substrate. As long as the Kirchhoff-Love plate theory
conditions are satisfied, as well as the window size is much smaller than the substrate
wavelength, the analytical results are expected to give good results. The results predict
that engineering modes to create destructive interference on the substrate thereby limiting
the coupling to higher order moments only, can be used to enhance the phonon tunnel-
ing loss quality factor contribution by up to multiple orders of magnitude. Furthermore,
the predictions clearly show a dependence on substrate thickness. This fact has to the
author’s knowledge not been properly discussed anywhere before, but it is essential for
maximizing quality factors, especially for resonators not employing phononic crystals or
other shielding designs.

The main problem with this approach is the core assumption of an infinite substrate: Res-
onators are often placed on small chips or finite sized wafers. These finite substrates
have discrete sets of modes which can be coupled to resonantly or not at all. As will be
shown in the next section this difference drastically changes the expected behavior for
phonon tunneling losses.

4.3.2 Finite sized substrates
In substrates of a finite size only discrete modes can be excited. The energy transferred
to the substrate then depends on the spatial and temporal overlap between the resonator
mode and substrate modes. These are in turn dependent on the substrate dimensions,
position on the substrates, material parameters etc.. When the resonator has a mode
frequency corresponding to a high mode number of the substrate all these mentioned
properties needs to be known to very high precision to ensure correct results. This is
practically very difficult. Factor in each resonator that have gone through the exact same
fabrication processes will not have completely identical properties, but will have frequen-
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cies and mass spread around some mean values, this can lead to very different results
for each resonator which is very difficult to predict. To be able to treat this problem in a
systematic way a stochastic model will be developed for large, but finite substrates.
4.3.2.1 Substrate response function by eigen-function development
The coupling between the resonator and substrate can be described by treating the shear
forces induced by the resonator along the resonator-substrate boundary as an external
force distribution on the substrate just as for the infinite substrate case. For simplicity,
the resonator-defined window in the substrate is ignored in the following derivations. The
resulting response in the substrate can be determined via eigen-function development.
Starting out with the Eq. (3.17) assuming no tensile stress the PDE for an eigen-function
 n(x; y) has the form

B0(1 + i/Qs)r4 n(x; y) � !2m00 n(x; y) = 0 ; (4.60)

where the hysteric damping is added defined by the substrate’s intrinsic quality factor Qs.
The total solution can be described as a superposition of eigen-modes

u(x; y) =
1X

n
wn n(x; y) ; (4.61)

wherewn are weighting constants. For purely harmonic excitation pe(x; y; t) ! pe(x; y)e�i!t.
Substituting Eq. (4.61) into (3.17) and ignoring tensile stress yields

1X

n
wn
�
B0r4 n(x; y) � !2m00 n(x; y)

�
= pe(x; y) : (4.62)

Nowmultiply both sides with another eigen-function  m(x; y) and integrate over the whole
domain. Making use of the orthogonality between eigen-functions and Eq. (4.60) yields

wn =
RR

pe(x; y) m(x; y) dxdy
m00S�n(!2

n(1 + i/Qs) � !2)
(4.63)

where �s =
RR

 2
n(x; y) dxdy/S and S is the substrate’s total surface area. Substituting

Eq. (4.63) into (4.61) finally results in the response function

u(x; y) =
1X

n
 n(x; y)

RR
pe(x; y) m(x; y) dxdy

m00S�n(!2
n(1 + i/Qs) � !2)

; (4.64)

Just as for the infinite substrate case, the shear force distribution can to a good approxi-
mation be considered as a point force on the substrate at point (xF ; yF ). This simplifies
the above to

u(x; y) =
M0

m00S

1X

n
 n(x; y)

 n(xF ; yF )
�n(!2

n(1 + i/Qs) � !2)
; (4.65)

whereM0 =
R
F 0 ds is the total shear force summed along the resonator-substrate bound-

ary. An effective spring constant kPTL can then be defined, which resembles the substrate
by setting u(x; y) ! u(xF ; yF )

M0 = �kPTL(xF ; yF )u(xF ; yF ) (4.66)

where
kPTL(xF ; yF ) �

m00S
P1

n
 2

n(xF ;yF )
�n(!2�!2

n(1+i/Qs))

: (4.67)
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Note the above is only valid when the zeroth order moment dominates the coupling be-
tween the resonator and the substrate. This is true for the fundamental mode and some
higher modes for typical resonators (see appendix B). To simplify calculations it is con-
venient to substitute !n with the distance �! to each respective substrate mode, i.e.
!n = !+ �!. Additionally, assuming the spectral width of the substrate modes are much
narrower than the inverse modal density only the closest substrate mode will contribute
with any significant coupling. The spring constant can then be simplified to

kPTL(xF ; yF ) � �m00S!
�n

 2
n(xF ; yF )

�
2�! + i !

Qs

�
: (4.68)

4.3.2.2 Power dissipation in substrate
Now a choice has to be made. At which position should one assume the resonator is
on the substrate? This will affect the power that eventually will be dissipated. As stated
earlier, at very high substrate mode number it is very difficult to predict exactly how the
spatial overlap between substrate modes and excitation will be. One solution is instead to
work with an effective spring constant. This is obtained by the substitution  2

n(xF ; yF ) !
�n leading to

kPTL(xF ; yF ) ! kPTL = m00S!
�

2�! + i !
Qs

�
: (4.69)

The power transferred and lost to the substrate can be derived by considering a force
F (t) = M0 exp(i!t) driving the spring kPTL. This results in a velocity response v(t) =
i!F (t)/kPTL. The dissipated power over one cycle is then given by

�WPTL =
Z 2�/!

0
<fF (t)g<fv(t)g d ; (4.70)

where <f� � � g is the real part of a complex number. When the resonator mode’s energy
W is known its quality factor is then given by

QPTL = 2�
W

�WPTL
=

2�shsS
Qs

(4�!2Q2
s + !2)

W
M2

0
(4.71)

where W , M0 and ! depends on the resonator to be studied. For often used resonators
see appendix B for how these can be defined. A rough approximation can be applied
where the resonator is described as a simple 1 degree of freedom (1DOF) system with an
effective massmeff and stiffness keff. The induced force is then defined asM0 = �keffu =
�!2meffv and energyW � max(Wkin) = !2meffv2/2 where u is its amplitude leading to

W
M2

0
�

1
2!2meff

(4.72)

which clearly shows the influence of the resonator’s characteristics on the phonon tunnel-
ing losses, where lower mass and frequency is preferred for enhancing the quality factor.
Note the 1DOF description is only approximate and will lead to deviations for some res-
onator types and modes.
4.3.2.3 Defining the stochastic variables
So far, the phonon tunneling losses have been treated purely deterministic. This is not
feasible for any practical use as the spectral distance �! is difficult to predict for large
substrates. Consider the resonator’s frequency. Assuming it is equally likely to be situated
anywhere between two substrate resonances one may write

�! �
XY

2
(4.73)
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where X is a uniform distribution in the range [0; 1], Y is a distribution describing the
spectral distance between two substrate resonances and the denominator implies only
half the distance between two resonances is considered. The modal density at high mode
numbers is given by [37]

n! =
S
�

s
3�s(1 � �2

s )
4Esh2

s
: (4.74)

The distance between two modes follows an exponential distribution with the mean 1/n!.
This is used to model Y . The resulting expression for the distribution ofQPTL is then given
by

QPTL(X;Y ) =
2�shsS
Qs

�
(XY )2Q2

s + !2� W
M2

0
(4.75)

and its distribution for a typical resonator on a wafer shown on Figure 4.13. The mean
value is derived to

E[QPTL] =
2�shsS
Qs

�
2Q2

s
3n2

!
+ !2

�
W
M2

0

=
2�shsS
Qs

�
8�2Esh2

sQ2
s

9�sS2(1 � �2
s )

+ !2
�
W
M2

0

: (4.76)
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Figure 4.13: Probability density function for phonon tunneling losses of a substrate with
finite size. Plotted with a silicon substrate with a diameter of 100 mm, Qs = 105 and
assuming a resonator at 200 kHz with an effective mass of 1 ng. Note there is no upper
bound on this distribution.

Generally, it can be expected that Qs is relatively high thus the last term can be omitted.
The above result highlights a QPTL(X;Y ) / h3

s dependence which has been observed in
other studies [25]. Moreover, it differs from the QPTL1 / h2

s seen for fundamental modes
embedded in infinite substrate. Another interesting feature is this description predicts a
potentially large spread in the resulting quality factor of the resonator. The lowest quality
factor predicted by Eq. (4.75) is

min[QPTL] =
2�shsS!2

Qs
�
W
M2

0
: (4.77)

The largest value is due to the exponential distribution of Y unbounded. However, at high
quality factors the device will be limited by other mechanisms, presumably intrinsic losses
or ballistic gas damping. Comparing the minimum value with the mean value it is evident
for small and thick substrates the spread can be made extremely large as illustrated on
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49 kHz 125 kHz 238 kHz 319 kHz

Figure 4.14: First four modes of a 1�1 cm2 silicon chip with the parameters: hs = 500µm,
Es = 170GPa, �s = 2329 kg/m3, �s = 0:28.

Figure 4.13. This large spread is comparable to observed values in conducted experi-
ments throughout the PhD (see Figure 11.1). It should be stated that the above does not
explain all the spread one might encounter when characterizing resonators. Fabricational
imperfections as well as the cleanliness of the environment (dust and particles) will also
contribute to the spread.

It is speculated if fabricating small chips instead of leaving the resonators on large wafers
may be a good strategy to obtain stable and high quality factors. Small chips lead to low
density of modes making it easier to predict the relevant resonances of the chip itself.
This should enable one to engineer the chips to impede any spatial and temporal overlap
between the resonator and chip modes. For a fundamental mode resonator placed in the
center of a 1�1 cm2 silicon chip the first few spatially overlapping modes are at 49, 125,
238 and 319 kHz, which are illustrated on Figure 4.14. These frequencies can be scaled
up by fabricating even smaller chips making it easier to impede modal overlap. This was
briefly tested and presented on Figure 11.4 which confirms this could be a valid strategy.
4.3.2.4 Finite element simulation implementation
Finally, for finite element simulations of arbitrary designs it can be convenient to adapt
the current model to be directly implementable just as in section 4.3.1.4 for the infinite
substrate case. For the mean estimate of the quality factor, substitute �! with its root-
mean-square value in Eq. (4.69). This leads to

kPTL = �m00S!

 p
6

3n!
+ i !

Qs

!

: (4.78)

The minimum obtainable quality factor is given by

kPTL,min = �im
00S!2

Qs
: (4.79)

4.3.3 Substrates with phononic shields
When discussing phonon tunneling losses and how to mitigate them, one obvious and
tested method is to engineer the surrounding substrate with some kind of mechanical
shield. They have not been used in this work. Nonetheless, their ability to isolate any
resonator independent of the design of the resonator itself has great value, although it
will complicate fabrication considerably. Broadly speaking, there exists two approaches
which will be presented and discussed briefly.
4.3.3.1 Multi-frame approach
One approach to isolate the resonator is by engineering the surrounding substrate to
contain solid rings loosely coupled via small springs in the form of tethers [38, 39, 40, 41].



34 Chapter 4. Mechanical damping mechanisms

The idea is sketched in Figure 4.15. Each layer reduces the vibrations by some factor
depending on the mass of the ring and the stiffness of the tethers. By describing it as a
system of masses mi and springs ki an approximate analytical model can be build which
is able to give a good prediction on the attenuation of the vibrations. Consider position i
on the array where the vibration is attenuated by a factor �i. Assuming �i � 1 the mass
and spring at that position is then approximately related via

�i �
ki�1

!2mi
: (4.80)

It is clear from Eq. (4.80) a weak spring connection and high mass is preferred for maxi-
mum attenuation and therefore resonator isolation.

Figure 4.15: An illustration of the multi-frame approach to resonator isolation. m0 and k0
are the resonator’s effective mass and an effective coupling spring from the resonator to
the first mass element, respectively. mi and ki for i > 0 are the substrate mass and spring
elements, respectively.

The approach is simple and has demonstrated the ability to effectively decouple the res-
onator. A design was developed to test this concept shown on Figure 4.16, which clearly
demonstrate the effective attenuation of the coupled vibrations. However, this approach
has some pitfalls. For resonators operating at higher frequencies the wavelength in the
substrate is small enough for there to exists modes within the rings themselves. This
poses the risk of the resonator coupling to these ring modes thereby enhancing the cou-
pling and possibly damping. Of course, one can limit this effect by using thicker substrate
thicknesses to stiffen them, which blueshifts the rings’ eigen-frequencies. However, this
is ultimately limited by the wafer thickness. Alternatively, one can engineer the rings and
the resonator modes to ensure there will be no temporal overlap thus removing the risk
of exciting the rings’ eigen-modes.

A notable variation of this is patterning a string or the strings of a trampoline resonator
[42] with blocks of mass elements connected by strings. Each block consists of some
mass mi and each string segment has a stiffness ki = A�/L defined by their cross-
sectional area A, length L and tensile stress �. From these definitions Eq. (4.80) can
be used to estimate the attenuation at each block. This design prevents the vibrations
from propagating further along the string. Note in the cited work the mass blocks have
been designed in a herringbone pattern in order to reduce the bending losses which would
otherwise occur at the blocks.
4.3.3.2 Phononic crystal approach
Another approach is embedding the substrate in a phononic pattern shown on Figure
4.17 [44, 45, 43, 46]. In a sense it is similar to the approach described earlier, but in this
case it is applied as a one or two-dimensional periodic pattern of masses connected via
small springs. The concept will be explored more thoroughly for resonators in chapter
6. In short, the tether-mass configuration creates a propagation velocity contrast. This
creates a band-gap, where vibrations at certain frequencies cannot exists. Anything that
is embedded inside such a pattern and exciting with a frequency inside the band-gap will
have the vibrations reflected back, i.e. it is perfectly isolated. In practice, the pattern only
has a finite size thus the vibrations will experience an attenuation per phononic cell. It
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Figure 4.17: An example of how phononic patterns can be realized to isolate a resonator
embedded within. (a) Microscope image of the device. (b) Expanded view near the iso-
lated resonator. (c) Schematic of a single phononic cell. Figure adapted from [43].

the losses sensitive to the chip mounting technique used.

4.4 Conclusion on damping mechanisms
It has been shown having a well designed high-vacuum system is crucial when probing
the quality factor of ultra-coherent resonators. Pressures below 10�7 mBar is typically
used for the best performing resonators. In this regime the mean free length of the gas
molecules is extremely long and therefore the damping is well described using the bal-
listic gas model. Since this is in principal an easy controllable external damping mech-
anism, this can be considered trivial and typically ignored when discussing high quality
resonators.

The intrinsic losses can from the Zener model be described by the Debye equations. The
damping mechanisms considered are the friction losses, which are a result of defects
modeled as two-level systems, as well as fundamental losses thermoelastic damping and
Akhiezer damping. The latter is often referred to as the quantum limit. The damping can
be diluted using a high tensile stress and evidence indicate this can even dilute Akhiezer
damping. Ultimately, the best performing devices will be limited by friction losses which
typically is dominated by surface impurities, possibly surface oxidization.

To ensure the device can reach the limit set by intrinsic damping the supporting substrate
has to impede vibrations coupling from the resonator into the substrate and potentially fur-
ther out in the external environment. Existing literature on the topic only considers in-plane
and surface waves. This does not include the quality factor enhancements which have
been observed when using thicker substrates. Simulations conducted for resonators up to
the low MHz range show the vibrations in the substrate are mainly out-of-plane transver-
sal waves. From this, two new models were developed. The infinite substrate model
predicts a substrate thickness dependence of the order h2

s. Furthermore, it clearly shows
that often one can impede the phonon tunneling loss by going for modes which create
destructive interference in the substrate thereby reducing the coupling. This corresponds
to modes exciting only higher order moments in the substrate, i.e. dipoles, quadrupoles
etc..

The finite substrate model predicts a large spread of quality factors, since the quality factor
is dependent on how well it couples to one of the substrate modes. For large substrates,
this is seemingly random which potentially allows for a spread in quality factors above
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an order of magnitude. The mean value of the distribution shows a substrate thickness
dependence of the order h3

s, again highlighting that substrate thickness is an important
parameter for impeding phonon tunneling losses. It is believed smaller chips can allow
engineering of the substrate modes and can thereby be used to limit this loss mechanism.

Furthermore, the substrate can be engineered withmass-spring or phononic crystal arrays
to further isolate the resonator. This can be especially important when one adds structures
on to the resonator like photonic crystals, which will add mass and therefore enhance the
coupling to the substrate resulting in higher phonon tunneling losses. One has to be aware
of these mechanical shields will complicate fabrication.
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5 | Nonlinear analysis
In quantum optomechanics the application of micromechanical resonators is usually lim-
ited to cooling the mode of interest down to low phonon numbers followed by performing
quantum mechanical experiments like transferring single photons and phonons. The res-
onator is not subject to large displacement and can (in the classical regime) easily be
described using linear theory. However, in other applications, which includes ringdown
experiments, the displacement of the resonator can become large enough to alter the
behavior of the device. It enters a nonlinear regime where its characteristics is now de-
pendent on the amplitude of the resonator itself.

This chapter investigates the dominating source of nonlinearity and develops a model
to predict the behavior. Multiple scales analysis [47] is an often used method to study
nonlinear systems with finite (but not large) perturbations. The string will form the basis
of the analysis due to its simple description, but the approach used here can easily be
applied to any resonator design. Furthermore, the conclusions derived form the string
are quite general. A recent study was found obtaining similar results [48].

5.1 Source of nonlinearity: String elongation
The source of the studied nonlinearity is a geometric nonlinearity where the string is elon-
gated from an original length L to an elongated length S illustrated on Figure 5.1a. Other
nonlinearities possibly (in fact, surely) exists, but this has been identified as the dominant
mechanism at finite displacement amplitudes, which also matches the description given
in literature [7]. As the string is excited with some displacement amplitude, it is elongated
as a result of the fixed boundary conditions. This increases the strain, which in turn leads
to a higher effective tensile stress and therefore higher frequencies.

(a)

L

S
(b)

�x

@u(x)
@x �x

�s

Figure 5.1: (a) Illustration of the string elongation at large displacement amplitudes where
S � L. (b) Small string segment relating the local elongation of a string with its slope.

By analyzing the small string segment shown on Figure 5.1b one can derive the change
in tensile stress as a function of displacement amplitude. Any perturbation of the string
will result in a slope which will force an elongation of the string locally. Let s be a spatial
coordinate along the string related to the x coordinate via the differential equation using
Pythagoras’s theorem

�s � s(x+ �x) � s(x) =

s

�x2 +
�
@u(x)
@x

�x
�2

(5.1)

Letting �x ! 0 and assuming finite displacements yields

ds
dx

� 1 +
1
2

�
@u(x)
@x

�2
: (5.2)
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5.2.1 Nondimensionalization
Before proceeding with the analysis it is convenient to convert the above equation to
dimensionless quantities. This simplifies later derivations while at the same time gener-
alizing it to include other problems, which can be cast into the same form. First, define
the dimensionless displacement � � um/L and time � � !mt. Substituting those into Eq.
(5.13) leads to

�� + 
0 _� + 
1�2 _� + � + ��3 = q (5.14)

where the dots indicate derivatives with respect to � and


0 =
�lin

!mmeff
; 
1 =

�linL2

!mmeff
; � =

�effL2

!2
mmeff

; q(�) =
pe(t)

meffL!2
m

����
t= �

!m

: (5.15)

The equation takes the form of a Duffing oscillator with nonlinear damping added.

5.3 Multiple scales analysis
Multiple scales analysis can be used when the nonlinear effects are small. The solution is
then a small nonlinear perturbation to a linearized solution. The displacement is expanded
to

�(�) =
1X

n=0

�n(T0; T1; � � � ) (5.16)

where Tn = "n� and " � 1 is some small coefficient. For this analysis using only the first
two terms is expected to yield satisfactory results, i.e.

�(�) � �0(T0; T1) + "�1(T0; T1) ; (5.17)

and parameters dependent on T1 are slowly varying perturbations of the linearized solu-
tion. " is used as a placeholder to highlight terms that are expected to be weak. Assuming
a weak harmonic excitation, weak damping and weak nonlinear effects leads to

�� + "
0 _� + "
1�2 _� + � + "��3 = "q0 cos
� (5.18)

where 
 is the normalized excitation frequency. Inserting the expansion and discarding
terms containing " at higher orders than one, the terms can be collected depending on
the order of ". Solving for terms containing "0 �0 leads to

d2�0

dT 2
0

+ �0 = 0 ! �0(T0; T1) = A(T1)eiT0 + cc (5.19)

where cc is a placeholder for the complex conjugate of the whole expression, and A(T1)
is a complex amplitude yet to be determined. Solving for terms containing "1 and using
the above solution of �0 leads to

d2�1

dT 2
0

+�1 =
�

�2iA0 � i
0A� i3
1A2 �A� 3�A2 �A+
q
2
ei�T1

�
eiT0 +

�
�i
1A3 � �A3� e3iT0 +cc

(5.20)
where the substitution 
 = 1 + "� was used and where � is a small detuning from reso-
nance. The bar is the complex conjugate and the apostrophe is the derivative with respect
to T1. Any valid solution require the secular terms to equal zero, i.e. the sum of terms
containing the factor eiT0 . This is known as the solvability condition here defined as

� 2iA0 � i
0A� i3
1A2 �A� 3�A2 �A+
q
2
ei�T1 = 0 : (5.21)
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When the solvability is fulfilled �1 is solved to

�1(T0; T1) =
A3(T1)

8
(i
1 + �)ei3T0 + cc ; (5.22)

leading to the total solution

�(�) � Aei� +
A3

8
(i
1 + �)ei3� + cc ; (5.23)

where A is determined by solving the solvability condition.

Now, assume A(T1) = ~a(T1)ei�(T1), where f~a; �g are real slowly varying coefficients and
substitute Eq. (5.21). Separate the equation into two new equations for the real and
imaginary terms, respectively. Finally, introduce the phase �(T1) � �T1 � �(T1). This
leads to the two modulation equations

� 0 =
q
2~a

cos(�) + � �
3
2
�~a2

~a0 =
q
2
sin(�) �

1
2

0~a+

3
2

1~a3

(5.24)

The steady-state solution is obtained by letting ~a0 = � 0 = 0 leading to the frequency
response equation

�q
2

�2
=

"�
3
2
�~a2 � �

�2
+
�

1
2

0 +

3
2

1~a2

�2
#

~a2 (5.25)

and phase response equation

tan � =
1
2
0 + 3

2
1~a2

3
2�~a2 � �

: (5.26)

Eq. (5.25) can be used to calculate the valid steady-state solutions of the resonator, but
it does not predict whether these solutions are stable. A stability analysis is needed for
each valid solution. The stability can be determined by evaluating the eigen-values of the
Jacobian matrix of the modulation equations Eq. (5.24) at each singular point (~a; �). The
Jacobian is defined as

J (~a; �) =

2

64

@~a0

@~a
@~a0

@�
@� 0

@~a
@� 0

@�

3

75 ; (5.27)

where the eigen-values � are given by jJ (~a; �) ��Ij. If any of the eigen-values have pos-
itive real parts, the system will diverge away from the solution and is therefore unstable.

The frequency response Eq. (5.25) is plotted on Figure 5.2a for a simple string. At low
force excitation the resonator shows a typical response for linear systems. However, at
higher forces the amplitude response goes up and starts to skew towards higher frequen-
cies. At sufficiently high excitation forces bifurcation occurs and the system becomes
bi-stable. This is a common response for mechanical systems at high amplitudes. As the
amplitude increases the resonance shifts. This is simply a result of the nonlinear stiffness
contribution coming from the elongation of the beam length.

It was argued the onset of nonlinearity also leads to additional loss contributions not af-
fected by damping dilution, thereby increasing overall losses at sufficiently high ampli-
tudes. Figure 5.2b plots the quality factor as the resonator is excited to increasingly higher
amplitudes. When the resonator is well into the nonlinear regime the quality factor starts
to be severely affected.
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where the subscript j = f1; 2g corresponds to the narrow and wide section, respectively.
The wavenumbers are defined as ki = !

p
�/�i. Using Bloch’s theorem, one only has to

consider a single cell of the periodic structure. The resulting periodic function u(x) is given
by  i(x) = ekxui(x), where the wavenumber k is the crystal momentum vector. By ap-
plying the appropriate boundary conditions and solving the resulting eigenvalue problem,
one obtains the following expression

cos kL = cos k1L1 cos k2L2 �
k2

1 + k2
2

2k1k2
sin k1L1 sin k2L2 : (6.3)

For any valid solution the right-hand-side must be confined within �1. This opens up
the possibility, that for some specific range of frequencies there exists no valid solution.
These modes cannot exist on the string. These regions are known as band-gaps and are
highlighted on Figure 6.2.
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Figure 6.2: Dispersion relation based on the Kronig-Penney model for the transversal
bending modes of a string. Shaded area are band-gaps. Generated for w1 = 3w2, L1 =
L2 = L/2 = 100µm and �0 = 1GPa.

Eq.(6.3) also highlights other interesting details. The width of the band-gap is largely de-
termined by the fraction. Considering ki / !

p
�/�0 the band-gap width is only determined

by the geometry, i.e. the relative widths and lengths of the two string sections. Changing
�0 shifts the band-gap but preserves the same relative width. Moreover, when w2 � w1
the fraction equals �3/2� where � = w2/w1 and � = L1/(L1+L2), which clearly shows the
relative band-gap width can be enhanced by maximizing the width contrast in the pattern.
One should note in that case the tensile stress in the wide segment will become very low
and susceptible to high bending losses due to lack of the tensile stress induced damping
dilution. Thus, there exists a trade-off between wide band-gap and low bending losses.

Another feature of Eq.(6.3) can be seen when considering the band-gap region, i.e. when
the right-hand-sign is outside the �1 interval. The only way the equality can hold is when
k ! ik. Such a wave will couple evanescently into the crystal and decay by some amount
per cell as shown on Figure 6.3b. When placing a defect inside such a crystal the vibra-
tions of the defect can be completely isolated when enough cells are used. This isolation is
what other groups have utilized to push the performance of both strings and membranes.
The defect can take many forms. Its main characteristic is it locally disturbs the periodic
pattern which enables mode inside the band-gap to exists in the defect. For strings, it is
usually just a narrow segment with a different length than used in the crystal (see Figure
6.3a).
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The isolation achieves two things. Firstly, the isolation ensures the phonons confined to
the defect are unable to couple to the external environment. This practically eliminates
phonon tunneling losses. Secondly, the evanescent coupling to the phononic crystals is
soft and does not induce the high boundary bending losses which other resonators are
prone to. With sufficiently high number of isolating phononic cells the defect-confined
mode cannot ”see” the hard substrate boundary. In practice, the boundary bending loss
term discussed in section 4.2.6 vanishes and only distributed bending losses remain. This
effect is known as soft-clamping [51]. Furthermore, this evanescent wave can be used to
engineer the coupling between the modes of two defects [48]. As will be seen, the use of
phononic crystals can enable one to push the quality factor to extreme heights.

In the following some key implementations of phononic crystals will be presented and
discussed for both one-dimensional and two-dimensional resonators.

6.2 Implementations of one & two dimensional crystals
A proof-of-principle was demonstrated in [52] using a string shown on Figure 6.3a. They
confirmed the quality factor is improved considerably at higher frequencies when the string
was isolated using phononic crystals to confine the mode. Based on their models they
successfully managed to completely remove phonon tunneling losses. A simulation of
their implementation is shown on Figure 6.3b, which shows a factor of �0.2 drop in am-
plitude per phononic cell.

(a) (b)

Figure 6.3: Simulation of the one-dimensional phononic crystal implement in [52] where
the defect string is 6:5µm long. Assuming a prestress of 1GPa.

In their work they implement the phononic pattern a bit differently than discussed before.
Firstly, the wide string section is 15 timers wider than the narrow part. Secondly, they
use the in-plane vibrational modes instead of out-of-plane. Since the in-plane bending
stiffness is much higher for the wide string section it is practically unbendable. This creates
huge bending losses at junctions between wide and narrow string sections evident on
Figure 6.3a. Recall from section 4.2.6, when surface losses are present the quality factor
is independent on membrane thickness when boundary bending losses dominate. In
their case with in-plane modes, they observe only very weak dependence on the narrow
beam width and quality factor. It can be concluded they are likely limited by boundary
bending losses occurring at each narrow-wide boundary. This also means they were
unable to utilize the full potential of phononic crystals. Nevertheless, they managed to
obtain Qf � 1012 at 100MHz. At these high frequencies phonon tunneling losses would
otherwise have decimated the quality factor.
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Figure 6.4: Illustration of strain engineering implemented on a string. The width and
tensile stress distribution are shown. Combining soft-clamping from phononic crystals with
co-localization of the confined mode-shape and enhanced tensile stress region creates a
device with extremely high coherence. Adapted from [29].

Later on they have improved on their design [29] with three key differences. Firstly, they
use out-of-plane vibrations now. Secondly, the width contrast (and thereby stress con-
trast) is much lower with w2/w1 � 2. Finally, the string is tapered such that it is at its
thinnest at the defect. This co-localizes the confined mode with a region of enhanced
tensile stress leading to more damping dilution and therefore higher quality factors. An
illustration of their design is shown on Figure 6.4. The low width contrast results in a
poorer band-gap. Nevertheless, when combined with out-of-plane vibrational modes the
induced bending losses will be much lower than before. Their best result was a string with
Qf = 1:1 � 1015 Hz at 1:3MHz. To the author’s knowledge no higher results have ever
been published at room temperature for thin film tensile stress resonators.

(a)

b

a

r

(b) (c)

Displacement-1 1

Figure 6.5: Drawing and simulations of a two dimensional phononic crystal. (a) shows a
roughly 3-by-3 mm large phononoic crystal patterned membrane with a defect placed in
the middle. (b) Zoom-in on the defect with the symmetric defect-confined mode overlayed
on top. (c) Static von Mises stress distribution of a phononic cell. Assumes a prestress
of 1:27GPa. Plotted with a = 160µm and r = 0:26a.

For the two dimensional counterpart, similar effect can be achieved by etching holes in a
hexagonal pattern shown on Figure 6.5. The holes effectively creates a pattern of high-
stress tethers connected via small low-stress pads. This omnidirectional stress pattern
creates a band-gab in all directions and can be used to confine a two-dimensional inside
a defect [51]. The band-gap of Figure 6.5c is shown on Figure 6.6. Notice the dispersion
with sharp slopes. These are fast moving in-plane modes. As discussed before, for small
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displacements the coupling between the in-plane and out-of-plane modes is negligible.
One can therefore safely ignore these fast-movingmodes. We then obtain a pseudo band-
gap for the out-of-plane vibrations. The best results published based on these designs
have Qf = 5:6 � 1014 at 1:48MHz [53].
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Figure 6.6: Dispersion relation of the device in Figure 6.5. The pseudo band-gap is high-
lighted.

A variation of the design has the band-gap enhanced by fabricating increasingly thin-
ner tethers connecting the pads shown on Figure 6.7 [54]. As was argued for the one-
dimensional case, thinner string segments can enhance to stress contrast, thereby widen-
ing the band-gap. The cost is the wider segments, or in this case larger pads, will have
increasingly lower stress resulting in higher bending losses overall. They too concluded
there exists the same compromise between a strong band-gap and low bending loss for
two-dimensional phononic crystals. However, the benefit of this approach is it allows one
to more effectively kill phonon tunneling losses which could start to dominate the quality
factor significantly at cryogenic temperatures where intrinsic losses are observed to be
much lower [55, 56].

Figure 6.7: Microscope images of a membrane with band-gap enhanced phononic crys-
tals by thinning the connecting tethers. Adapted from [54].

6.3 Soft-clamping of the fundamental mode: Fractals
For all the phononic crystal implementations studied so far they are all designed to con-
fine the vibrations of some higher mode in a membrane. Due to this fact alone one can
conclude this approach is incompatible with the fundamental mode of a resonator. For-
tunately, a recent paper lays out an alternative design approach which can be applied on
the fundamental mode of a string [57]: Self-similar structure using fractals. The approach
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is shown on Figure 6.8a. At a given frequency f and tensile stress � the mode vibrates at
a specific wavelength � = 2�/k =

p
�/�/f . For a string with fixed boundary conditions,

the eigen-frequency and its corresponding half-wavelength is obviously determined by its
length. Now, at each end of the string replace the boundary condition with a new shorter
string perpendicular to the original string. Since its length is much shorter than the original
string, the mode cannot exist here. Furthermore, by removing the fixed boundary condi-
tion the original string can now freely rotate at each ends. This effectively removes the
boundary bending losses which limits the performance of normal strings. Put in another
way, it mimics the similar soft-clamping effect observed for phononic membranes.

(a) (b)

(c)

Figure 6.8: (a) Fractal designed resonator. (b) Displacement from the center going from
tether to tether in the fractal design. (c) Predicted quality factors and frequencies. Adapted
from [57].

For this implementation to work properly more than one branch is needed as shown on
figure 6.8b to ensure proper soft clamping. Furthermore, each new branch needs to have
their tethers slightly angled as well as increased tether width to preserve the high stress of
the original string. In fact, by choosing the right angles and increasing the tethers widths
more one can use this to enhance the stress above the prestress level. While they have
only based their work on a string it should be possible to adapt this design to a trampoline,
since a trampoline is essentialy a pad connected by strings. Unfortunately, the design is
just a proposal for now. To the author’s knowledge no publications of any experimental
realization exists yet. This could hint at this is difficult to fabricate. In-fact all the tethers
at the outermost branches needs to be clamped at small points inside the design domain.
Typically, one simply clamps the strings/membranes along an outer window, but this is
incompatible with the fractal design.

6.4 Conclusion on soft-clamped resonators
Soft-clamping through the use of phononic crystals was reviewed. For tensile stress dom-
inated resonators a phononic crystal can be defined by create a phase speed contrast de-
fined by c =

p
�/�, where � can bemodulated simply bymodulating the width of a string or

by creating pad-tether structures in a hexagonal pattern in two-dimensional membranes.
The band-gap created by these crystals can be used to confine a vibrational mode inside
the defect thereby isolating it when sufficient number of phononic crystal cells are used.
Firstly, this eliminates phonon tunneling losses as this decouples it from the substrate.
Secondly, due to the evanescent nature of this decoupling it effectively removes bound-
ary bending losses. Combined, these two effects can be used to push the quality factor
up to new heights compared to their fundamental mode counterpart.

For the fundamental mode, an alternative approach to soft-clamping can be applied through
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the use of fractal layout of strings. Models show these can achieve high quality factor
results comparable with their phononic crystal counterpart. Furthermore, it should be
possible to adapt this approach for trampolines as well. Unfortunately, no experimental
verification of this approach yet exists. This hints at these structures are a challenge to
fabricate.
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Figure 7.2: (a) Illustration of displacement measurement of micromechanical resonator
embedded on a chip. (b) Phasor diagram showing the effects of the mechanical resonator
on the phase quadrature of the reflected light.

is a complex dimensionless amplitude which is related to the electric field ~E(x; t) via [58]

~E(x; t) = E0

h
�(x; t)ei!Et + ��(x; t)e�i!Et

i
~p(x; t) ; (7.1)

where !E is the field’s oscillating frequency and ~p(x; t) its polarization. The reflected
amplitude is given by �r(x; t) = �0ei(kx+�u(t)) where �u(t) = 2ku(t) is the phase change
induced by the displacement of the resonator. The factor 2 arise from the fact the phase
change has to take into account the path difference both before and after reflection. It is
convenient to describe the reflected light field in terms of the amplitudeX1 and phaseX2
quadratures defined as

X1(x; t) � �r(x; t) + ��
r(x; t) ; X2(x; t) � i[�r(x; t) � ��

r(x; t)] : (7.2)

Substituting �r(x; t) and assuming small displacements results in quadrature amplitudes

X1(t) � 2�0 ; X2(t) � �X2(t) = 2�0 � 2ku(t) ; (7.3)

where it is evident the displacement imprints linearly on the phase quadrature.

Homodyne detection is suitable for detecting weak signals in a specific quadrature. It
consists of two beams, one containing the signal and one is the local oscillator, each
defined by the amplitudes �in and �lo respectively. For the given system the amplitude
of the beams are much larger than the fluctuations. Therefore, a linearized description is
used �(t) � �0 +

P
i �Xi(t). For each beam the following fluctuations are then defined

�(t) = �0 + �n1(t) + i[�X2(t) + �n2(t)]

�lo(t) = �lo,0 + [�n1lo(t) + i�n2lo(t)]ei�lo
(7.4)

where �ni(t) are noise terms in the respective quadratures and �lo is the relative phase of
the local oscillator. These two beams are then mixed through a beamsplitter and detected
using a photo diode at each mixed beam. One of the beams will incur a � phase shift.
When subtracting the two photo-currents, letting �lo = �/2 and using the fact �lo,0 � �0
leads to the result

i�(t) / 2�lo,0[�X2(t) + �N2(t)] ; (7.5)
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where it is evident, that all noise from the local oscillator cancels out leaving only the
signal from the phase quadrature. Furthermore, the local oscillator amplitude can be
used to amplify any weak signal in the phase quadrature. Finally, the only optical noise
left is the from the phase quadrature of the signal.

Assuming a measurement limited by shot noise, based on the above derivation this must
come from the shot noise in the signal beam. The variance of the shot noise is given by

VarfPsng = 2PinhfB (7.6)

where P is the signal power, h the Planck constant, f the optical frequency in Hz andB the
detector bandwidth. The amplitudes �i can be defined relative to the local oscillator power,
i.e. �i =

p
Pi/Plo or Pi = Plo�2

i . This leads to the signal power fluctuation definition

h�P i = Plo h�X22(t)i = 16Plo
P
Plo

(2�f)2

c2
0

hu2(t)i = 64�2P
f2

c2
0

hu2(t)i ; (7.7)

where h� � �i is the time averaged value and c0 is the speed of light. The signal-to-noise
ratio (SNR) is then

SNR =
h�P i

p
VarfPsng

= hu2(t)i
32�2

c2
0

r
2Pf3

hB
: (7.8)

It can be seen even though the local oscillator is able to amplify the signal coming into
the homodyne, the shot noise poses a fundamental limit which can only be pushed by
increasing the signal power. Furthermore, using a beam of shorter wavelengths (higher
frequencies) increases the induced phase shift of the reflected signal thereby enhancing
the embedded signal further. Theminimumdetectable amplitude can be defined by setting
SNR = 1 leading to

urms,min �
c0

8�

�
2hB
Pf3

�1/4
: (7.9)

Based on the setup described in the following section, P = 4µW and f = c0/(1550nm).
Using a narrow band of B = 1Hz then leads to the minimum detectable amplitude of
30 pm. As a comparison, the thermal motion amplitude is given via the equipartition the-
orem

meff!2 hu2(t)i = kBT ; (7.10)

where kB and T is the Boltzmann constant and temperature, respectively. For a resonator
at room temperature with meff = 1ng and meff = 2� � 100 kHz this leads to an effective
thermal amplitude of 100 pm. The homodyne detection system is thus expected to easily
be able to detect the thermal motion of a typical resonator.

7.2 The optical setup and measurement
The optical setup is sketched on Figure 7.3. A 1550nm laser source is used for the
ringdown setup, since commercial components at this wavelength are easily available.
The first beamsplitter creates two arms. The top arm is the local oscillator where the
phase modulator is used to lock the phase quadrature of the signal based on the DC
part of the homodyne signal. The attenuator is used to control the phase quadrature
signal amplification for the homodyne detection. The bottom arm contains the light send
to the probed sample via the circulator and sends the reflected signal further towards
the homodyne. The fiber polarization controller tunes the polarization to ensure proper
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Figure 7.3: Sketch of the mechanical ringdown experiment setup used for characterizing
all the samples.

overlap between the probed signal and local oscillator. The bending loss device is used
to fine tune the balance between the two photo-detectors.

When the resonator to be analyzed is in focus the phase quadrature is locked using the
PI-regulator of a Red Pitaya board. The sensitivity is high enough to detect the thermal
motion of the mechanical modes at room temperature. The spectrum analyzer is now
set to zero-span at the mechanical mode to be probed. Typically, a bandwidth of 30 or
100 Hz is used. Narrower bandwidths is possible and will create better signal-to-noise
ratio, but it can make measurements difficult (see section 7.3.1). The intensity modulator
is now switched on to modulate at the mechanical frequency. It requires some tuning of
the intensity modulator’s excitation frequency to hit the resonance due to the extremely
narrow linewidth of the mechanical mode. When it is in resonance a large increase of the
reflected signal will be detected. In fact, this signal is usually much greater than what is
returned by the intensity modulator itself, thus it can be seen even when the modulation
is on. When everything looks fine the modulation is switched off and the ringdown decay
is recorded and saved.

7.2.1 Vacuum system
As mentioned previously, a proper high-vacuum system is needed to ensure the high-Q
resonators won’t be affected by gas damping. The pressure must be below 10�7 mbar to
effectively remove gas damping. A turbomolecular pump (Edwards T-Station 85) is used
to together with a diaphragm vacuum pump (Edwards XDD1) as the backing pump to
achieve the required vacuum. Pressures down to 3.5�10-9 mbar have been measured
using this setup. Pressure measurement is done with a cold cathode ionization vacuum
gauge (Pfeiffer Vacuum D-35614 Asslar).

To achieve such low pressures the chamber needs to be clean. Any contamination might
outgas and therefore act as a lower limit on the obtainable pressures. To prevent this, ev-
ery part must be cleaned using acetone followed by ethanol or isopropanol. This includes
all vacuum parts. Moreover, all joints are sealed with copper gaskets. If the system has
been vented for longer amounts of time water will get adsorbed to the chamber walls.
When pumping out these will outgas again preventing one to obtain high vacuum. When
this is the case there are two solutions: Let it pump until all the water is outgassed. No
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Figure 7.4: Simulation of heating of the central pad of the reference trampoline design in
Part II. The time constant is estimated to 29ms. Ti and Tf are the initial and equilibrium
temperatures, respectively.

This slowly leads to lower absorption, and as a consequence, less heating and therefore
slightly higher frequencies over time.

Similar experiments performed in a cryostat showed no drift for resonator modes below
1K. The low temperature requires low power of the incident beam which combined with
the already low temperature likely prevents any burning of contaminants. It is believed
the above explanation for the observed frequency drift is plausible.

In general, when it is known resonance drifts are possible, one cannot use the narrowest
bandwidth of the spectrum analyzer even though it would lead to higher signal-to-noise
ratio. For example, if the bandwidth is set to 1 Hz, but the resonance drifts 10 Hz during
the course of a ringdown experiment, what the user will observe is a gradual steepening of
the slope of the decay as the resonance leaves the bandwidth of the spectrum analyzer.
This gives the illusion of the damping increasing as the amplitude goes down. Such a
measurement is useless. Normally, a bandwidth of 100 Hz is more than sufficient for
these measurements, which guarantees the resonance is kept within the bandwidth of
the spectrum analyzer. In case of cryostat experiments, the signal will be low due to the
requirement of low laser power. Since no significant drifts have been observed in these
conditions, using the narrowest bandwidth of the spectrum analyzer is appropriate in order
to maximize the signal-to-noise ratio.

7.3.2 Nonlinear mechanical effects
For the purpose of this work restricting oneself to the linear regime valid for small dis-
placement is fine when attempting to maximize the quality factor. However, the low mass
and high quality factor of ultra-coherent resonators make them very easy to excite into the
nonlinear regime as discussed in chapter 5. Both the predicted stiffening and increased
damping at larger amplitudes have been observed during measurements.

There are no data available clearly demonstrating the stiffening effect, thus a description
of the observation will instead be given illustrated on Figure 7.5a. When the frequency
of the external force modulation is swept from the left of the resonance, one will observe
an increasingly higher amplitude signal. At some point, due to the nonlinear stiffness,
the threshold of maximum possible displacement amplitude is reached and the amplitude
will quickly jump down again. To get back into resonance again one cannot simply return
back to last excitation frequency, where the resonance was last observed. The nonlinear
skewed amplitude response means one has the sweep back by a considerable amount
before sweeping from left again. In general, the nonlinear response implies excitation is
easiest when sweeping from the left side of the resonance.
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Figure 7.5: (a) An illustration of how the nonlinear amplitude response of a resonator
affects excitation of the mode. The maximum achievable response amplitude depends on
the direction of the external excitation frequency sweep. (b) An example of a ringdown,
where are steeper decay was observed in the first 100 seconds. This is evidence for
nonlinear induced damping.

An example of the observed nonlinear induced damping at higher amplitudes is shown
on Figure 7.5b. This has only been observed in a subset of data and only on high quality
factor resonators, which is expected. It is evident on Figure 5.2 this effect can only be
observed deep in the nonlinear regime.

7.3.3 External vibrations

Figure 7.6: Photograph of the setup showing the turbomolecular pump and how it is con-
nected to the vacuum chamber.

When performing measurements with a sensitivity down to the picometer scale obviously
any external source of vibrations can pose problems. Seen on Figure 7.6 the combina-
tion of optical table and isolation of the turbomolecular pump should impede the majority
of vibrations coupling into and interfering with the measurements. While the resonator
itself appears unaffected by anything going on outside (other people working on the op-
tical table, turbo-pump, walking, etc.) the measurement does register these external dis-
turbances. The largest challenge however is the vibrations induced by the diaphragm
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vacuum pump. These have large low-Hz frequency components which require a large
dynamical range of the phase-locking scheme to keep it locked. This leads to a more
unstable lock. Often, the lock is lost more than once during a single ringdown. Tests
were performed turning the pump off for short amounts of time. This removed the noise
completely. It is worth noting these artifacts in the measurements can easily be filtered
away in post-processing, and is therefore not a major problem. A solution to this problem
is to use a passive pumping system like an ion pump when performing ringdowns.

7.3.4 Other effects
It is speculated there are nonlinear effects within the ringdown setup affecting the mea-
surements. There are many examples of ringdown decays where the slope is small at
high amplitudes and then converging to a steeper slope mid-way during the ringdown.
Since large amplitudes also correlate to large optical and electrical signals there might
be a component somewhere getting saturated. No deeper investigation on this was ever
performed. The prime suspect for this effect is the home-build homodyne detector.

7.4 Conclusion
A description of the homodyne detection system used to detect the small resonator dis-
placements was given. The setup is able to measure the thermal motion. This is enabled
by the homodyne’s inherent ability to amplify weak signals. Since this also amplifies the
noise embedded in the signal, there is a fundamental limit of how large an SNR that can
be obtained, which is ultimately defined by the shot noise. The only way to improve the
SNR is thus reducing losses of the signal beam between the resonator and homodyne,
and by using a shorter wavelength for the optical system.

The optical system is fiber-based and build for 1550 nm wavelength. A high vacuum is
needed to ensure gas damping does not affect the results. This is obtained through the
use of a turbomolecular pump and sealing vacuum components using copper gaskets.
Proper cleaning and subsequent baking ensures all humidity is baked off the surfaces
thereby preventing prolonged out-gassing, which would limit the obtainable vacuum of
the system.

Multiple noise sources and other perturbing effects were identified. Firstly, the low mass
and high quality factors of the resonators make them easy to excite well into the nonlinear
regime. This perturbs their behavior when exciting them for the ringdown experiments.
Secondly, a fraction of the incident beam will be absorbed by the resonator, which will shift
the frequency over time. The slow drift compared to the time-constant derived from simu-
lation provides evidence for slow changes happening on the resonator. It is not clear if this
is a result of particles getting burned off or if it might be something else either related or not
related to the incident beam at all. Thirdly, the diaphragm vacuum pump induces strong
low-frequency mechanical vibrations making the phase-lock in the homodyne detection
unstable. While this is not a critical problem, it is an annoyance during measurements.
Finally, the there are signs of nonlinear effects from the measurements themselves at
large signals. This might be a result of a component somewhere saturating.

This concludes the fundamentals which is the foundation on which the rest of this work
is build upon. With the important theory and mechanical effects defined as well as the
relevant experiments described it is time to move on. The rest of the thesis will focus on
the new designs developed with the aim of pushing the performance of already existing
designs using different approaches.
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8 | Overview
When generating a new mechanical design to solve a given problem how can one obtain
the best possible design? There are a multitude of options. One could study an array of
existing designs trying to solve similar problems and systematically adapt or improve on
them to solve the current problem in the best possible way. For example, when optimizing
the Qf -product of the fundamental mode of a trampoline one could make use of the ex-
pressions for the quality factors in Eq. (4.31) and (4.53) for intrinsic and phonon tunneling
losses, respectively, to perform this analytically or by sweeping relevant parameters using
finite element simulations. The disadvantage of using an approach like this is its inherent
uncreativity. It is naive to believe the trampoline as previously presented is the best type
of design possible. How does one then escape this box of traditional designs and instead
create something truly novel and exotic?

A major part of this work is to achieve exactly that by using topology optimization [60].
Starting out from some initial feature-less design it can generate new designs based on
the given objective, conditions and constraints. This approach has for the last decades
created impressive optimized designs in countless macro- and micromechanical prob-
lems as well as other fields like photonics [61, 62, 63, 64, 65]. From this track record,
it is believed that topology optimization can enhance the coherence of micromechanical
resonators.

To limit the scope of this project, the focus is the fundamental mode of a thin-film tensile
stress resonator. The figure of merit for a resonator’s coherence is the Qf product, which
is chosen as the objective function to be maximized. The actual implementation of the
topology optimized was done by Wenjun Gao under the supervision of Ole Sigmund and
Fengwen Wang. Chapter 9 describes the implementation and conditions of the topology
optimization. Since the implementation itself is outside the scope of this work, the reader
is referred to [66] for a more detailed description.

The novel designs obtained using topology optimization are put through a rigorous ana-
lytical analysis in chapter 9, where important aspects of these designs will be discussed.
The fabrication of the designs is treated in chapter 10 followed by a presentation and
discussion of the record-breaking ringdown experimental results in chapter 11.
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Figure 9.1: An illustration of the model used for topology optimization. Only one quarter
is modeled. Note the overhang is not drawn to scale.

The mechanical system is modeled using the Mindlin plate theory assuming 50 nm silicon
nitride. Recall, for a membrane under high tensile stress whenever some segment is
removed or added this changes the equilibrium state of the membrane leading to a new
tensile stress distribution for the whole membrane. To account for this the evaluation of
the membrane design has to be done in two steps:

1. Static step: Estimate the equilibrium state to obtain the strain, and thereby tensile
stress distribution for the current design.

2. Dynamic step: Solve the eigen-value problem to obtain the modeshapes and eigen-
frequencies of the resonator.

So far, damping has been ignored. Two damping mechanisms were included: Intrinsic
and phonon tunneling losses. The intrinsic losses were modeled as hysteretic damping,
i.e. a lossy Young’s modulus is used as described in section 4.2. The phonon tunneling
losses however were implemented differently than discussed in section 4.3. This was due
to the lack of proper understanding of the damping mechanism early on during this work
and the literature was lacking. For this model, a continuous distribution of independent
lossy springs was used as a boundary conditions for the out-of-plane displacements while
keeping all other degrees of freedom fixed as illustrated on Figure 9.1. From this, five
different damping cases were defined:

• D1: Only limited by intrinsic losses.

• D2: Mostly limited by intrinsic losses.

• D3: Equally limited by intrinsic and phonon tunneling losses.

• D4: Mostly limited by phonon tunneling losses.

• D5: Only limited by phonon tunneling losses.

For exact details on how this was defined and implemented the reader is directed to [66].

Finally, how should the objective function be chosen? The figure-of-merit for optomechan-
ical systems is the Qf product making it an obvious candidate. By optimizing only for the
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quality factor one, will obtain a design with a high quality factor, although there is a risk
the generated design could have a low tensile stress distribution leading low frequencies
and therefore low Qf -products. Recall from chapter 4 lower frequencies generally lead to
higher quality factors. However, it should be noted for the current cases when optimizing
only for the quality factor the difference compared to using the Qf -product was in fact
shown to be very small.

The phonon tunneling loss model used here is strictly speaking not optimal. Recall from
section 4.3 when only the fundamental mode is considered the phonon tunneling loss
should be modeled assuming a single spring attached to a rigid frame defined along the
resonator-substrate boundary. By instead defining a distribution of independent springs
the expected damping will be different. Consider the case of the reference trampoline
where all the forces are focused on the corners of the domain only. The springs at the
corners will feel the full force of the trampoline wheres the springs along the sides won’t be
activated at all. Effectively, only a fraction of the springs are actuated which reduces the
overall coupling stiffness to the substrate. This leads to easier coupling to the substrate
and therefore higher losses. This is a clear weakness of the model and as will be seen it
is suspected the topology optimization takes advantage of it in the cases where phonon
tunneling losses are included.

Another problem comes from the use of simple springs. Again, from section 4.3 when a
lossy spring is used to model phonon tunneling losses it is frequency dependent, unlike
the normal spring. This is another weakness of the model which the topology optimization
might take advantage of. To illustrate the problem, consider a resonator with massm and
stiffness k connected in series with a lossy spring ik� to some reference frame. The
complex spring represents the coupling to the substrate. Assuming k � k� the quality
factor is given by

Q �
k�
m!2 ; (9.2)

where ! =
p
k/m is the resonance frequency of the resonator. For the phonon tunneling

loss implementation used for topology optimization this leads to the scaling Qf / !�1.
The results will be biased towards lower frequencies using this approach. Compared to
the proposed models in section 4.3 where k� ! k�(!) / ! leading to the scalingQf / !0

and thus no bias with respect to the frequency.

Finally, the chosen mesh resolution is fine enough to resolve features which can be rea-
sonably fabricated. However, it is too coarse to resolve the sub-µm high boundary bend-
ing losses. This will lead to an underestimation of the boundary bending losses which
could lead to improper designs for the fundamental mode when intrinsic losses dominate.
However, simply refining the mesh to resolve this would lead to extreme computational
demands. One could transform the meshed grid to a finer resolution only near the bound-
ary. This is left for future work.

9.2 Topology optimized designs
Based on the optimization and physical model described above a set of topology opti-
mized designs were generated presented on Figure 9.2. The original designs are directly
translated from a two-dimensional binary image. The processed designs have ”overhang-
ing” features filtered out followed by smoothing of sharp features to prevent local areas
with extremely high tensile stresses, which could lead to breakage. The difference be-
tween the original and processed designs are highlighted in Figure 9.3. The reason for
this design modification will be explained in section 10.7. As a comparison, a reference
model was defined based on the nominal parameters of the trampoline Ref. [25].
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Figure 9.2: All the generated fundamental mode topology optimized designs used in this
work shown together with their fundamental mode. The original designs are without post-
processing. The processed designs have overhang features filtered away. The design
labeling correspond to the damping cases. D1a is a modified version of the original D1
design with lower max tensile stress. The reference trampoline design is based on the
nominal parameters given in [25].

9.2.1 Numerical evaluation of the designs
Before testing the designs experimentally a thorough numerical analysis should be per-
formed on them to validate their performance as well as identify key design features ex-
plaining their advantages. COMSOL Multiphysics is a great tool for this and has been
used throughout this work to develop and analyze various designs and structures.

COMSOL is used to estimate the eigen-frequency and modeshape of the fundamental
mode of each design. COMSOL has build-in functionality to estimate the intrinsic quality
factor when the material loss factor (� ~�) is given. However, under high tensile stress
it leads to nonsense results. For now, there is no solution to this bug. Instead, one can
easily estimate the intrinsic losses in post-processing by using Eq. (4.21).

Next, how to model the phonon tunneling losses? Ideally, one want to model the whole
substrate-resonator system. This means modeling the resonator placed on a fully three-
dimensional substrate. While COMSOL does support the combination of a two-dimensional



9.2. Topology optimized designs 69

Figure 9.3: Comparison between the original D1 design (green) and the corresponding
processed design overlayed on top (brown).

shell module with a three-dimensional structure, evaluations of such a system has shown
to yield unstable numerical results. Moreover, modeling the whole system as a three-
dimensional structure is unfeasible with the aspects ratio of a typical resonator. An alter-
native approach is needed. The phonon tunneling losses for the fundamental mode can
be estimated by implementing a rigid frame around the resonator. This frame is then con-
nected to some reference via a lossy spring. For most measurements the resonators will
be embedded on a 100mm diameter silicon wafer with thickness 500µm. Under these
conditions the spring constant defined for the expectation value of the finite substrate
model is used, i.e. Eq. (4.78).
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Figure 9.4: Boundary layer implementation used for modeling boundary bending losses
for trampolines and other structures. The smallest element equals the membrane thick-
ness h.

Using COMSOL amaximummesh size of 2:5µm is defined. To properly resolve boundary
bending losses this is combined with boundary layers along the resonator-substrate edge,
where the first elements have a size of h, i.e the membrane layer thickness. This is
illustrated on Figure 9.4. This was found to be a suitable value and works well for multiple
thicknesses. To estimate the different quality factors a four step simulation is performed:

1. Static simulation, fixed boundaries: Estimates the equilibrium state for obtaining
the tensile stress distribution.

2. Eigen-frequency simulation, fixed boundary: Obtains the eigenfrequency to be
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used for the nonlinear lossy spring for the phonon tunneling loss model. Further-
more, the total intrinsic loss quality factor Qint is estimated via post-processing of
the modeshape.

3. Eigen-frequency simulation, simply supported boundary: Removes the bound-
ary bending loss contribution, thus enables estimation of the distributed loss quality
factor Qdist. The boundary bending loss quality factor can then be estimated via
Q�1

bound = Q�1
int �Q�1

dist.

4. Eigen-frequency simulation, rigid frame boundary: By coupling the rigid frame
to a phonon tunneling loss model defined lossy spring the respective quality factor
QPTL can be estimated. The frame cannot rotate and can only move in the out-of-
plane direction. The membrane cannot rotate at the frame.

Note, by replacing the fixed boundary condition with a simply supported one, evanescent
wave ke at the boundary will disappear. Apart from removing boundary bending losses it
will also increase the effective size of the modeshape at the order of 1/ke thereby reducing
the eigen-frequency. However, at high tensile stress 1/ke � 200nm thus this effect is
negligible. An overview of the quality factors, eigen-frequencies and effective masses
can be seen on Figure 9.5 for all designs.
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Figure 9.5: An overview of simulation results of all generated topology optimized designs
based on 50 nm silicon nitride thickness. Circle-dashed lines are the original designs.
Cross-dotted lines are processed designs. Note the phonon tunneling loss defined quality
factor is the analytically derived expected value with a spread of orders of magnitude in
both directions. Prestress is 1:14GPa estimated via Eq. (10.1). The remaining values
assumed: �surf = 4:74 � 1011 m�1 and Qs = 1:45 � 105.

9.2.2 Discussion on results
Firstly, there is practical no difference between the original and the processed results,
thus for simplicity all later numerical estimates will be based on the processed designs,
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only. Next, the resonance frequencies for all of the optimized designs are almost equal at
�285 kHz where the D1 and D4 designs show a somewhat lower frequency.

When looking at the intrinsic loss defined quality factors, one expects to see D1 designs to
perform best, which is indeed the case. However, the difference between all the optimized
designs is less than a factor of two. This is likely a consequence of the surrounding
circular-like frame, which they all have. With that in mind, the reference trampoline’s
quality factor is only a little worse compared to the rest, but when combined with the
significantly lower resonance frequency, the optimized D1 designs have Qf products at
more than a factor of two compared to the reference.

How is the Qf -product enhancement obtained in terms of intrinsic losses? Figure 9.2
clearly shows the mode is well confined inside the circular frame. How does this affect
bending losses? The bending losses for D1 is shown on Figure 9.6a. Firstly, as expected
there is a large amount boundary bending losses highlighted by the inset. There is also a
lot of bending at the central pad which is due to the low stress inside the pad. This lowers
the stiffness locally leading to sharper bending and consequently higher losses. Moreover,
there is also a significant amount of bending at the outer end of the central tethers. On
Figure 9.6b a large stress component on the circular frame perpendicular to the tethers
is observed. The wavelength predicted by the stress and frequency is �2mm, which is
much larger than the dimensions of the resonator. The mode cannot exist on the circular
frame which naturally leads to themode confinement seen on all the designs. It is believed
this mode confinement partially dilutes the boundary bending losses which overall leads to
a higher intrinsic loss limited quality factor. The distributed and boundary bending quality
factors for the designs are shown on Figure 9.6c. Here it is seen the quality factor is clearly
limited by boundary bending losses, and that D1 is better optimized in reducing this loss
mechanism compared to the rest. It is worth noting the mode confinement strategy for D1
is similar to the fractal designs discussed in section 6.3, when considering only one level
of branches.

D1 D2 D3 D4 D5 Ref

10
9

2 × 10
8

3 × 10
8

4 × 10
8

6 × 10
8

Qdist

Qbound

Qint

10
-5

10
0

r
2
u 

[a
.u

]

0

3

¾ 
[G

P
a]

(a) (b) (c)

Figure 9.6: (a) Bending loss distribution of D1. The inset demonstrates the high bending
boundary losses expected for fundamental mode resonators. (b) Von Mises stress distri-
bution of D1. The bars are oriented with respect to the dominant stress component. (c)
The intrinsic loss quality factor (Qint) for the different designs together with the distributed
(Qdist) and boundary (Qbound) bending loss quality factor contributions.

For the phonon tunneling loss quality factors in Figure 9.5 there is a clear trend from
the bad performing D1 designs up to the optimized D5 designs. This seems to neatly
follow their effective masses, where lower mass is generally better at limiting phonon
tunneling losses. However, when compared to the reference trampoline the optimized
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D5 performs bad even when taking the higher resonance frequency into account. Why
is that? As highlighted in section 9.1 it is likely evidence of the topology optimization
exploiting a weakness of the model. To better discuss this the shear boundary force
for the optimized design D5 is shown on Figure 9.7. When phonon tunneling losses is
modeled as a distribution of independent lossy springs the maximum effective coupling
spring stiffness, and thereby quality factor, is achieved when the force is evenly distributed
across the boundary. From the plot it is evident this distribution for D5 is muchmore evenly
distributed than the reference design. It is therefore reasonable to believe this weakness
has affected the results considerably.

Figure 9.7: Boundary shear force of design D5 and the reference along a 1/8 section of
the resonator. The amplitude of the shear force is normalized.

9.3 Conclusion on topology optimization
A simplified description of the theory behind topology optimization was given. The imple-
mented model for the optimization was introduced and discussed. Five damping cases
were defined ranging from a purely intrinsic loss limited case to a purely phonon tunneling
loss limited case as well as mixtures of those two in between.

The use of a continuous distribution of independent springs along the boundary to model
the phonon tunneling losses is problematic and could be a weakness of the model the opti-
mization might utilize. In fact, numerical evaluation of the generated designs show there is
reason to believe this has happened. Unfortunately, D5, which supposedly should be well
optimized against phonon tunneling losses, shows considerably worse performance com-
pared to the reference trampoline design. Since the theory for phonon tunneling losses
became properly understood on a later stage of the work it was never implemented in the
topology optimization model. This is left for future work

In terms of intrinsic losses the quality factor shows small improvements for the optimized
design D1 compared to the reference. When combined with the higher frequency the Qf -
product shows a factor 2.14 improvement. However, the poor resolution of 1:75µm for the
topology optimization model likely leads to an underestimate of the dominating boundary
bending losses. It therefore cannot be guaranteed that D1 represents the best possible
design for mitigating (boundary) bending losses.
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10 | Fabrication
Fabrication of micromechanical resonators is a major part of this work. Fabricating res-
onators based on thicknesses with 10’s of nm with window sizes just below 1 mm is not a
trivial task. The high prestress of silicon nitride only complicates matter further. Countless
days have been spend at the cleanroom facility at DTU Nanolab on testing and fine-tuning
various processes and approaches to optimize for not only the survival rate, but also the
quality of the resonators.

An overview of the fabrication steps are shown on Figure 10.1. A set of wafers are bought
and then an initial set of of silicon nitride is deposited. This is followed by a front-side etch
where the resonator designs are transferred from the design file to the nitride layer. An
optional step is included where a protective layer is deposited on top. Then the back-side
is etched to define the resonator window. Finally, the resonators are released in a �7 hour
long etch in potassium hydroxide (KOH) before being cleaned and dried. From this work
two partially similar process flows have been developed which all have shown to produce
satisfactory results. The main difference is in how the resonator is protected during the
release in KOH. The two variants are:

A. Protection via a protective coating.

B. Extra thick silicon nitride layer instead of protection.

In this chapter each step in Figure 10.1 will be described in detail and include important
considerations as well as calculations illustrating critical effects. For a detailed process
flow see appendix C.

10.1 Initial wafer and low-pressure chemical vapor deposition
The arguably simplest part of fabrication is buying silicon wafers and deposit silicon nitride
uniformly on both sides. However, there are still some important aspects to note. Firstly, in
order to limit phonon tunneling losses as much as possible the previous studies show one
should always use the thickest possible silicon wafers. If one wants to study the effects of
phonon tunneling losses thinner wafers can be used. Since both sides will be processed,
they must be double-side polished. For this work the majority have been fabricated using
500µm thick double-side polished 100mm diameter silicon wafers, which are the thickest
wafers available at DTU Nanolab. Thicker wafers can be ordered via external suppliers,
but this was not done.

Next step is to deposit stoichiometric silicon nitride using low-pressure chemical vapor de-
position (LPCVD) at�800 °C. Stoichiometric has shown to exhibit extremely high stresses
which is vital for obtaining the damping dilution effect enabling ultra-coherent resonators.
The origin of the stress is a result of two separate contributions [69]. One is the high de-
position temperature combined with the thermal expansion coefficient mismatch between
silicon and silicon nitride leading to a stress enhancement of about 650MPa [70]. The
second contribution is an intrinsic stress related to the deposition itself. The density of
the reacting species (dichlorosilane and ammonia) is lower at the adsorbed phase (be-
fore reaction) than in the solid phase (after reaction). This leads to an elongation of the
bonds. Moreover, micro-cavities may form which leads to van da Waals forces adding
further to the tensile stress. When combined with the comparably large Young’s modulus
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Approach A Approach B
1) Sec. 10.1
LPCVD Si3N4
depostion

2) Sec. 10.2
Front-side pattern
transfer

3) Sec. 10.3
Front-side
protection

4) Sec. 10.4
Back-side KOH
mask

5) Sec. 10.5
KOH etch

6) Sec. 10.6
Cleaning and drying

PECVD SixNy
LPCVD Si3N4
Silicon wafer

Figure 10.1: An overview of the fabrication steps used to fabricate topology optimized
trampolines as well as other pure silicon nitride resonators. 1) LPCVD of stoichiometric
silicon nitride. 2) Front-side spin-coating of photo resist, UV-lithography, pattern develop-
ment, reactive ion etch and photo resist stripping in oxygen plasma. 3) PECVD of silicon
nitride. 4) Back-side spin-coating of photo resist, UV-lithography, pattern development,
reactive ion etch and photo resist stripping in oxygen plasma. 5) BHF and KOH etch. 6)
HCl and ”7-up” cleaning process and drying in ethanol. See the respective sections for
more details.

of silicon nitride this leads to a large intrinsic stress contribution on top of the thermal ef-
fects. However, there are also surface effects, namely oxidization, which increases the
density of the surface leading to material expansion and therefore a compressive stress
contribution. The effective tensile stress thereby becomes thickness dependent.

No data has been found to properly predict this thickness dependence. During this work
thousands of various membranes and trampolines have been characterized at different
thicknesses. By comparing their eigen-frequencies with a numerically derived reference
frequency defined at a reference prestress, it is possible to estimate the effective pre-
stress of the resonator. From the dataset a simple model was developed relating the
stoichiometric silicon nitride effective prestress to layer thickness. The model assumes a
nitride layer with tensile stress �0 and thickness h and an oxide layer on both sides with
compressive stress �1 and thickness �. When h � � the effective stress can be described
as

�(h) = �0 � ��/h ; (10.1)



10.2. Resonator design transfer 75

where �0 = 1.2350 � 0:002GPa and �� = 4.518 � 0:059Pam, were the � indicates
the standard error of the estimation. The fit is shown on Figure 10.2. This approach for
estimating the prestress is prone to fabrication related defects and uncertainties and will
lead to a significant spread as seen on the figure. This uncertainty is offset by the large
data set.
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Figure 10.2: Extraction of the stress-thickness relation of stoichiometric silicon nitride
measured across 2573 samples of various designs of membranes and trampolines with a
fitted function superimposed (solid). The stress is derived from the measured frequency
f and compared to a FEM derived reference frequency fref at a reference prestress �ref.
The estimated stress is then obtained by � = (f/fref)2�ref. The spread is likely caused by
fabricational defects and wafer-to-wafer variations.

Finally, LPCVD grown silicon nitride is a very clean process obtaining high quality films.
Locally, there can be microscopic fractures. This problem is intrinsic to the deposition and
cannot be avoided. The consequence of this is when a trampoline/membrane feature
overlaps with a micro-fracture the structure will likely break as soon it is released. This
problem increases as one tries to fabricate larger and larger resonators. To reduce the
problem the cleanliness of the LPCVD process must be ensured and great care should be
taken when handling the wafers, especially the side containing the resonators, to preserve
the quality of the film. It is speculated that the film quality has been the limiting factor for
obtaining high yield in some cases.

For approach A the deposited layer thickness ends up being the thickness for the res-
onator, i.e. thicknesses of 20-60 nm. For approach B the layer should be 2-3 times the
desired thickness.

10.2 Resonator design transfer
Transferring the pattern from a design file into the silicon nitride layer is straight forward:
A 5-inch mask is ordered containing the pattern, the wafers are spin coated with a UV-
sensitive polymer, the pattern on the polymer is developed exposing the parts of silicon
nitride to be etched using a reactive ion etch, and finally the remaining polymer is stripped
in an oxygen plasma. When the mask-less aligner is used one can go directly from design
file to UV-exposure.

Using UV-lithography the resolution limit is approximately at 1 µm which is sufficient for
the generated designs. One should note the oxygen plasma will oxidize the surface of the
nitride layer, although a short etch in hydrofluoric acid should remove any excess oxides
[15].
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Figure 10.3: (a) Illustration of a bilayer system consisting of the LPCVD-deposited stoi-
chiometric silicon nitride layer and PECVD-deposited protective silicon nitride layer each
with their own stress �i. The stress-mismatch induces a bend. (b) A simulation of a
phononic crystal cell shown in Figure 6.5. The colors represent maximum stress obtained
on the surface of the LPCVD layer when hp = 0:6 � hmem and PECVD prestress is -0.6
GPa. (c) A sweep of simulation results using different PECVD thicknesses relative to the
membrane layer for different PECVD prestresses. The plot shows the maximum stress
obtained on the surface of the LPCVD layer in units of Pa. The dotted line correspond
to no stress-mismatch between the layers. The prestress of the membrane layer is 1.27
GPa.

10.4 KOH etch window design transfer
In order to release the resonator an opening needs to be defined in the silicon nitride
on the back-side of the wafer. The opening exposes the underlying silicon which can
afterwards be etched using KOH. The fabricational steps and some of the considerations
from section 10.2 also apply here. The etch is anisotropic where the etch rate depends on
the crystal plane being etched. In the <111> direction the etch rate is negligible compared
to the <100> direction and can therefore for practically purposes be assumed to be zero.
By taking the etch angle into account the back-side window can easily be sized to obtain
the desired front-side window after etching through with KOH. However, this makes the
front-side window dependent on the thickness of the wafer. The spread of the wafer-to-
wafer thickness is �15µm, which directly translates to an spread of the resonator window
size. This spreads the resonance frequency of the trampolines by a few kHz according to
simulations.

One word of caution during this step. One cannot perform UV-lithography and reactive
ion etch on the back-side without handling the front-side. Approach A has the advantage
of the protection layer, but the other approach is exposed. Extra care has to be taken to
minimize potential damage to the front-side during these steps, as these will otherwise
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from �30 % to just below 100 % on 50nm silicon nitride. Note the dummies should be
coated in silicon nitride to ensure they too survive the whole KOH etch process.

1

D
um

m
y

2 3 4 5 6 7 8 9 10 11 12

D
um

m
y

Figure 10.5: Closely packed wafers for wet chemistry processes. This constraints the
direction of flow to being parallel to the wafer surface.

Next they are etched in KOH. At DTU Nanolab available baths are fixed at a concentration
of 28 %. At 80 °C this leads to an etch rate of �1:3µm/min leading to a total etch time
of approximately six and a half hours. Moreover, there is constant mixing flow to ensure
uniform etch and temperature distribution. Beware, if the full silicon etch is done in one
continuous etch followed by removing the protective layer in BHF, one ends up in the
situation described in section 10.3 and some of the structures will likely break. Instead,
the wafers are etched until there is �40µm of silicon left (or 30min before release). The
wafers are then removed and exposed to a short BHF etch to remove the protective layer.
Since the structures are supported now, they will survive easily.

For some structures, the PECVD layers seems to be difficult to remove. Examples of this
is shown on Figure 10.6. Residuals are observed as small particles at some samples or
as a distribution along edges on other samples. Prolonged etch in BHF does not always
help. Note, etching for too long in BHF also significantly etches the resonator itself, thus
one has to be careful when overetching the protective layer. Predepositing silicon oxide
below the protective layer helps, but it does not completely eliminate this effect. It might
be possible to optimize the removal of the protective layer by testing out different silicon
oxide thicknesses or deposition techniques. For example, silicon oxide deposited via
an LPCVD furnace with tetraethyl orthosilicate (TEOS) as the reactive gas is a cleaner
process with really good coverage. This ensures none of the dirtier PECVD deposited
materials get into direct contact with the LPCVD silicon nitride layer.

To remove the remaining silicon the wafers are put back into the KOH bath. Now the
flow and heating is turned off to reduce the risk of the flow ripping the structures apart.
Turning off the flow in this way has lead to significant improvements in yield for a large
number of structures fabricated throughout the PhD. One should note the etch rate will
slow down since the temperature will be dropping albeit slowly. Moreover, the etch rate
and uniformity will likely change when turning off the flow. When the etch is finished the
wafers are carefully rinsed in a 80 °C bath to avoid temperature shocks, although it has
not been found using the heated bath improves the yield significantly.
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(a) (b)

Figure 10.6: Select microscope images of trampolines possibly containing residual
PECVD material from the protective layer. (a) and (b) are the designs D3 and Ref, re-
spectively.

Release of membrane using thick LPCVD layer
When using the approach B based on a thick LPCVD layer, the steps for releasing the
membrane is the same as when a protective layer is used. In fact, the LPCVD layer
doubles as the protective layer in this case. The difference lies in the BHF step. The
resonators are etched in BHF until the desired thickness of silicon nitride is obtained. The
only requirement is the pre-etched parts of the LPCVD layer must be completely etched
through during the BHF etch step. Since the etch rate is slow an etch time of the order
of 1 h is expected. The final yield is comparable to using the protective PECVD layer.
The results generally look cleaner in comparison, but it can be challenging to obtain the
exact final thickness of silicon nitride layer. The cleanliness is possibly a result of the long
BHF step as it can etch a wide range of materials although some of them only slowly. Not
depositing any material on top is also an advantage when comparing to the approach A.

10.6 Post process cleaning, drying and dicing
The finale part of the fabrication is cleaning for residual contamination and drying the
resonators. The number of steps needs to be kept at a minimum in order to prevent
damaging (too many) resonators on the wafers. KOH etching is known to leave potassium
ions on the surface. Furthermore, contaminants from the KOH bottles may lead to iron
oxide particle contamination on the surface [72]. To remove these as well as other possible
contaminants like organic materials a two-step cleaning process is devised.

First step is to clean the wafers in a 5% hydrochloric acid. This completely removes the
iron oxide contamination. This is followed by a ”7-up” cleaning step consisting of a sulfiric
acid solution heated up to 80 °C followed by a spoon of ammoniumpersulfate added into
it. This cleans for organic and alkali ion contamination including the potassium ions from
the KOH etch.

Next step is to dry the wafers. Water is known to have significant surface tension. It is
feared these will rip the fragile structures apart as they dry up. The wafers are dried by
heating up an ethanol bath. By placing the wafers above the bath the ethanol fumes will
drive out the moisture. After some time the wafers can be removed and gently evaporate
the residual ethanol.

In general, dicing the membranes into chips is avoided. This is another step in the most
fragile part of fabrication which could lead to lower yields. The dicing is done by etch-
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the tethers, where there is no tensile stress component perpendicular to the tether. This
effect is clearly visible on Figure 10.7b. Other features containing long straight lines with
no curvature contain no stress component perpendicular to the line at the vicinity of the
edge. They are therefore also at risk of buckling/collapsing. The reference design shown
on Figure 10.7c with its long straight tethers was especially difficult to fabricate due to this
effect.

To avoid this the designs needs fundamental changes. All hole-like features must contain
at least someminimum curvature to enable the high tensile stress to support the structures
along the edges. Phononic crystal based membranes (Figure 6.5) are designed like this,
and they do not exhibit this problem at any thickness. One could imagine a smart design-
processing algorithm which could adapt the topology optimized designs to accomplish
this. However, this might change the designs somuch they no longer resemble the original
optimized designs. They could lose some critical design features, which enable their
optimized performance.

Microscope images of samples representing each fabricated design is shown on Figure
10.8. It can be seen the design of all designs have been properly transferred to the silicon
nitride layer. This even includes the overhanging features of the original designs, where
the bending stiffness of 50 nm silicon nitride seems to be enough to support them. The
yield obtained based on the latest batch of both approaches is shown on Table 10.2.
The thick LPCVD based approach was supposed to end up with 20 nm, but was etched
for too long in BHF. Both approaches work well for fabricating the structures across all
designs. Note, the difficulty in fabricating �13nm reference trampolines is clearly visible
here leading to a much lower yield compared to the rest.

Table 10.2: Yield of each design type based on the latest batch from each approach. Each
batch contains 8 wafers each containing 60 resonators. Yield was determined by visual
inspection and does not reflect their performance.

Batch D1 D2 D3 D4 D5 Ref Total

20 nm using protective layer 53 % 71 % 52 % 55 % 57 % 45 % 55 %
�13nm using thick LPCVD 38 % 29 % 30 % 33 % 39 % 16 % 31 %

10.8 Concluding on fabrication
The fabrication of the topology optimized trampolines have been presented with an em-
phasis on important effects and considerations. Two successful approaches were devel-
oped. The first approach is based on the use of a protective layer deposited on top of the
resonator to shield against handling and KOH. The protective layer consists of PECVD
silicon nitride combined with a pre-deposition of PECVD silicon oxide to ease removal of
the layer using BHF. The second approach instead used an extra thick layer of LPCVD
silicon nitride which then doubles as the protective layer and resonator layer. The excess
material is then removed in a long slow etch in BHF.

A relation between the effective tensile stress of LPCVD silicon nitride tensile stress and its
thickness was experimentally obtained, which showed a decreasing tensile stress below
20nm. Moreover, the use of a protective layer may lead to a significant stress mismatch
between the two layers. The induced bending stress can result in a local stress enhance-
ment of 0:6GPa which could break already highly stressed features. In order to optimize
the yield some of the tricks used include packing the wafers closely together during wet
chemistry processes to minimize flows and forces acting normal to the wafer surface, as
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D3D2

D1
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Figure 10.8: Microscope images of select samples consisting of one from each fabricated
design. The original designs as well as the reference are shown for 50 nm thicknesses.
The rest are shown for 12-20 nm. The particle-like features observed here are imperfec-
tions or dirt from the microscope.
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well as turning off the ventilation flow in the final and most critical stage of KOH etching.
Drying using ethanol fumes to drive out the liquid is believed help to improving the yield,
however this was not thoroughly investigated.

Finally, problems with collapsing and buckling structures were identified. This seems
to be a problem with features not supported by the tensile stress. For thin structures the
bending stiffness is too weak to support them leading to collapse or buckling. The problem
was reduced by updating the designs to remove unsupported features from the original
designs, however it still persists at 13 nm resonator thicknesses.
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11 | Experimental results and discussion
From all the fabricated designs, the resonators to be characterized by mechanical ring-
down were chosen based on quick optical evaluation using an optical microscope. Res-
onators containing dirt, buckling/collapsed features or otherwise deviated were discarded.
In order to minimize the risk of dicing related contamination and damage, initially none are
diced. The rest are characterized using the mechanical ringdown setup described in sec-
tion 7. The results of all these resonators are shown on Figure 11.1. The ringdown of the
best sample is shown on Figure 11.2.

Firstly, the frequency show a clear dependence to the resonator thickness where the
frequencies start to drop sharply below 20nm. This is a clear consequence of the thick-
ness dependence of the effective tensile stress of stoichiometric silicon nitride discussed
in section 10.1. Based on the derived stress-thickness relationship the measured eigen-
frequency follows the predicted values well with a minor discrepancy for the thin reference
trampolines.

Looking at the obtained quality factors it is obvious the spread is quite large and in the
order of two orders of magnitude. It is tempting to attribute this to the presence of phonon
tunneling losses. The distribution plotted in Figure 4.13 is generated with values which
closely correspond to the topology optimized resonators and both the spread and the
lower bound match quite well. Initially, a model was build assuming a fixed value for the
intrinsic losses and letting the phonon tunneling losses be described by the finite sub-
strate model in section 4.3.2. The result of this fit was inconclusive and did not pass the
chi-squared test to quantify the goodness of the fit. The assumption that only phonon
tunneling losses creates the spread is likely incorrect and probably naive. Some sam-
ples may have other factors influencing the damping including microscopic contamination
or damages not detected in the initial optical characterization. Moreover, the character-
ized wafer containing the resonators are loosely stacked on top a carrier wafer inside the
vacuum chamber. How does this affects the modes of the resonator-containing-wafer?
Is the coupling between the two wafers strong enough to significantly affect the eigen-
modes of them? In that case the derived phonon tunneling loss model is no longer a valid
description.

One way to test the effects of phonon tunneling losses is by dicing the wafers into chips.
According to Figure 4.14 the relevant resonances of a 1�1 cm2 chip are 125, 238 and
319 kHz, which are far away from any of the measured resonances when ignoring the
thinnest samples. This guarantees an extremely low coupling to the chip. By ensuring
these chips are loosely positioned, i.e. not clamped or fixed in any way, the phonons
that do couple to them do not propagate further out of the system. By dicing, one should
expect to see resonators that were previously limited by phonon tunneling losses should
have their quality factors improved after dicing. This was done for a subset of samples.
The mounting of the samples is shown on Figure 11.3 and the results on Figure 11.4.

A large part of the samples do see an improvement of their quality factor. More importantly,
most of them converge towards roughly the same level at � 4 � 107 which is a good
indication on this is the intrinsic loss limit. This is a strong evidence for phonon tunneling
losses heavily affecting the measured quality factors as well as the spread. However,
many of the samples showed a dramatic decrease of their quality factor as well post
dicing and the rest only saw minor changes. It is believed this is a result of contamination
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Figure 11.1: Mechanical ringdown results of all characterized topology optimized tram-
polines. The solid line for the frequency plots are predicited by Eq. (10.1). The solid,
dashed and dotted lines for the other plots are the fitted models for the total, intrinsic loss
and phonon tunneling loss quality factors, respectively. The fit is performed on the best
sample for each thickness group at each design. The plots include 914 samples in total.
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Figure 11.2: Ringdown of the best topology optimized sample. 12 nm thick design D4 at
240 kHz with Q = 1:18 � 108.

Figure 11.3: Loosely placed diced samples placed for ringdown measurements.

or microscopic damage related to the dicing of the trampolines. No thorough inspection
was ever performed on these after dicing. The result from this experiment show the spread
is likely a combination of phonon tunneling losses as well as other factors.

With no analytical model available to completely describe the spread in Figure 11.1 how
can one perform a meaningful fit of the data? The best performing samples are most
likely clean samples limited by intrinsic losses. However, these experience some thick-
ness dependence not described by the purely intrinsic loss model. For the purpose of
extracting meaningful data a simple approach was opted for. The best samples for each
design at each thickness group are included in a fit consisting of a combination of in-
trinsic losses and using the expectation value of the finite substrate phonon tunneling
loss model. This leads to a model with only two unknowns: The surface loss coef-
ficient �surf and intrinsic quality factor of the substrate Qs. The estimated values are
�surf = (2:93 � 0:19) � 1011 m�1 and Qs = (1:27 � 0:31) � 105. The �surf estimate is
somewhat higher than the (6 � 4) � 1010 m�1 given by [13]. It could be a result of the
ongoing optimization of fabrication combined with selectively choosing only the best sam-
ples. Combining phonon tunneling losses into the model might also inflate the predicted
intrinsic loss quality factor. The Qs estimate is comparable to other reported values for
silicon structures with dimensions relatively close to the wafer thickness [73, 74]. More
rigorous and systematic experiments are needed to confirm phonon tunneling losses are
successfully described by the derived model, but the results obtained here indicate this is
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Table 11.1: An overview of the best sample fo each design at each thickness h determined
by their Qf product.

Quality factor � frequency [1012 Hz]

h D1 D2 D3 D4 D5 Ref

12 nm 25.1 25.6 24.5 28.2 23.6 5.51
13 nm 25.9 27.3 24.8 15.5 22.7 4.96
20 nm 25.3 27.2 20.2 26.8 18.4 6.80
50 nm 15.2 24.7 19.2 22.3 21.3 12.2

that the best samples are likely limited by intrinsic losses this is not surprising. However,
what is surprising is, when assuming they are all limited by intrinsic losses, design D1
is not among the very best even though it has been designed purely for intrinsic losses.
It is possible even for the thinnest structures there are still significant phonon tunneling
losses, thus any of the other designs will in the end perform better simply because they
are optimized for both mechanisms as a compromise. For applications where embedding
the resonators in a phononic shield to eliminate phonon tunneling losses is not an option,
designs optimized for both losses could be the best choice.
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Future work includes updating this implementation to match the model described in sec-
tion 4.3.2. It is expected such a change will lead to vastly different structures optimized
against phonon tunneling losses. Furthermore, the designs have all been focused on one
size of the window, i.e. 700 � 700µm2. While one can easily scale the frequencies by
scaling the whole design, this changes the size of the central pad, too. When the 100 �
100µm2 central pad constraint is kept there is potential for new designs depending on the
window size. Therefrom, a size and frequency dependence can be obtained which could
highlight a favorable scaling/optimization route. Larger devices could open the possibility
for extremely high Qf product devices at lower frequencies, if and only if the optimization
is able to reduce boundary bending losses.

When looking outside the scope of fundamental mode resonators there are key areas
which has seen no recent improvements, but still holds potential for performance gains
purely by optimizing the geometry. Two-dimensional resonators based on phononic crys-
tals has one major design problem: Most of the bending of the defect-confined modes
overlap with low stress regions. This leads to high bending and therefore high losses
limiting their performance. So far, no proposals have been seen into how this can be pre-
vented. Topology optimization can possibly be used to create new phononic membranes
designs. In-fact, assuming it has to generate a repetitive pattern of identical phononic cells
is an unnecessary constraint. It is entirely possible it can be used to generate completely
new abstract designs with phononic band-gap-like behavior which enable soft-clamping,
but with improved performance. Recent work conducted by one of Ole Sigmund’s under-
graduates hint at this possibility [75].

All in all, topology optimization has shown it can improve the performance of mechanical
resonators. This provides the motivation to extend this work to not only improve fun-
damental mode resonators further, but also apply this to other resonator types with the
ultimate goal of creating the best possible ultra-coherent mechanical resonators.



Part III

Density Phononic Membranes
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Figure 14.2: Numerical evaluation of the one-dimensional density enhanced string. (a)
Eigen-frequency and quality factor of a simply supported silicon nitride string vs. number
of pillars uniformly spread along the string. The dashed lines are the solution for a normal
string where � ! �eff. Plotted for L = 700µm, h = 50nm, � = 1:2GPa, dpil = apil/2
and �eff = 5�. Loss angle taken from Eq. 4.13. (b) Highlight of the added bending losses
introduced by pillars.

This is highlighted on Figure 14.2b. On Figure 14.2a it can be seen that the pillar-induced
damping contribution can be reduced by using an increasingly finer mesh of pillars, where
a resolution of dpil = apil/2 � 1µm is sufficient to effectively negate it. Such a structure
can easily be realized fabrication-wise. The current understanding is that a fine distribu-
tion of pillars dilutes the resulting added bending losses into many and overall negligible
contributions compared to a coarse distribution. In order to use this approach to design
ultra-coherent resonators, one of the main challenges will be to fabricate pillars with as
fine resolution as possible. One should note the pillar mesh requirement is dependent
on the wavelength and hence the frequency of the device. Numerical evaluations show
doubling the frequency changes the required pillar mesh periodicity to half the distance
to negate the added damping. Finally, when damping is of no concern the pillar mesh
requirement can be relaxed considerably.

With the relevant fundamental properties established, how can this be used for creating
one-dimensional phononic crystals? Using the exact same procedure as for the stress-
based case described in section 6.1 the band-gap can be created by modulating the ef-
fective material density. One could make a binary distribution, i.e. have regions with high
pillar density and regions with no pillars. It is also possible to create any other completely
arbitrary distributions. This approach can even be combined with one-dimensional strain
engineering to create ultra-coherent strings where the mode-shape is co-overlapped with
a tensile stress enhanced region to push the Qf product further upwards [29].

In this work strings were not fabricated. Compared to its stress-based counterpart it has
only limited advantage as both approaches can easily create high performing resonators
with optimal co-overlap between tensile stress and modes-shape [29]. For strings, the
density phononic implementation is an alternative approach for 1-dimensional phononic
crystals suitable for situations where the stress-based counter-part cannot be used (see
chapter 20 for an example on this).

14.2 Two-dimensional density enhanced membrane
Two-dimensional membranes is where density phononics has a clear advantage. As dis-
cussed before, a stress contrast in membranes can only be created by etching holes.
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This will result in low-stress regions which do not take full advantage if stress dilution ef-
fect thus leading to non-optimal performance. Furthermore, the high stress tethers will
already be stressed close the the breaking point. This prohibits any attempt to increase
the quality factor by applying strain engineering to increase the overall stress. In contrast,
membranes embedded with density phononic crystals do not suffer from any of these lim-
itations. This offers a huge opportunity to create novel membranes with the potential to
completely outperform existing ultra-coherent membranes based on stress phononics.

For optimal performance the pillars should be patterned as tightly as possible. Naturally,
a hexagonal pattern consisting of circular pillars is a good candidate for this, as this allows
the pillars to be placed with a high density and the circular shape is among the easiest
structures to fabricate. From Figure 14.3a the effective material density is then given by

�eff = �+ �pil
�

p
3

6
hpil
h
d2
pil
a2
pil
: (14.3)

The above is derived considering the mass contribution from a single pillar and then com-
paring to the mass contribution from the membrane in a single hexagonal cell.
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Figure 14.3: (a) A membrane section embedded with pillars in a hexagonal grid. (b)
COMSOL simulation results. A parametric sweep of the pillar periodicity and relative
diameter where the intrinsic quality factor is estimated for each combination. The red line
is the optimal pillar diameter for a given periodicity. (c) A select configuration from the
sweep of simulations illustrating the three-dimensional model plotted for bending losses.
Simulated for silicon nitride with h = 20nm, � = 1:1GPa, �eff/� = 5 and ~� = 8:69 �
10�4 performed for a single pillar with Floquet periodic boundaries for wave-number k =
33020m�1 (�1:4MHz). Larger periodicities were too computationally intensive to model
in 3D. For the ideal membrane Q = 2:8 � 109.

A more detailed study was performed for the two-dimensional case to determine the op-
timal pillar design. Figure 14.3b shows how the intrinsic quality factor of a membrane
section deposited with pillars varies with the periodic distance and relative width of the
pillars. For the two-dimensional case it is again clear that a finer mesh will minimize the
damping contribution from the bending occurring at base of the pillars illustrated on Fig-
ure 14.3c. A feature not discussed for the 1-dimensional case is the relative width of the
pillars. It is observed there is an optimum represented by the red line where the damping
contribution is at a minimum. This is another route for optimizing the pillars. In general,
for a rough pillar mesh the ideal width of the pillars is dpil � apil/2 wheres for a fine mesh
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it is closer to dpil � 0:3apil. However, for the rough mesh the quality factor dependence
on the relative width is weak, hence it is not an important factor in that case. For the
studied structure the periodicity must be apil � 200nm to effectively remove the added
damping from the pillars. This is in principle possible, but will certainly pose a challenge
fabrication-wise.

Which type of density distribution is suitable for phononic crystals? If one assumes a
membrane with no holes or features etched into it, the stress will be completely uniform.
Far away from any boundaries the physics will then be completely described by a simple
isotropic wave equation of the form

T 0r2u(x; y) +m00@2u
@t2

= pe : (14.4)

which from a mathematically point of view is very similar to optical waves. It is then in-
tuitive to generate direct mechanical analogues based on common photonic crystal de-
signs. An often seen pattern with good band-gap properties is a binary distribution of
circular shaped air domains placed on a hexagonal pattern in a dielectric material [76].
The circles represent high phase-velocity domains whereas the surrounding domain are
slow phase-velocity. To limit the amount of mass getting added to the membrane an in-
verted adaptation of this distribution was studied as well as a softer sine-like distribution
to demonstrate the flexibility of this scheme and compare the effects. Both of these are
shown in Figure 14.4. The binary distribution is defined as
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and similarly for the sine-like distribution
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(14.6)

with gsine(x; y) defined in the same manner as gbin(x; y). The effective density is then
given by �eff(x; y) = � � gi(x; y) where i = fbin; sineg.

Both of these distributions have a few degrees of freedom. When ignoring the pillars these
are: The maximum relative effective density gmax, relative distribution width �w and the
phononic crystal periodicity aph. These will be explored in the next section.
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Figure 14.4: The two effective density distributions studied for use a phononic crystals.

14.3 Optimizing the density phononic crystal
How one eventually chooses to design the density phononic crystal has a huge effect on
howwell any modes confined to a defect will end up performing. A wide band-gap ensures
an efficient isolation of the mode. However, the distribution must also be designed to
prevent additional design-induced losses. Finally, while a large effective density contrast
will generate a correspondingly wide band-gap, it is also increasingly difficult to fabricate,
thus the lowest possible contrast should be used. All these factors were studied for the
two proposed distributions presented in the previous section.

3 4 5 6 7 8 9 10

0.2

0.4

0.6

0.8

1.0

3 4 5 6 7 8 9 10

0.2

0.4

0.6

0.8

1.0

3 4 5 6 7 8 9 10

0.2

0.4

0.6

0.8

1.0

3 4 5 6 7 8 9 10

0.2

0.4

0.6

0.8

1.0

0.00

0.06

0.12

0.18

0.24

0.30

0.36

0.42

0.48

R
el

at
iv

e 
ba

nd
ga

p 
w

id
th

, ¢
f

f c

0.45

0.60

0.75

0.90

1.05

1.20

1.35

1.50

1.65

C
en

te
r 

fr
eq

ue
nc

y,
 f

c 
[M

H
z]

0.75

0.90

1.05

1.20

1.35

1.50

1.65

1.80

1.95

Q
ua

lit
y 

fa
ct

or
, Q

 [1
0

9
]

0.0

0.8

1.6

2.4

3.2

4.0

4.8

5.6

F
ig

ur
e 

of
 m

er
it,

 Q
£

¢
f 

[1
0

14
 H

z]

R
el

at
iv

e 
di

st
rib

ut
io

n 
w

id
th

, ®
w

Relative maximum effective density, gmax

Figure 14.5: Study of the binary effective density distribution based phononic crystal.
White areas have no band-gap defined. Quality factor estimated by taking the mean of the
estimated quality factors of the mode just above and just below the band-gap. Simulated
for h = 20nm, � = 1:1GPa, �surf = 2:93 � 1011 and aph = 253µm.
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On Figure 14.5 a range of parametric sweeps were conducted for the binary effective
density distribution. The phononic periodicity aph was kept constant as this simply scales
the whole solution with respect to frequency. The remaining parameters are the rela-
tive distribution width �w and relative effective density maximum gmax, which were swept
across a meaningful range. For the band-gap width it is clear as the density contrast is
increased the band-gap becomes wider just as one would expect. There is also clearly
an optimum distribution width defined at �w � 0:4. However, at the same time the qual-
ity factor of a mode passing through a region of increasingly higher densities is reduced.
This is a direct consequence of the phase velocity definition. Higher densities lead to
slower velocities and therefore shorter wavelength. This in turn leads to sharper bending
of the mode-shape and therefore higher losses. This compromise between band-gap and
losses is also seen for stress phononic devices [54]. Moreover, the center frequency of
the band-gap is red-shifted as the mass of the phononic cell increases, which is intuitively
expected.

How does one then pick the optimal set of parameters for a given density phononic distri-
bution? For ultra-coherent resonators the important figure of merit is the Q � fc product
where fc is the center frequency. Since a wide bandwidth is desirable, a proposed figure
of merit for choosing the optimum band-gap design is Q � fc � �f

fc
= Q � �f . This is

also shown on Figure 14.5, where a line of optimum solutions can be seen. In fact, based
on this definition no improvement of the device can be seen for gmax � 5. Above this
range, the added mass will reduce the quality factor and frequency at the same rate as
the band-gap is enhanced. Going above gmax = 5 is then a compromise between strong
mode isolation versus high quality factor.

The same study was performed for the sine-like distribution and presented in Figure 14.6.
Overall, the same conclusions can be drawn. The only significant difference can be seen
when comparing the Q � �f products of the two distributions. They converge to about
the same maximum value, but the sine-like distribution reaches this plateau for a broader
range of parameters, and it is obtained for a slightly higher gmax just below 6. In general,
the sine-like distribution obtains slightly lower losses at the cost of slightly worse band-gap
widths. The higher g requirement also makes it slightly more difficult to fabricate.

14.4 Phononic membrane designs
Next step in the design process is to use the knowledge obtained from the phononic crystal
analysis to design full-scale membranes. This section presents the membrane designs
developed and discusses how the defects can be engineered to properly confine a mode
interest. Two main designs were developed:

DP1: Binary density distribution with �w = 0:4, aph = 198:8µm, gmax = 5 and gcmax = 3:9.

DP2: Sine-like density distribution with �w = 0:7, aph = 204:3µm, gmax = 5 and gcmax =
3:6.

The gcmax parameter will become apparent later. Both of the designs were engineered
to have a defect-confined mode at exactly 1:4MHz at the center of the band-gap. The
designs and characteristics are shown on Figure 14.7 and 14.8 for design DP1 and DP2,
respectively.

The density distribution for DP1 at Figure 14.7a illustrates how the defect can be im-
plemented. The enhanced density is removed at one of the cells. This disturbance in
the lattice is enough to confine an eigen-mode to the defect. However the resonance
frequency of such a mode won’t be well centered within the band-gap, but instead be
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Figure 14.6: Study of the sine-like effective density distribution based phononic crystal.
White areas have no band-gap defined. Quality factor estimated by taking the mean of the
estimated quality factors of the mode just above and just below the band-gap. Simulated
for h = 20nm, � = 1:1GPa, �surf = 2:93 � 1011 and aph = 260µm.

near the lower end. In order to guarantee maximum mode confinement, the resonance
frequency must be shifted to the center of the band-gap. This is easily achieved by ma-
nipulating the phononic cells right next to the defect. By lowering their effective density to
gcmax the effective mass of the defect confined mode is reduced which results in a higher
resonance frequency.

Simulations of the defect confined mode is shown Figure 14.7b confirming the mode-
confining behavior. The band-gap for this specific configuration was estimated and shown
in Figure 14.7c. An interesting difference between this and what is typically seen for stress
phononic band-gaps is the absence of fast-traveling in-plane modes within the band-gap.
Stress phononicmembranes only exhibit pseudo band-gaps (see Figure 6.6), whereas the
density phononic membranes exhibit a full band-gap. No deeper study was performed into
this. It is known the in-plane modes’s stiffness are unaffected by in-plane tensile stress
and therefore stress-modulating a membrane or string cannot ever create a band-gap for
all types of vibrations simultaneously [22]. Conversely, mass contrast works equally well
on all types of vibrations and is likely the reason for the full band-gap.

The density distribution for DP2 at Figure 14.8a was designed and manipulated in the
exactly same manner as DP1. The dispersion diagram in 14.8c shows a somewhat nar-
rower width of the band-gap. By comparing the defect-confined mode-shape in 14.8b with
DP1 one can (with a sharp eye) barely see the mode is slightly less confined for DP2 as
a result.

One important parameter so far omitted is how many phononic crystal cells (i.e. number
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Figure 14.7: A study of density phononic membrane design DP1. (a) Relative effective
density distribution near the defect of an infinite membrane. (b) Mode-shape of the defect
confined mode at 1:4MHz. (c) Dispersion relation of the chosen phononic crystal design.
The band-gap is marked by a shaded region and has a width of �f = 383 kHz.
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Figure 14.8: A study of density phononic membrane design DP2. (a) Relative effective
density distribution near the defect of an infinite membrane. (b) Mode-shape of the defect
confined mode at 1:4MHz. (c) Dispersion relation of the chosen phononic crystal design.
The band-gap is marked by a shaded region and has a width of �f = 286 kHz.

of repetitions of the pattern) are needed for proper mode confinement, Nph. This number
depends on the damping mechanism. For intrinsic losses one needs to keep adding
more crystals until the boundary bending losses become insignificantly small. For phonon
tunneling losses one needs to reduce the coupling to the substrate until only the intrinsic
losses dominate. The risk of resonant coupling to a substrate mode might lead to a large
mode isolation requirement, but this has so far not been investigated. One may choose
to be on the safe side and simply fabricate huge membranes with many cells. However,
huge membranes, especially thin highly stressed membranes, are increasingly difficult to
fabricate as the size goes up. A study was performed to numerically estimate the required
number of cells. For simplicity, only the intrinsic losses were considered. Moreover, a
hexagonal window was assumed as this fits naturally with the lattice as shown on Figure
14.9a. The results for both resonators are presented on Figure 14.9b using the extracted
surface loss parameter from the topology optimized trampolines.

From the simulations it is clear how even the small difference in band-gap width affects
the required number of phononic crystal cells. For DP1 the minimum number of cells
needed is approximately Nph = 7 and for DP2 it is around Nph = 9. This small difference
can lead to a significant difference in yield during fabrication, since this directly corre-
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Figure 14.10: Effective density distribution (red background) to pillar layout (green circles)
conversions for DP1 for different pillar periodicities apil. The bottom row are phononic cell
layouts with reduced effective density which are placed next to the defect.

clear the finer mesh resolution does a significantly better job at replicating the sine-like
distribution compared to the rough resolution of apil = 10µm which fails at it completely.

The above presented designs were all fabricated initially. However, in order to optimize the
fabrication in the limited time left DP2 was discarded, since DP1 with its lower requirement
for number of phononic crystal cells was expected to have higher yields. Therefore, the
majority of fabricated membranes and mechanical ring-downs were based on DP1, which
will be the focus for the rest of the chapters in Part III.
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Figure 14.11: Effective density distribution (red background) to pillar layout (green circles)
conversions for DP2 for different pillar periodicities apil. The bottom row are phononic cell
layouts with reduced effective density which are placed next to the defect.
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15 | Fabrication
Fabrication of the novel density phononic membranes were not trivial at first. A few factors
were identified, which have a huge impact on the yield and sets the limits of fabrication.
These are ongoing challenges which needs to be resolved in order for these membranes
to reach their full potential. This chapter goes through some of the key elements in fab-
rication and suggestions on how to improve on them. For a detailed process flow the
reader is referred to appendix C.
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Figure 15.1: An overview of the fabricated membranes of design DP1 for the two success-
ful batches. Green is pure stoichiometric silicon nitride. Red are the high effective density
regions defined by gmax. Purple are the slightly lower effective density regions defined by
gcmax. (a) A variant of DP1 with aph = 253µm. (b) DP1 fabricated with different number
of phononic crystal cells. Note, cells overlapping with a membrane border are ignored in
the mask in order to prevent spurious discontinuities. Moreover, N corresponds to Nph
used in the rest of the text.

Two successful batches were fabricated each with their own purpose. The first batch (Fig-
ure 15.1a) was designed for different pillar diameters to study how it affects the quality
factor. The second batch (Figure 15.1b) was designed for different number of phononic
crystal cells to verify the behavior seen on Figure 14.9. The latter is designed for dpil =
apil/2 = 1µm for all membranes. It should be noted that the first batch was first and fore-
most a test of fabrication and the design parameters do not exactly match DP1. Moreover,
the batch size was also much smaller and the yield poor hence most of the focus will be
on the second batch. The fabrication steps on both batches are the same with minor
tweaks to optimize the yield and quality of the membranes. An overview of the different
fabrication steps can be seen on Figure 15.2. Many of the same fabricational problems
and solutions overlap with the topology optimized trampolines described in chapter 10,
thus there will be no detailed step-by-step description here. The focus will be on the most
critical aspects of fabrication.

Three main challenges were identified during fabrication:
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1) 2) 3)

4) 5)

PECVD SixNy
LPCVD Si3N4
Silicon wafer

Figure 15.2: Illustration of the density phononic membranes between steps of micro-
fabrication. Note, it is not drawn to scale. 1) LPCVD of stoichiometric silicon nitride.
2) PECVD of silicon nitride. 3) Back-side spin-coating of photo resist, UV-lithography,
pattern development, reactive ion etch and photo resist stripping in oxygen plasma. 4)
Front-side spin-coating of photo resist, UV-lithography, pattern development, reactive ion
etch and photo resist stripping in oxygen plasma. Only �40nm of PECVDmaterial remain
on exposed areas. 5) BHF and KOH etch (see section 15.1 for more details).

1. Stoichiometric silicon nitride film quality and membrane size.

2. Lithography of pillars.

3. Etch and release of pillars.

As mentioned for the trampolines, the film quality of the stoichiometric silicon nitride layer
has an influence on the yield. From Figure 15.1 it is evident that the membranes can eas-
ily become quite large. The nominal membrane size (Nph = 8) is approximately 3�3mm2

with the largest membranes being just below 5�5mm2. When considering that the total
area of the membrane scales with the side-length squared, the probability of the mem-
brane overlapping with a region of the silicon nitride layer containingmicroscopic damages
scales quickly with size. This effectively sets an upper limit on how large a membrane one
can reasonably hope to fabricate in large quantities. An overview of the yield with respect
to different number of phononic crystal cells is shown on Figure 15.3, which confirms the
trend of lower yield for larger membranes. What seems to work well is to deposit the
PECVD layer as soon as possible on the front-side to protect the LPCVD layer. Apart
from that, handling the front-side with a maximum of care is important to prevent any
further degradation of the LPCVD layer.

The second challenge is the lithography of the pillar pattern. Amask-less aligner (MLA150
WMI maskless aligner from Heidelberg Instruments GmbH) was used with great success
to define pillars with diameters down to 1 µm. Tests showed this can be pushed down to
diameters of 500 nm, but no further. However, in order to properly minimize the added
damping from the pillars the diameter should be as low as 100 nm. Deep-UV lithography
could be used to define smaller pillars. The technicians at DTU Nanolab report features
down to �200nm is possible. Evidently, this is not enough. Alternative approaches are
nano-imprint lithography and e-beam lithography. Both are available at the facility and are
reported to have a resolution limit of �20nm. The use of these two approaches have not
been thoroughly investigated, hence the viability of these cannot be commented on any
further.

The third and finale challenge is the etch and release of pillars. This step will be described
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Figure 15.3: Yield for the batch where the number of phononic crystal cells were swept.
Yield determined by inspection via microscope. Ok samples had no visual damages or
contamination. Red include membranes where the pillars were not fully released, but still
had residual material in between.

in more detail below.

15.1 Etch and release of pillars and membrane
How the pillars are fabricated is crucial. There are a number of factors determining the
survivability of pillars. First, the choice of material matters. Similar to the trampolines
the membrane is released via a long KOH etch, which is known to etch a range of other
materials, too [77]. Even when a protective cap is placed on the front-side one must
expect some of the membranes will break as soon as the KOH has etched all the way
through. This allows KOH to diffuse into the front-side and start etching any vulnerable
materials exposed. This means for an unprotected front-side the pillars must survive �7
hours of KOH, or when the protective cap is used it has to survive for at least some min-
utes (probably at the order of �10 minutes to allow for some over etch). PECVD silicon
nitride naturally satisfies this requirement. When this is combined with the experience al-
ready obtained with using this material in other projects, it became the material of choice.
Chromium offers some resistance against both KOH and BHF and is an interesting metal-
lic alternative.

As the process is described in 15.2 the pillars are defined using a top-down approach via
reactive ion etch. Since the underlying LPCVD layer is extremely thin and the quality of
the layer is not allowed to be comprised, the PECVD layer cannot be completely removed
during this etch alone. There is no significant selectivity between the two nitride deposi-
tions. Therefore, a residual layer is kept at the order of 40 nm. This is achieved by etching
2-3 times and measure the thickness in between etches using an ellipsometer (M2000XI-
210 ellipsometer from J.A. Woollam Co., Inc.). One should be aware of the combined
non-uniformity of the PECVD process and following reactive ion etch. This leads to a
spread of the residual PECVD layer thickness by tens of nm across a wafer.

The next step is a tricky one. How to remove the residual layer while still preserving the
pillars? For the successful batches, what worked was the simplest (and riskiest) approach
tried. When the wafers are directly exposed to 80 °CKOH the etch rate of the used PECVD
layer is �10nm/h which decreases the diameter by 120-140 nm over the course of the
KOH etch. To ensure that in-fact all of the residual material is removed this is combined
with pre-etching the pillars in BHF for a short amount of time (typically 40 s). With an etch
rate of �30nm/min this removes an additional 40 nm from the diameter. When fabricating
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large pillars this works perfectly well since the selectivity between the two silicon nitride
layers is high. However, with these two isotropic etches up to 180 nm of the diameter is
removed, which is a significant amount for pillars defined with a diameter of 1 µm. More-
over, it will be impossible to fabricate pillars with the required diameter of 100 nm. The
loss of mass can be compensated by simply fabricating the pillars proportionally taller,
which was done for the 1 µm pillars.

Another problem observed using the approach described is the perceived non-uniformity
of one or several of the etch processes when fabricating small pillars. Figure 15.4f-j shows
some of numerous samples where the residual material between pillars was not properly
removed. This happened for a significant fraction of the membranes as shown on Figure
15.3. The etch rate is slower than expected in those regions for at least one of the wet or
dry processes. This is a common feature when etching structures with large aspect ratio,
where the etchant has a harder time getting into small gaps and react with the exposed
material. The downside of this effect is that an even longer isotropic etch time is needed
than already described, to guarantee the removal of the residual layer for all samples on
a wafer.

The above is right now the main limiting factor for pushing the pillar mesh resolution. As
long as this part of the fabrication cannot be optimized it will not be possible to push the
performance of these membranes considerably. What can be done to improve on this
process? The problem is the isotropic etches. These steps cannot be included for any
solutions. I propose an alternative process for fabricating the pillars. Through the use of
lift-off technique it is possible to deposit material only where it is needed. The rest is easily
removed via lift-off. This eliminates the need for isotropic wet etches. The approach has
not been thoroughly investigate yet, but nm scale pillars have been demonstrated before in
other groups (see for example [78]), hence it is believed this is a viable approach here, too.
A recurring question is then which material to use? Chromium is an obvious candidate
as this can be easily sputtered. Silicon nitride can also be sputtered [79] and is likely the
preferred non-metallic alternative. Depending on the chosen material’s resistance to KOH
a protective PEEK cap on the front-side might be needed to minimize the KOH related
etch on the pillars.

15.2 Resulting membranes
A subset of the fabricated membranes are presented on Figure 15.4. Most of the pillars
are reasonably defined. The dense and less dense patterns of the two types of phononic
cells are well transferred as evident on Figure 15.4a, 15.4b and 15.4c. However, they do
exhibit a rounded base as shown on Figure 15.4d and 15.4e. It is likely a combination of
the isotropic etches and the difficulty of etching between narrow regions.

The resulting pillar heights and diameters were estimated to be 446 � 14 nm and 602 � 97
nm, respectively, based on probing a few select samples of the second batch. The di-
ameter is smaller than the 1 µm aimed for as evident on Figure 15.4, which is a direct
consequence of the isotropic wet etch processes. However, as long as the total mass
added is near the expected amount the performance of these devices are expected to be
fine as predicted in Figure 14.3b.

Generally, as a proof of concept, the fabrication detailed here show these membranes can
be fabricated with pillars deposited on top to significantly enhance their effective densities.
Doing this on membranes with sizes up to 5�5mm2 which are only 20 nm thick is a feat,
which to my knowledge, has not been demonstrated anywhere before. Fortunately, the
faults described above have not prevented the membranes to achieve remarkable results,
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

(j)

Figure 15.4: Scanning electron microscopy images from fabricated density phononic
membranes. Images (a)-(e) are membranes which passed visual inspection. Images(f)-
(j) are membranes with failed pillar release.
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which will be shown in the following chapter. This hints at these membranes might be
fabricated with high tolerances.
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Figure 16.2: Overview of the measured quality factors for density phononic membranes.
Black lines are predicted values. The first batch is a variant of design DP1 with Lph =
253µm. Thickness is h = 20nm for both batches. From the fit on the second batch the
surface loss coefficient i estimated to �surf = 9:23 � 1010 m�1.
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was swept. When looking at the best samples, the quality factor’s dependency on this
parameter follows the prediction quite well, which confirms the assumption that these
resonators will be limited by intrinsic losses. The model assumes gmax = 5 which is
higher than the estimated value based on Figure 16.1, but this discrepancy does not
seem to affect the required number of phononic crystal cells much. Again, the spread is
quite large. Furthermore, the spread in frequency is �0:1MHz. Since all samples here
are based on the smallest fabricated pillar diameter, it is believed the underlying cause
of the spread similar to the previous batch. To find an explanation, the samples quality
factors are plotted vs their resonance frequencies and presented on Figure 16.3. It is seen
samples significantly above 1:4MHz exhibit a declining quality factor trend. The higher
frequency is likely related to a lower mass of the pillars. This leads to a poorer band-gap.
Samples with low quality factors are likely modes which are poorly confined as a result
of the degrading band-gap. This effect is only visible for samples with Nph � 9. The
Nph = 10 sample at 1:45MHz does not exhibit the degradation. This can be explained
by the extra phononic crystal cell layer providing the necessary mode isolation. Looking
at the other end, the quality factor drops a little. These samples have relatively larger
amounts of mass. According the the phononic crystal analysis in Figure 14.5, higher
mass enhancement generally leads to higher losses in the cells. The results at the lower
end of the frequency spectrum likely reflect this behavior.

Figure 16.3: The quality factor plotted against the resonance frequency for the samples
of the second batch with Nph � 7. A set of simulations where the maximum density
enhancement is swept is overlayed (black). No band-gap is predicted in the shaded area.

To test these hypotheses, the frequency and quality factors are simulated for different
values of gmax to mimic the over-etch of pillars. The observed spread in frequency is repli-
cated seen by the black line in Figure 16.3. The quality factor changes very little, but it
exhibits the behavior described above. When gmax < 2:8 the band-gap disappears and
the modes are no longer expected to be confined to the band-gap. This limit is crudely in-
dicated on the figure. It can be observed samples above this limit have a heavily degraded
quality factor, which fits the narrative of a disappearing band-gap.

All in all, the results look very promising. The best samples have Qf products of 8 � 1014
Hz, which is higher than reported anywhere else for thin film membranes [53] and only
beaten by strain engineered phononic strings [29]. When considering the clear observed
dependence on the pillar mesh density and the predictions from chapter 14 this approach
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to designing and fabricating resonators has the potential to break the Q = 109 barrier
at room temperature for MHz resonators as soon as the fabrication has been optimized
further.
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17 | Conclusion and outlook
In conclusion, the drawbacks of phononic crystal based membranes defined by modu-
lating the tensile stress was highlighted and it was argued that another approach to re-
alization of phononic membranes was needed to further enhance their performance. A
novel approach was developed based on modulating the effective material density of the
membrane. This can be realized by defining a fine mesh of pillars placed on top the mem-
branes. Apart from locally shortening the wavelength, the pillars also add damping in the
form of an evanescent wave at the base of each pillar. However, this added damping can
be mitigated by diluting it over many smaller narrower pillars. For 20 nm thick resonators
operating at 1:4MHz the required periodicity of the pillar is 200 nm corresponding to a
maximum feature size of 100 nm. This is a fabricational challenge and requires ongoing
optimizations in fabrication to realize.

Studies of the obtainable band-gaps were performed confirming the validity of this ap-
proach. From this, two designs were created based on a binary and sine-like effective
density distributions. While the latter showed slightly higher obtainable quality factors it
also had a worse band-gap, which ultimately leads to the requirement of larger number of
phononic crystal cells to properly confine the mode, thereby complicating the fabrication
further. Both designs predicted quality factors above 109 at 1:4MHz assuming a 20 nm
thick membrane, which is unprecedented.

A process flow for fabrication was developed to realize the membranes. However, limita-
tions related to UV lithography and the use of isotropic etch processes to define the pillars
ultimately prevents fabrication of pillars much smaller than 1µm. The use of KOH sets
a limit on materials and processes which can be used for fabricating the pillars. It was
proposed to define the pillars using lift-off technique and combine it with either sputtered
chromium or silicon nitride. This could enable fabrication of narrower pillars. Furthermore,
it was suggested UV-lithography could be replaced by either deep-UV, nano-imprint or e-
beam lithography to enable pattern transfers of much smaller pillars. Moreover, the yield
showed a dependence on the size of the resonator which effectively sets an upper limit
on how large a membrane one can realistically fabricate. It is believed a critical factor for
the yield is the quality of the stoichiometric silicon nitride layer used for the membrane
itself.

Experimental results confirm the existence of a band-gap with a defect-confined mode
slightly offset from the center. Characterization confirms the difficulty in obtaining the
desired effective densities. Furthermore, the results clearly confirm the expected depen-
dence of the quality factor to the resolution of the pillar mesh. Combined, this provides
strong motivation for optimizing the fabrication process. To achieve proper mode iso-
lation defined as the removal of boundary bending losses and phonon tunneling losses
the required number of phononic crystal cells was predicted to be eight for design DP1,
which was validated experimentally. Furthermore, the dominating loss mechanism was
confirmed to be intrinsic losses. With the best samples having aQf product of 8�1014 Hz
these membranes already perform better than any similar resonators published. On top
of this, there is a clear indication these resonators can be improved significantly simply
by refining the fabrication process.

These already impressive results can also be improved further in other ways. The trick
used in [53] to achieve their impressive resonator is to utilize the inverse proportional-
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ity of the quality factor with respect the membrane thickness. Early batches did realize
membranes with thicknesses measured down to �10nm, which directly corresponds to a
factor of two improvement in the quality factor. However, the batch in question was never
characterized due to contamination from processing. A defining feature of the density
phononic membrane is the uniform tensile stress distribution fixed at the prestress level.
This opens up the possibility to, among other approaches, make use of strain engineer-
ing to enhance the tensile stress leading to both higher quality factors and frequencies.
It should be possible to enhance the Qf product by a factor of three by increasing the
tensile stress to �3GPa, which is still a factor of two below the reported yield strength of
stoichiometric silicon nitride [71]. Combining all these effects it should be possible to re-
alize density phononic resonators with Qf products reaching 1016 Hz, which is more than
an order of magnitude compared to any other membrane design. A key element to realize
the above is strain engineering. This has to my knowledge never been demonstrated for
two-dimensional structures. A proposal on how this could be done is presented in chapter
20.

If the above resonator can be realized to its fullest potential one ends up with a mechanical
oscillator with truly quantum behavior even at room temperature. This makes it an inter-
esting platform in possibly a range of applications. It is expected such a device can help
push the field of quantum optomechanics where theQf product is an important parameter
[3]. Furthermore, it is believed such a device may find use in enhancing the sensitivities
and performance in various quantum and classical sensing schemes where mechanical
noise is a limiting factor.



Part IV

Two-dimensional strain engineering
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Figure 19.2: Thermo-mechanical simulation of a 1�1mm2 square membrane heated in
the center.

A two-dimensional adaptation of the initial sketch is shown on Figure 19.3. One of the
motivation for the design was to combine it with a stress phononic membrane design.
This requires a uniform stress distribution. The simplest way to guarantee this is by using
a circular window with evenly spaced tethers connecting it to the substrate. The design of
the tethers are designed with the same relaxation effect in mind as for the one-dimensional
case.

wt

Figure 19.3: An implementation of two-dimensional strain engineering for reducing the
tensile stress in the membrane.

As can be seen on Figure 19.4 one can easily obtain multiple orders of magnitude re-
duction of the tensile stress relative to the prestress level. One should be aware as the
number of tethers is reduced, the uniformity of the stress within the membrane will start to
degrade. This will be especially pronounced along the outer rim of the membrane. This
can be a potential problem if one plan to place phononic crystals within the membrane as
these are dependent on a well defined stress distribution.

19.2 Proposed fabrication
Circular frames are not trivial to fabricate, since they are incompatible with KOH etching
otherwise used for releasing membranes. However, an interesting alternative have been
demonstrated using hydrofluoric vapor etch illustrated on Figure 19.5a [32]. By defining
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Figure 19.4: The relative tensile stress reduction for the membrane vs. number of tethers
placed. Simulated for wt = 5µm for a prestress of �0 = 1GPa membrane radius of
500µm.

tiny holes evenly distributed across the membrane, the vapor can get access to a silicon
oxide layer underneath. Using this technique any kind of window can in principle be
fabricated. An example of a mask designed for this purpose is shown on Figure 19.5b.
Silvan Schmid’s group did try fabricating these devices based on my designs using the
proposed technique. However they encountered problems. The stress reduction is so
large the stiffness of the membrane is too low to properly support it. This results in the
membranes collapsing to the silicon surface just below the silicon oxide layer and cannot
be freed again.

Si3N4
SiO2

Si

(a)

(b)

Figure 19.5: (a) Illustration of the proposed hydrofluoric vapor etch. (b) A segment of the
mask designed for fabricating the proposed stress reducedmembranes using hydrofluoric
acid vapor. Colored parts are etched away. The shown mask is designed for membrane
radius of 500µm, Nt = 50, wt = 5µm. The holes are 1 µm in diameter placed with a pitch
of 10 µm.

A solution to this problem could be to adapt the design to be compatible with a rectangular
window. This will then allow KOH etching from the back-side and thereby eliminate the
risk of the membrane touching any layer beneath. However, such a design change is not
trivial if one intent to preserve the uniform stress distribution inside the membrane. It is in
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principle possible, but every tether must be customized individually to ensure a uniform
result. An example on how this can be done is demonstrated in the next chapter.

In conclusion, a design was proposed based on perpendicular tethers, which can displace
and relax resulting in multiple orders of magnitude reduction of the equilibrium tensile
stress inside a membrane. This is especially promising for thermal sensing and related
applications. Its circular shape however makes fabrication problematic. An approach
using hydrofluoric acid vapor was tried, but failed due to the extreme stress reduction
obtained by the design. For any future fabrication attempt the design should be adapted
to be compatible with a rectangular window, which will allow the use of back-side KOH
etch.
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20 | Stress enhanced design
The ability to enhance the stress of a membrane is an important tool for achieving the
highest possibleQf products. This is exemplified by the similar implementation performed
for strings [29], which to my knowledge is the only demonstration of a thin film tensile
stress resonator with Qf products above 1015 Hz. This chapter details the development
and optimization of a stress enhancing frame which can be used to enhance the tensile
stress of a centrally placed membrane by a factor of three (and higher). This will be
followed by a discussion of its use and applicability.

20.1 Design principle
The simplest approach for enhancing the tensile stress of a membrane which came to
mind, is shown on Figure 20.1a. A circular membrane with a thickness h1 is embedded
inside a larger membrane with thickness h2 � h1. When such a structure is released
the thicker part will pull with a much larger force then the thinner part. This forces the
inner membrane to expand thereby increasing its tensile stress. It is simple and ensures
a uniform stress distribution. However, there are two major problems with this approach.
As one tries to push this to induce larger and larger stress the angular stress components
of the thick layer will start to resist this relaxation. This ultimately sets an upper limit on
how much the stress can be enhanced using this approach. To illustrate the problem, the
central pad was simulated with different outer radii R2 and presented on Figure 20.1b.

Figure 20.1: A study of the simplest two-dimensional stress-enhancement approach. (a)
An excerpt of the performed simulations for R2 = 2R1. (b) A sweep where the outer
thick radius R2 is increased to enhance to tensile stress of the thinner inner membrane.
Simulated for prestress �0 = 1GPa and h2 = 10h1.

The second problem is such relaxations of the outer part will result in a non-uniform stress
distribution in that area. When noting these structures are supposed to be used with vi-
brating membranes embedded in the center, one has to consider how to prevent these
vibrations from coupling to the outside environment. Unless the outer layer has a thick-
ness of at least multiple µm it simply isn’t thick enough to prevent a significant portion of
the vibrations to couple to this layer. This leads to bad mode confinement and possibly
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increased losses. Such high thicknesses cannot be achieved by using stoichiometric sil-
icon nitride. A solution would be to embed the outer part with a phononic crystal pattern
to prevent this coupling. However, the non-uniform stress distribution will be non-trivial to
pattern with a well defined band-gap.

Stress
enhanced
membrane

h

ht

Figure 20.2: A sketch illustrating the idea for enhancing the tensile stress in the central
pad. h and ht � h are the layer thickness of the central pad and tethers, respectively.

The above problems motivates one to search for alternative designs, which can pull on
the central membrane to enhance the tensile stress with no upper limit, while at the same
time enable some form of effective confinement of the vibrations. A proposal to how this
can be done is sketched up in Figure 20.2. The membrane to be stress-enhanced is
placed in the center. This is then connected to the substrate via tethers with a thickness
ht much larger then the membrane thickness h. The use of tethers eliminates the angular
stress components which impeded the stress enhancement of the previous design. Fur-
thermore, other groups have already demonstrated one-dimensional phononic patterns
even on strings with non-constant tether widths. Similarly, one can embed the tethers with
phononic crystals thereby preventing any modes from exciting the tethers and propagate
any further. There are a number of pitfalls one need to consider. The geometry of the
tethers not only affect the possible stress enhancement of the inner membrane. It also
affects the maximum stress that might locally be induced. For example, sharp features
typically have high stresses focused on to them which could lead to them tearing apart.
One has to take extra care during the design phase to ensure the stresses all over the
structure are kept below some safe threshold. How this can be done will be described in
the following.

20.2 Design optimization
A base model was defined shown on Figure 20.3a for half a tether. The tethers should be
designed to be able to pull with as large a force for as long a distance as possible without
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locally inducing stress high enough for it to break. To optimize for all these, some degrees
of freedom are needed which can be explored in an optimization routine. Looking at the
three points P1, P2 and P3 their positions have an effect on the stress induced in that
region. The fillet is defined by a quadratic Bezier line going from P1 to P2 using P3 as a
control point. This allows one to control the smoothness of the fillet-like feature. Having
a more ”flat” fillet spreads the local stress along the whole fillet instead of focusing it on
a single point, as observed in the inset of Figure 20.3b. This design feature allows one
to minimize the inner rim width of the tether domain without increasing the stress asso-
ciated with the fillet. A narrower rim leads to less resistance to stress enhancement and
ultimately higher stress gains. At the other end, the tethers should be as wide as possible
to maximize the pulling force. Again, the same considerations apply for minimizing local
stress.

(b)

(a)

Symmetry

Symmetry

�r45�r12R1 r12

r45

R2

�

P2
Pa P1P3

P5 PbP4 P6

Figure 20.3: Strain enhanced membrane using thick tethers in a circular window. (a)
Detailed drawing illustrating how the tethers are designed. Red is the central membrane.
Green is the tether domain. (b) An excerpt of the performed simulations. Simulated and
optimized for Nt = 32 tethers, R2 = 2R1, h = 20nm, ht = 200nm and �0 = 1:2GPa.

To optimize for these effects, an optimization model was build based on six variables:
r12, r45, �r12, �r45 as well as the angular coordinates of points Pa and Pb. To study
the limits of what can be achieved with such a structure the number of tethers Nt and
outer diameter R2 are swept. A constraint was included: Locally, the stress is not allowed
to exceed 3:3GPa anywhere on the whole structure. The optimizations were performed
using the Nelder-Mead method and simulated in COMSOL Multiphysics. Results are
shown on Figure 20.4a. It is important to note convergence to the global minimum was
not guaranteed. Choosing a bad initial guess lead to convergence towards a bad local
minimum. This likely explains the noisy results for the long tethers. It is observed the
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Figure 20.5: An adaptation of the a circular stress enhanced design to a square window.
The overlayed green slice is the geometry of one of the separate models used to optimize
each individual tether. Based on the results of Figure 20.3b.

length three times as large leading to a size of �9�9mm2! However, there exists a real
possibility the required size of the phononic pattern will be lower. The absence of a hard
fixed boundary, which would otherwise induce large boundary bending losses, is believed
to lower this requirement considerably. How much depends on how lossy the thick tether
domain will be. This has not yet been investigated. Moreover, the required length of the
outer diameter can be reduced by having a larger thickness difference between the h
and ht to amplify the enhancement. This amplification is even greater when taking into
account that thicker layers also have higher effective prestresses compared to thinner
layers (see section 10.1). This effect was not included in the above simulations.

A convenient feature of using tethers is that they can be embeddedwith a one-dimensional
phononic crystal pattern to further isolate the mode. These also serve to prevent any
modes of the tethers themselves to be excited. This two-stage phononic isolation is ex-
pected to effectively remove phonon tunneling losses. Looking at Figure 20.5 some of
the tethers are so wide it is doubtful there is room for efficient stress phononic struc-
tures. For this to work one-dimensional density phononics should be used instead. If the
mode-shape of the defect-confined mode located in the center is attenuated enough at
the tethers, it might even be sufficient to simply fabricate ”massive” blocks instead of tiny
pillars, which would simplify fabrication considerably.

An interesting application of this structure not yet mentioned is the potential to use it for
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inducing stress in membranes based on other materials. This even includes materials
which would otherwise be stress-free. Examples of this includes silicon, silicon carbide
and diamond. The latter two are expected to have high yield strength which opens up
the potential for even larger damping dilution [81] and ultimately higherQf -products com-
pared to silicon nitride.

In conclusion, a design was developed enabling stress-enhanced membranes based in
thick tethers with high tensile prestress. The design was optimized for maximizing the
stress enhancement while limiting the maximum stress which may be induced locally.
An approach for converting the circular membrane design to a square membrane was
presented enabling easier fabrication. The design is compatible with density phononics
and can be used to enhance the tensile stress of these structures, thereby enabling them
to reach extraordinarily high Qf products via damping dilution. Moreover, this stress
enhancement design can also be applied to induce or increase tensile stress in other
materials, which could open op the possibility of using alternatives to silicon nitride.
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A | Material parameters
Most of the thesis a based on the same materials for various calculations and simulations.
In order to prevent cluttering the text with repeating the same material property values this
appendix collects on the commonly used values in this work. These are listed on Table
A.1.

Table A.1: List of all materials used in this work and their assumed material property
values.

Material � [kg/m3] E [GPa] � [1]

Silicon nitride (SiN) 3100 250 0.23
Silicon (Si) 2329 170 0.28
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B | Derivation of basic properties for typi-
cal resonators

This appendix is written as a look-up for basic solutions and derived quantities for basic
resonator types. The following resonators are treated: String and trampoline as well as
circular and rectangular membrane. All of the derivations assume the presence of high
tensile stress.

B.1 String
Consider a string of length L, width b, thickness h, density �, and high tensile stress
� along the string direction. Assuming fixed boundary conditions, i.e. no rotations or
displacements at either ends, the solution using Eq. (3.16) assuming high tensile stress
has the form

 n(x) =
� ~ n(x) ; 0 � x � L/2

(�1)n+1 ~ n(L� x) ; L/2 < x � L
; (B.1)

where
~ n(x) � sin knx�

k
ke

(cos knx� e�kex) ; (B.2)

and kn � n�/L. The energy of the mode is defined as

Wn =
Z L

0

!2
n

2
� 2

n(x)u2
n dx =

�bh(n�)2

4L
u2
n ; (B.3)

where un is the amplitude of the modeshape. For strings under high tensile stress the
shear force at the boundary can be derived from taking the slope of the string a short
distance away from the boundary, e.g. away from the evanescent wave at the boundaries.
This corresponds to ignoring the evanescent term, i.e.  n(x) � sin kx and evaluating the
slope at x = 0; L. This yields

Fn� = bh�u0(0) =
n�bh�
L

�un

Fn+ = �bh�u0(L) = �Fn�(�1)n
(B.4)

It can clearly be seen that for a system of two point sources on the substrate mainly the
zeroth or first order moments can be excited depending on their polarity. The resulting
moments exciting the substrate are thus

M0 =
n�bh�
L

[1 � (�1)n]�un (B.5)

M1 =
n�bh�

2
[1 + (�1)n]�un : (B.6)

B.2 Trampoline
The trampoline can to a great extent be described by amass element in the center coupled
to the outside boundary viaN tethers of length L, width b and tensile stress � as illustrated
on Figure 4.7a. The modeshape for a tether can be approximated by treating it as a string
with fixed boundary condition at the substrate end and ”free” at the central pad. Note, it is
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not free in the sense it can relax and lose its tensile stress. It is simply free to displace out-
of-plane as well as rotate while still preserving the tensile stress. The wavelength for such
a string is usually much longer than 1/4 of a tether length. This is simply a consequence
from the added mass of the central pad reducing the eigen-freqiency significantly. An
approximate mode-shape can then be obtained by taking Eq. (B.2) and substitute the
sine and cosine to the second order of x and normalize it to 1 at x = L, i.e.

 i(x) �
x
L

�
1
keL

�
1 � e�kex

�
(B.7)

Using the same set of parameters as for the string and letting the center pad be defined
by a square of sidelength S and thickness h effective stiffness and mass can be defined.
For the fundamental mode these are given by

keff,f = N
bh�
L

; meff,f = �h(S2 +NLb/3) ; (B.8)

where the mass of the tethers are included and the eigen-frequency given by !f =p
keff,f/meff,f and energy defined as Wf = meff,f!2u2

f/2. The forces on the boundary
depend on the angle of the tethers defined as uf/L using the small angle approximation,
where uf is the displacement amplitude of the fundamental mode. The total boundary
force is thus

F = M0 = N
bh�
L
uf = keffuf : (B.9)

The fundamental mode can only excite the zeroth order moment. A similar approach is
used for the twisting trampoline (see Figure 4.7b). Assuming N = 4 the effective mass
and stiffness are determined as

meff,t = �h
�

2bL
3

+
S2

6

�
; keff,t = 2

bh�
L

; (B.10)

with similar definitions of the energy and eigen-frequency. The force excited on the sub-
strate is asymmetric and equals the first order moment derived as

M1 = 2
bh�
L

�
�
L+

S
p

2

�
ut ; (B.11)

where ut is the displacement of the twisting mode.

B.3 Circular membrane
Obtaining an analytical solution of a circular membrane with fixed boundary conditions and
with radius a with high tensile stress is difficult. Depending on where on the modeshape
one want to investigate, an approximate solution can be used given by [34]

 mn(r; �) �
�
Jm(kmnr) � ~ mn(r)

�
cos (�m+  ) (B.12)

where  is some angular shift and

~ mn(r) =
� kmn

ke

�
1 � e�ke(a�r)� ; 0 � a�r

kmn
� 1

0 ; otherwise ; (B.13)

and wherem = 0; 1; 2; : : :, n = 1; 2; 3; : : :, and the wavenumber kmn � �mn/a where �mn
is the n’th root of Jm�. Eigen-frequencies are given by !mn = kmn

p
�/�. The energy

can be derived by only evaluating the non-evanescent part of the modeshape resulting in

Wmn =
Z 2�

0

Z a

0

!2�h
2

u2
mn(r; �)r drd� =

�
�m

�2
mn�hu

2
mnJ2

m+1(�mn) ; (B.14)
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where

�m =
�

2 ; m = 0
4 ; m > 0 : (B.15)

Similar to the string the boundary forces per unit length are estimated using the slope at
the boundary

F 0
mn(�) = ��h

@(umn mn(r; �))
@r

����
r=a

=
�
u0n

�0nh�
a J1(�0n) ; m = 0

umn�mnh�
a Jm+1(�mn) cos (m� +  ) ; m = 1

: (B.16)

Finally, it can be shown only a single order moment is excited depending on the angular
mode m and is derived to

M0 ! M0n = 2��0nh�J1(�0n)u0n

Mm ! Mmn = ��mnh�amJm+1(�mn)u0n
(B.17)

B.4 Rectangular membrane
A rectangular membrane with fixed boundary conditions with sidelengths Lx and Ly is less
trivial to solve analytically. At high tensile stress an approximate solution can be derived
based on the solution of the string [7] of the form

 (x; y) =  nx(x) ny (y) (B.18)

where  ni(xi) is defined by Eq. (B.1). The eigen-modes have the wavenumbers defined

by kx � nx�/Lx and ky � ny�/Ly with eigen-frequencies given by !nxny =
r

�
�

�
k2
nx + k2

ny

�
.

Following the same steps as before, the energy equals

Wnxny =
Z Ly

0

Z Lx

0

!2�h
2

u2
nxny (x; y) dxdy =

!2
nxny�hLxLy

8
�u2
nxny ; (B.19)

and the boundary force per unit length can be shown to equal

F 0
x=0(y) =

nx��h
Lx

sin ny�y
Ly

unxny (B.20)

F 0
x=Lx(y) = �(�1)nx

nx��h
Lx

sin ny�y
Ly

unxny (B.21)

F 0
y=0(x) =

ny��h
Ly

sin nx�x
Lx

unxny (B.22)

F 0
y=Ly (x) = �(�1)ny

ny��h
Ly

sin nx�x
Lx

unxny (B.23)

Numerical calculations have shown that for membraneswith low aspect ratio (2
3 � Ly/Lx �

3
2 ) mainly the zeroth, first or second order moment is excited for any membrane mode and
not at the same time. Based on this knowledge approximate analytical solutions are pos-
sible. Using the above boundary force distributions and shifting the coordinates so the
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origo matches the center of the membrane, the three order moments are given by

M0 �

(
�4unxny�h(�1)

nx+ny
2

�
nxLy
nyLx

+ nyLx
nxLy

�
; nxny = odd

0 ; otherwise

M1 � 2unxny�h(�1)
nx+ny+1

2 �

8
><

>:

nxLy
ny

+ nyL2
x

nxLy
; nx = even & ny = odd

nyLx
nx

+ nxL2
y

nyLx
; nx = odd & ny = even

0 ; otherwise

M2 �

(
2unxny (�1)

nx+ny
2 �h

�
nx
ny
L2
y + ny

nx
L2
x

�
; nx = even & ny = even

0 ; otherwise

(B.24)
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C | Process flows
Three process flows are attached in the following order:

1. Fabricating topology optimized trampolines using a protective PECVD SixNy layer.

2. Fabricating topology optimized trampoline using an extra thick LPCVD Si3N4 layer.

3. Fabricating density phononic membranes.

The process recipes and equipment are based on DTU Nanolab’s cleanroom facility. The
process flows can be found in the following pages.
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